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ADVERTISEMENT. 


In  the  perusal  of  the  treatise  comprised  in  the  following 
pages,  the  only  thing  required  of  the  student  is  a  competent 
knowledge  of  the  principles  and  practice  of  Arithmetic :  and 
upon  these,  as  a  groundwork,  he  will  find  himself  conducted 
by  gradual  and  easy  steps  to  all  the  more  elementary  results  of 
Algebra,  considered  in  the  light  of  Universal  Arithmetic,  as 
well  as  to  the  more  general  formulae  of  Symbolical  Algebra, 
regarded  as  the  basis  of  Analytical  Investigations.  The 
precise  point  at  which  Arithmetical  Algebra  terminates  and 
Symbolical  Algebra  commences  is  not  very  easily  described  by 
any  simple  definition ;  but  in  the  course  of  the  work  many 
opportunities  have  been  taken  to  direct  the  student^s  attention 
to  the  distinction  between  them  :  and  he  will  scarcely  fail  to 
recognize  the  essential  diflferences  in  the  characters  of  the  two, 
by  noticing  the  interpretations  of  various  results  which  Arith- 
metic could  not  contemplate.  Many  alterations  and  additions 
have  been  made  in  the  present  edition,  and  the  entire  sub- 
stance contained  in  it  is  briefly  enumerated  in  the  table  of 
contents.  The  first  Appendix  comprises  a  variety  of  Theorems 
and  Problems  with  their  Solutions,  some  of  which  were  found 
in  the  text  of  the  preceding  editions ;  and  the  second  Ap- 
pendix is  a  collection  of  Examples  for  Practice,  to  all  of 
which  the  Answers  or  Results  have  been  annexed. 

Cambridge,  Nov.  6,  1837. 
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ELEMENTS    OF    ALGEBRA. 


CHAPTER    I. 

DEFINITIONS    AND    PRELIMINARY    OBSERVATIONS. 

Article   I.     Definition. 

Algebra,  in  its  simplest  Character,  is  a  Method  of  re- 
presenting numerical  magnitudes  by  means  of  Symbols,  and 
of  expressing  their  mutual  dependance  upon  each  other  by 
means  of  Signs. 

On  these  grounds,  it  exhibits  the  relations  of  quantities  in 
General  Forms:  and  where  Arithmetic  effects  the  solution  of 
any  particular  Problem,  Algebra  indicates,  by  an  universal 
language,  the  solutions  of  all  Arithmetical  Questions  under 
the  same  or  similar  circumstances. 

Viewed  in  this  light  only,  and  as  long  as  its  operations 
and  results  are  strictly  accordant  with  those  of  Arithmetic, 
it  is  termed  Arithmetical  Algebra;  but  in  all  other  cases  it 
is  called  Symbolical  Algebra,  and  it  then  gives  rise  to  what 
is  properly  styled  Algebraical  Analysis. 

This  distinction  will  be  duly  noticed  in  the  course  of  the 
present  Treatise. 

2.  Def.  The  Symbols  employed  in  this  Science  are 
generally  the  small  letters  of  the  Alphabet,  a,  6,  c,  &c. ;  but 
sometimes  the  capitals  A,  B,  C,  8z:c.,  and  the  letters  of  the 
Greek  Alphabet,  a,  fi,  7,  Sec,  are  adopted  for  the  same 
purposes. 

When  several  quantities  are  similarly  employed  in  any 
Arithmetical  Operation,  it  is  not  unusual  to  represent  them  by 

A 
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the  same  letter  with  the  successive  natural  numbers  mffixedy  as 
Oq,  Oi,  a^y  8z:c. ;  or  by  the  same  letter  with  successive  numbers 
of  accents,  placed  contiguous  to  it,  as  a\  d\  a*\  he* 

3.  Def.  In  the  Investigations  and  Demonstrations  of 
Theorems^  the  letters  of  the  Alphabet  are  used  indiscrimi- 
nately :  but  in  the  Solutions  of  Problems^  the  known  quan- 
titiesj  or  data^  are  usually  denoted  by  the  former  letters 
a,  hj  Cy  &c.;  and  the  v/nknown  quantities^  or  qucesita,  by  the 
latter  a?,  y,  z^  &c. :  this  distinction,  however,  is  not  always 
attended  to,  particularly  in  the  works  of  the  old  writers. 

4.  Def.  The  Signs  here  made  use  of  are  certain  Marks 
or  Characters  invented  to  denote  the  operations  of  Addition^ 
Subtraction^  Multiplication^  Division^  Involution  and  Evo~ 
lutiony  which,  by  reason  of  the  general  forms  of  the  quantities 
under  consideration,  can  only  sometimes  be  effected,  but  may 
always  be  indicated  or  expressed, 

5.  Def.  The  sign  of  Addition  read  plus  is  +,  and 
signifies  that  the  quantity,  to  which  it  is  prefixed,  is  supposed 
to  be  combined  with  the  quantity  which  precedes  it,  by  the 

^.operation  of  addition. 

Thus,  in  the  Algebraical  Expression  a  +  b,  the  sign  + 
indicates  that  the  quantity  represented  by  b  is  to  be  added 
to  that  represented  by  a ;  but  if  numerical  values  were  assigned 
to  these  symbols,  this  sign  would  be  no  longer  necessary  to 
indicate  an  operation  which  could  then  be  effected;  for,  if 
a  and  b  represented  7  and  5  respectively,  a  +  b  would  be 
equivalent  to  the  Arithmetical  Expression  7  +  5  or  12,  in 
which  last  the  sign  has  been  made  to  disappear. 

The  same  observations  may  be  made  respecting  the  ex- 
pression a  +  6  +  c  +  d,  in  which  four  quantities  are  understood 
to  be  combined  in  a  similar  manner;  and  it  is  evident  that 
its  value  will  be  the  same  in  whatever  order  the  symbols 
occur:  and  similarly  of  more. 

Again,  a  +  a  +  a  indicates  that  three  equal  quantities  are 
to  be  added  together,  and  the  result  of  this  operation,  we  know, 
would  be  three  times  any  one  of  them,  or  three  timss  a. 
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6.  Def.  The  sign  of  Subtraction  called  mintis  is  - , 
and  denotes  that  the  quantity,  which  it  precedes,  is  understood 
to  be  subtracted  in  all  cases  where  the  sign  +  would  indicate 
the  operation  of  Addition.  * 

Thus,  the  expression  a  -b  indicates  that  the  quantity 
represented  by  b  is  to  be  subtracted  from  that  represented 
by  a:  and  were  the  symbols  a  and  b  numerically  expressed 
as  before,  the  value  of  a  —  6  would  be  7  —  5  or  2. 

Similar  remarks  may  be  applied  to  such  an  expression 
as  a  —  6  +  c  —  d,  in  which,  by  the  last  article,  a  and  c  are 
understood  to  be  connected  by  the  operation  of  addition, 
and  from  their  sum  b  and  d  are  supposed  to  be  subtracted  in 
succession. 

If  we  take  any  two  expressions,  each  made  up  of  two 
or  more  Terms^  as  a  +  6  and  c  •\-  d  •\-  e^  and  for  the  sake  of 
keeping  them  distinct  from  each  other,  inclose  each  in  a 
Parenthesis  or  Bracket^  or  connect  their  parts  by  a  line 
called  a  Vinculum^  it  follows  that   (a  +  6)  —  (c  +  d  +  e),  or 

a  +  b  —  c-^-d  +  e^  implies  that  the  latter  of  these  sets  of  quan- 
tities is  to  be  subtracted  from  the  former  :  and  it  is  of  no 
consequence  in  what  order  the  letters  are  placed,  provided 
the  expressions  retain  their  proper  values. 

If  c  +  d  +  e  be  greater  than  a  +  6,  the  expression  (a  +  b) 
—  (c  -^  d  +  e)  is  purely  symbolical,  and  can  have  no  place  in 
Arithmetic,  or  Arithmetical  Algebra. 

7.  Def.  All  expressions  formed  by  the  operations  in- 
dicated by  the  signs  +  and  -,  are  called  Compound  quan- 
tities, and  the  parts  of  which  they  are  made  up  are  termed 
Sim/pie  quantities. 

In  Symbolical  Algebra,  the  signs  +  and  —  are  regarded 
as  Qualities  or  Affections  of  the  symbols  to  which  they  are 
prefixed ;  and  all  quantities  preceded  by  the  sign  + ,  as  well 
as  those  which  have  no  sign  at  all,  are  styled  Additive, 
Positive,  or  Affirmative;  whereas  every  quantity  afiected 
with   the  sign   -,  is  termed  Subtractive   or  Negative. 
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It  is  this  circumstance  from  which  originates  a  character- 
istic distinction  between  these  two  signs,  and  the  signs  of  the 
other  operations  which  will  be  subsequently  explained. 

8.  Def.  The  sign  of  Multiplication  read  into  is  x  , 
and  shews  that  the  quantity  which  precedes  it,  is  intended 
to  be  multiplied  by  that  which  comes  after  it. 

Thus,  a  X  6  indicates  the  product  of  the  quantities  a  and  b ; 
and  if  a  and  b  were  numerically  expressed  by  24  and  6,  the 
'multiplication  might  be  effected,  and  the  product  would  be 
24  X  6  or  144. 

Similarly,  a  x  5  x  e  denotes  the  continued  product  of 
the  quantities  represented  by  the  letters  a,  6,  c,  each  of 
which  is  called  a  Factor :  and  the  product  is  said  to  be  of  the 
Order  or  Degree  expressed  by  the  number  of  Letters  it  con- 
tains, without  regard  to  the  Arithmetical  symbols  found  in  it. 

Again,  (a  +  6  -  c)-x  (h  —  k  +  I)  x  (^  —  y  —  «r)  represents 
the  continued  product  of  the  compound  factors  which  it  com- 
prises, and  it  is  manifestly  immaterial  in  what  order  they 
occur. 

In  Algebraical  as  well  as  in  Arithmetical  expressions, 
this  sign  is  frequently  supplied  by  a  Point:  thus,  o.6  is 
equivalent  to  a  x  6,  2.3  to  2x3;  and  more  generally  in  the 
multiplication  of  simple  Algebraical  quantities,  both  signs 
are  entirely  omitted,  as  a  6  is  supposed  to  be  equivalent  to 
either  a  x  6  or  a .  6 :  so  likewise  3  x  a  and  5  x  b  x.  w  may 
be  written  Sa  and  5baf. 

In  a  product  expressed  according  to  these  principles,  any 
symbol  or  symbols,  whether  Arithmetical  or  Algebraical,  will 
form  what  is  termed  the  Coefficient  of  the  symbol  or  symbols 
which  follow  it;  thus,  in  3a,  3  is  the  coefficient  of  a;  in 
56*1?,  5b  is  the  coefficient  of  «2? ;  and  in  6abwy^  6ab  is  the 
coefficient  of  xy. 

Hence  also,  the  coefficient  of  a  must  be  understood  to  be  1. 

9.  Def.  The  sign  of  Division  read  by  is  -=-  or  : , 
which  placed  between  two  quantities,  denotes  that  the  former 
of  them  is  intended  to  be  divided  by  the  latter. 
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Thus,  a  -7-  6  or  a  :  6,  indicates  that  the  quantity  repre- 
sented by  a  is  to  be  divided  by  that  represented  by  6 :  so  that, 
assigning  to  a  and  b  the  numerical  values  used  in  the  last 
article,  we  shall  have  a  -7-  b  equivalent  to  24  -^  6  or  4. 

In  like  manner  (a  +  6  —  c)  -f-  (a?  -  y  +  ^)  denotes  the  re- 
sult arising  from  the  division  of  the  former  of  these  compound 
quantities  by  the  latter. 

These  signs  are  but  little  used,  the  same  operation  being 
more  generally  expressed  by  placing  the  dividend  over  the 
divisor  with  a  line  between  them,  according  to  the  form  of 

Arithmetical  Fractions :  thus  —  and  are  equivalent 

b  {v  —y  -^  % 

to  the  expressions  just  considered. 

10.  Having  now  explained  the  methods  of  expressing 
the  results  of  the  four  fundamental  operations  of  Arithmetic 
as  applied  to  Algebraical  Symbols,  we  shall  next  endeavour  to 
trace  the  consequences  of  the  same  operations  upon  algebraical 
quantities  in  the  forms  of  Fractions,  guided  only  by  the 
suggestions  which  the  established  Rules  of  Arithmetic  afford. 

Here,  referring  to  the  Articles  of  the  second  edition  of 
the  Author'^s  Arithmetic  as  numbered  below,  we  have, 

a      ac  bd      b 

(1)  From     (77),     7  =  7—5    and    -— =  -;    by   which    it 

b       be  cd      c 

appears  that  the  same  symbol  may  be  introduced  into,  or 
removed  from,  the  numerator  and  denominator  of  a  fraction, 
without  altering  its  value. 

(2)  From    (78),    --  x  c  =  —  ,    and   -  -7-  c  =  — - ;    which 

b  b  b  be 

indicate  the  results  of  the  multiplication  and  division  of  a 
fraction,  by  any  new  symbol. 

.^_  ,^  b      ac  +  b  .  b      ac  —  b 

(3)  From    (79),    a  +  -=  ,    and    a = ; 

c  c  c  c 

which  are  the  results,  when  a  mixed  quantity  is  reduced  to 
a  fractional  form. 

,^^  .    ^     ac-^-b  b  .    ac-^b  b 

(4)  From    (82),    s=  0  +  -  ,    and    =  a ; 

c  c  c  c 
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which  are  the  converse  of  the  last  operations,  and  express  the 
transformation  of  a  fraction  to  the  form  of  a  mixed  quantity. 

,-_  .    ^    a      ad         .  c      be  .. 

(5)  From  (85),  -  ■  —-  ,  and  -  «■  —-. ,  are  two  fractions 

b      bd  d      bd 

expressed  in  forms  having  a  common  denominator :  and  simi- 
larly of  more. 

a  c 

(6)  The  Sum  of  the  fractions  7  and  -  ,  will  be  expressed 

b         d 

-      a      c      ad      be      ad-^be         j    .    .1    1       i? 

by -  +  -=-—  +  --;  =  — :  and  similarly  of  more. 

-^   b      d      bd      bd  bd  ^ 

a  e 

(7)  The  Difference  of  the  fractions  -  and  -,    will  be 

b  d 

_  _       a      c      ad      be      ad--  be 
expressed  by    ---  =  --_  =  _^^. 

a  e 

(8)  The  Product  of  the  fractions  -  and  - ,  will  be  ex- 

b  d 

*v  a       e      ae 

pressed  by  7  ^  3  =  rr ;  •   ^^^  similarly  of  more. 
•    »  b      d      bd 

a  c 

(9)  The  Quotient  of  the  fractions  -  and  -,  will  be  ex- 

0  d 

.  ,       a       e      a      d      ad 
pressed  by    -^-=-x-=-. 

a        c 

(10)  The  Expression  for  the  eompound  fraction  7  of  -, 

b        d 

b 

04-- 
ae  e 

will  be  Y3-   and  that  for  the  eomplex  froA^tion   — , 
bd  y 

w 

z 


will  be   (a  +  -W  [w  -  1^  = 


oc  +  6       wz  "  y^ 


c  % 


ae  +  b  «  (ac4-  b)% 


oBZ  "  y      (wz ''y)c' 
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11.  Def.  The  Sign  of  Involution  is  a  small  numeral 
called  an  Indew  or  Exponent^  placed  above  the  line,  a  little 
to  the  right  of  the  quantity  to  which  it  belongs,  and  is  used 
to  represent  merely  the  result  of  the  multiplication  of  two 
or  more  equal  factors. 

Thus,  a^  is  regarded,  as  equivalent  to  a  x  a^  or  aa^ 
which  is  the  product  arising  from  the  quantity  a  being  multi- 
plied by  itself,  and  is  called  the  square  of  a,  or  a  squared. 

Similarly,  a^  is  equivalent  to  a  x  a  x  a,  or  a  a  a,  and  is 
termed  the  cube  of  a,  or  a  cubed. 

The  same  is  supposed  to  hold  whatever  be  the  number 
of  operations  employed,  as  a*"  denotes  aaa  &c.,  in  which 
the  number  of  equal  factors  is  m,  and  the  number  of  ope- 
rations is  m  —  1,  and  it  is  called  the  m^  power  of  a. 

Hence  also  the  index  of  a  must  be  understood  to  be  1, 
or  a  to  be  equivalent  to  a^. 

After  the  same  manner,  the  square,  cube,  and  m^  power 
of  a  compound  quantity,  as  aw-\-b^  are  represented  by 

{ax  +  by  J   {aw  +  by   and    {ax  +  6)"*. 

1 

12.  The  powers  of  -,  the  Reciprocal  of  a,   may,  by- 

a 

means   of  (8)   of  article    (lO),   be   represented  in   a   similar 
form. 

^1.  ^11111 

For,  the  square  of  -  =  -  x  -  =  —  =  —  : 

aaa      aa      a 
the  cube  of-  =  -x-x-= = 


♦  •• 


a      a      a      a      aaa      a? 


the  rnf^  power  of-=-x-x-x  &c.  to  m  factors 

a      a      a      a 

1  1 


aaa  he*  to  m  factors      a" 


Also,    the  powers  of  a  fraction   as  - ,  will  admit  of  the 

o 


like  abbreviated  notation. 


Thus,  the  square  of  -  = 


a      a      a      aa      €? 


X  -  = 


b      b      b      bb      b^' 
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a      a      a      a      aaa      a^ 


the  cube  of-  =  rx-xr  = 


b      b      h       b      bbb      V" 

1  th  (I  (I  (I  (I  J, 

the  m     power  of-s-x-x-x  &c.  to  m  factors 


m 


aaa  he,  to  m  factors      a' 
666  &c.  to  m  factors      6*" 

that  IS,    (-j    =-,     y    =-,    and   ^    = -. 

13.  The  last  two  articles  lead  immediately  to  certain 
results  constituting  what  is  called  the  Theory  of  Integral 
Indices^  the  generalization  of  which  confers  the  most  im- 
portant advantages  upon  the  science  whereof  we  are  treating. 

(1)  The  product  of  a^  and  a^  is  expressed  by 

aa  X  aaa  =  aaaaa  =  a' : 

that  is,    a^  X  c^  ^  a^+'  =  a^. 

Again,  to  multiply  a**  by  a",  we  observe  that 

a^  =  ay.axax  &c.  to  m  factors  : 

a^^a'icaxay.  &c.  to  n  factors : 

.'.  the  product  a"*  x  o" 

=  a  X.  a  X  a  X  &c.  to  m  factors  x  a  x  a  x  a  x  &c.  to  n  factors 

B  a  X  a  X  a  X  &c.  to  (m  +  n)  factors 

=  «"•+»,  by  article  (ll). 

Hence,  the  product  of  two  powers  of  any  symbol  is  ex- 
pressed by  the  same  symbol,  with  an  index  equal  to  the 
sum  of  the  indices  of  the  factors. 

Similarly,  a^  x  a'l  x  a^  ^  a^+«  x  a^  =  a^  +  «+^  and  so  of 
any  number  of  factors. 

(2)  The  quotient  of  a*  by  a^  =  aaaaa  -7-  aa— 

aa 

=  aaa  =  a%  by  (l)  of  article  (lO)  : 

that  is,     a^  -f-  a^  «=  a*"^  =  a^. 
Again,  to  divide  a"*  by  a",  we  have 

a*"s=axaxax  &c.  to  m  factors : 
a"  =  axaxax  &c.  to  n  factors : 
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a"* 


therefore,  the  quotient  a"*  -f-  a",  or  -- 

a" 

a  ^  a  ^  a  X  &c.  to  m  factors 

a  X  a  ^  a  y^  &c.  to  n  factors 

=  a  X  a  X  a  X  &c.  to  (m  -  n)  factors,  if  m  be  greater  than  n, 

=  a*""",   by  article  (ll)  ; 

or,  = — ,  if  in  be  less  than  «, 

a  y  a  yc  a  x.  &c.  to  (n  -  m)  factors 

= ,   by  the  same  article. 


a"-*" 


Hence,  the  quotient  of  two  powers  of  any  symbol,  is 
expressed  by  the  same  symbol  with  an  index  equal  to  the 
difference  of  the  indices  of  the  dividend  and  divisor. 

(3)  In  order  that  the  expression  of  the  result  of  the 
division  of  any  one  power  of  a  quantity  by  any  other  power 
of  the  same  quantity,  may  be  independent  of  the  relative 
values  of  their  indices,  or  that  the  symbolical  representation 
of  this  operation  may  be  general,  it  is  evident  that  a*"""  and 

^_^  must  be  regarded  as  equivalevi  expressions,  or  expres- 
a 

'^gions  having  the  same  meaning ;  and  if  this  be  assumed  to  be 

fmversally  true,   it  is  manifest  that   by  making  n  =  0^  and 

w  =  0,  in  succession,  we  shall  have  a"*  equivalent  to  — 37- ,  and 


a 


1 
q,"^  equivalent  to  — . 

From  this  it  appears  that  a  factor  may  always  be  trans- 
ferred from  the  numerator  to  the  denominator,  and  vice  versd, 
by  changing  the  sign  of  its  index. 

(4)   »In   this  scheme    of  notation   we  have   immediately, 

a"* 
1  =  —  =  a'""'"  =  a^:  whence  it  follows  that  a°  may  always  be 


a*" 


regarded  as  a  symbolical  representation  of  Unit  or  1 . 


'T 
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(5)  The  square  of  a^  :^  a^  x  a^  ^  a*+*  =  a*  -  a*'^' :    that 
is,  (a8)«  =  a*x«  =  a«. 

The  cube  of  a^b 
=s  a*6  X  o*fe  X  a*6  =  a*  X  a*  X  a*  X  6  X  6  X  6  =  o*  y  =  o* ^^ 6^  *' : 

that  is,  (0^6)'  =  o«>^»6* >^3  =  o« 6». 
Vl         The  n^  power  of  a^  =s  a"*  x  a"^  x  a"^  x  &c.  to  n  factors 

\^^ar+^+^  +  ^c,tontermB^^^mn.    that  is,    (a*")*  =  o"". 

Hence,  any  power  of  an  algebraical  quantity  is  expressed 
by  multiplying  the  index  of  each  factor  comprised  in  it,  by  /^ 
the  index  of  the  power  proposed. .  ' 

All  these  conclusions  will  evidently  hold  good  whatever  be 

b     ax 
the  form  of   a   the  symbol  used;    as  when  -,  — ,  &c.  are 

substituted  in  the  place  of  a;  and  inasmuch  as  the  cipher 
or  0,  is  not  excluded  from  the  range  of  Arithmetical  Symbols, 
we  may  have  0®  =  1,  in  Symbolical  Algebra. 

(6)  Since  by  (S)  of  this  article,  o"*"  =  — ,  and  o~"=  — , 

we  shall  manifestly  have 

111 
«""•  X  o""  =  —  X  —  =  — -—  ,  or  =  a~"*~" : 

1       a*  1 

and     o*  X  a""  =  «"»  x  —  «=  —  s=  «'"-»    or  = 


Also, 

1         1        I        a*      a* 
o""*  -r  a""  =^z^— r  =  —  ^—  =  —  =  o*"*,  or   = 


and    a"*  -=-  a""  =  o""  -= :^a^  x  a^  ^  0*"+",    or  = . 

a"  a""'"* 

Affain,   (a"**)*"  «  (  — )    =  =a~*"": 

and    (a")-*"  «  ;r^—  =  -r;  =  a"'"". 
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As  before,  a  may  in  each  of  these  instances  be  replaced 

by  a  fractional  form,  as  -,  — ,  &c. :    and  it   appears   that 

c      y 

the  results  of  the  operations  of  Multiplication,  Division  and 

Involution   are   expressed   in   the   same  forms^  whether  the 

indices  be  positive  or  negative. 

14.     Def.    The   sign  of  Evolution,,   called  the  Radical 

SigTiy  is  v»  and  denotes  that  the  root  expressed  by  the 
numeral  which  accompanies  it,  is  understood  to  be  extracted 
from  the  quantity  to  which  it  is  prefixed. 

Thus,  V  ^9  which  is  more  generally  written  vo?  expresses 
the  second  root,  or  square  root  of  a:  that  is,  \/a  denotes 
the  quantity  which  multiplied  by  itself  produces  a. 

Similarly,  \/ab  and  y/a—h  represent  the  cube  root  and 
the  m^^  root  of  the  quantities  ab  and  a  —  b  respectively. 

These  operations  are  more  frequently  expressed  in  a 
manner  similar  to  that  in  which  the  powers  were  denoted  in 
the  last  article,  by  means  oi  fractional  indices :  thus  aJ,  (a6)i 

and  (a  —  6)**  are  considered  to  be  equivalent  to  va,  y/ab 
and  y/ a  —  6,  respectively. 

In  the  same  manner  all  other  fractions  may  be  used  as 
indices ;  thus,  a*  is  assumed  to  be  of  equal  signification  with 

y/a?^  or  to  represent  the  square  root  of  the  cube  of  a; 
(a  +  w)i  to  denote  the  cube  root  of  the  square  of  o  +  <''7,  and 

m 

{a?  -  6^)«  the  n^  root  of  the  m^  power  of  c?  -bx. 

Hence,  any  root  of  an  algebraical  quantity  is  expressed 
by  dividing  the  index  of  every  factor  contained  in  it,  by 
the  number  denoting  the  proposed  root. 

16.  From  this  method  of  notation,  we  must  conclude 
immediately  that 

{ahf^a,    {(a6)l}^  =  a6,   and  {(a  -  fc)^}'"  =  a  -  6. 
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Also,  from  analogy  we  make  the  general  asstimpHon, 

p  r  p^r  ps  +  qr 

where  ^,  g,  r  and  8  are  any  symbols  whatever:  but  when 
these  quantities  are  whole  numbers,  it  will  be  proved  hereafter 
that  the  same  result  is  a  necessary  consequence  of  the  no- 
tation adopted  in  the  last  article. 

Similarly,  when  the  symbols  are  general,  it  is  assumed  that 

p  r  P      f  P'-q^  P   ^  P^ 

a^  ~-  a'  =  a^'^  ^a    «»  ,   and   (a'^)~' ==  a^ : 

though,  when  p,  g,  r  and  s  are  whole  numbers,  these  forms 
will  hereafter  be  shewn  to  be  capable  of  arithmetical  demon- 
stration. 

Again,  the  m^^  root  of  the  n"*  root  of  y/a  is  denoted  by 

««»?;   that  is,  V  V  v«  is  equivalent  to  o*»*5,  and  so  on. 

16.  Def.  The  Degrees,  Orders  or  Dimensions  of 
quantities  are  denoted  by  the  indices  or  exponents  which 
belong  to  them  ;  and  when  the  sums  of  such  exponents,  either 
expressed  or  understood,  are  equal  in  all  the  terms  of  any 
expression,  those  terms  are  said  to  be  Homogeneous, 

Thus,  the  degrees  or  orders  of  a,  {h  +  xf  and  {a  —  a?)** 
are  1,  2  and  m  respectively;    and   the  terms  of 

a^  -f  aa?  -f  a^oo  -f  a^ 
are  homogeneous. 

17.  Def.  Quantities  are  said  to  be  arranged  according 
to  the  dimensions  of  any  letter  involved  in  them,  when  the 
indices  of  that  letter  occur  in  the  order  of  their  magnitudes, 
either  increasing  or  decreasing. 

Thus,  the  terms  of  a^  —  ax  +  x^  are  arranged  according 
to  descending  powers  of  a,  and  ascending  powers  of  x. 

18.  Def.  One  Algebraical  Expression  is  said  to  be 
of  a  higher  or  lower  order  than   another,    according    as  ,the 
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letter  which   characterises  its  terms  has  a  larger  or  smaller 
index. 

Thus,  a^  —  aa^  +  d^oc  —  a^  is  of  a  higher  order  than 
a^  +  aw  +  a^. 

19.  Def.  In  addition  to  the  Arithmetical  Signs  of 
Equality  and  Proportionality,  namely,  =  and  :  ::  : ,  it  is 
found  convenient  to  adopt  certain  abbreviations  for  words 
of  frequent  occurrence:  as  >  is  equivalent  to  greater  than, 
<  to  less  than,  •••  to  since  or  because,  and  .*.  to  therefore 
or  consequently. 

Thus,  aw  —  h  =  cx  -¥  d,  implying  that  the  quantities  on 
each  side  of  the  sign  = ,  are  equal  to  one  another,  the 
whole  is  termed  an  Equality  or  Equation. 

Also,  a  '.h  '.\  c  :  d,  or  a  :  b  ==  c  :  d  denotes  that  a  is  the 
same  multiple,  part  or  parts  of  b,  that  c  is  of  c2,  and  has  the 

same  signification  as   -  =  - . 

b      d 

Again,  aoo  —b  >  cw  +  d,  and  aw  —  b  <  cw  -{-d,  are  termed 
greater  and  less  Inequalities. 

20.  In  the  rudiments  of  this  science,  certain  other 
terms  are  frequently  used,  which  in  a  great  degree  explain 
themselves. 

Like  Quantities,  as,  a,  2a:  4 a 6,  7ab,  Qab. 

Unlike  Quantities,  as,  a,  b:  Sx,  5wy,  7cz. 

Monomials,  as,  a,  ab,  cdw. 

Binomials,  as,  a  +  6,  a  —bw,  5a  +  7 w. 

TrinomkUs,  as,  a  +  6  +  c,  .r^  -  pw  +  q. 

Multinomials,  as,  a  +  bw  -{■  ca^  +  da^  +  &c. 

21.  We  may  illustrate  the  definitions  already  given,  by 
the  following  examples,  in  which  a,  b,  c,  d,  e,  &c.  are  supposed 
to  represent  the  natural  numbers  1,  2,  3,  4,  5,  &c. 

Thus,  a  +  fe  +  c-d  =  l  +  2  +  3-4=2. 
afe  +  ac-6c  +  C'd=1.2  +  1.3-2. 3  +  3. 4  =  2+3-64 
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(a  +  c)  (d  -  6)  -  (1  +  3)  (4  -  2)  -r  4.2  -:  8. 

a-b  -\-c       1-2  +  3      2 
b+d-e      2+4-5      1 

ab  +  de       1.2  +  4.5      2  +  20      22 
ac -{- cd      1.3  +  3.4       3  +  12       15 

(ac  +  6«)»  =  (1 .3  +  2*)*  =  (3  +  4)«  »  7*  =  49. 

{{a  +  6)  (e  -  c)Y  =  {(i  +  2)  (5  -  3)Y  =  (3.2)'  =  6»  =  216. 

(!5^)''(:-^y -©'—«■■ 

^/abcd  +  a*  =  \/l.2.3.4+  1*  =  v^24  +  1  =  y/25^  5. 

/o^+6c  +  de\i  _  /1*+ 2.S  +  4.5\i        /27\*      3 

V     a6  +  6c     y     "  \     1.2+2.3     )    *"  \TJ    ""  2  **    ** 

In  each  of  these  instances,  the  monomials  concerned  are 
connected  together  by  one  of  the  signs  +  and  —  ;  but  it 
may  be  observed  that  in  Arithmetical  Algebra  these  signs 
do  not  in  any  way  affect  their  absolute  magnitudes,  and  that 
the  terms  positive  and  negative  are  applied  to  them  merely 
in  reference  to  other  quantities,  to  which  they  are  to  be 
added,  or  from  which  they  are  to  be  subtracted,  so  that  in 
consequence  of  quantity  being  in  general  increased  by  the 
former  operation  and  diminished  by  the  latter,  positive  and 
negative  magnitudes  are  sometimes  considered  to  be  respect- 
ively greater  and  less  than  xero  or  0, 


CHAPTER    IL 


THE      FUNDAMENTAL      OPERATIONS      ON      ALGEBRAICAL 

QUANTITIES. 


22.  The  Fundamental  Operations  in  Algebra,  though 
analogous  to  those  in  Arithmetic,  possess  a  character  peculiar 
to  themselves,  in  consequence  of  the  generality  of  the  Symbols 
employed :  thus, 

Addition  and  Subtraction  are  the  combining  or  incor- 
porating into  one  expression,  two  or  more  others  which 
are  like,  according  to  the  operations  indicated  by  their  re- 
spective Algebraical  Signs,  and  the  placing  those  that  are 
unlike,  one  after  another  in  a  line,  with  their  proper  signs 
prefixed. 

Multiplication  is  the  incorporating  two  or  more  quan- 
tities, either  simple  or  compound,  indicating  a  product,  in 
such  a  manner  as  to  exhibit  the  result  by  a  connected  series 
of  simple  terms :  and  Division  is  merely  the  reverse  of  the 
last  operation,  determining  from  a  series  of  simple  terms 
considered  as  a  product,  one  of  the  factors  which  have  pro- 
duced it,  by  means  of  the  other,  supposed  to  be  given. 

Involution  is  a  repetition  of  the  multiplication  just  re- 
ferred to,  when  the  factors  are  suppojledvto  be  equal:  and 
Evolution  is  only  the  method  of  ascending  back  again  to 
the  source  from  which  the  result  of  the  last  mentioned  opera- 
tion has  arisen. 

From  this  account  it  will  appear  that  all  these  operations 
in  a  great  measure  depend  upon  the  Definitions  laid  down 
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in  the  preceding  chapter,  and  will  consequently  be  founded 
upon  reasoning  identical  with  that  of  Arithmetic,  as  far  as 
the  two  sciences  have  their  principles  in  common.  For  our 
present  purpose,  it  will  be  sufficient  to  look  upon  the  Rules 
of  Arithmetic  as  our  guide,  and  to  notice,  in  the  progress  of 
the  work,  any  case  that  may  occur,  wherein  a  deviation 
from  these  rules,  as  applied  to  symbols  used  in  an  extended 
sense,  may  seem  to  require  it. 

I.     Addition. 

23.  The  sum  of  any  number  of  like  quantities  with  the 
same  sign,  will  be  found  by  taking  the  sum  of  their  numerical 
coefficients,  prefixing  it  to  the  common  letters,  and  retaining 
the  sign  common  to  them  all. 

(1)        Saof  (2)        -2fey  (3)        5a-    6b 

4tax  —4fby  8o  —    46 

7aoff  "Gby  11  a -236 

14a<^  -  12fey  24a  -  336 

In  (l),  it  is  evident  that  by  adding  together  3aa?,   4aa7 

and  7acPy  we  shall  have   the  sum  equal  to  three  times   the 

quantity  a  a?,    together  with  four  times    that   quantity,    and 

seven   times   the    same   quantity :    that   is,    the   sum  will   be 

fourteen  times  the  quantity  a .2?,  or  14* ax. 

In  (2),  the  same  considerations  prove  the  sum  of  -  26y, 
—  4iby  and  —  6by  to  be  —  126y,  all  the  quantities  being 
merely  symbolical  as  they  stand  by  themselves. 

In  (3),  we  have  first  found  the  sum  of  da^  8  a,  and  11a 
to  be  24  a,  and  from  this  is  to  be  subtracted  the  sum  of  66,  46 
and  236  which  is  336,  so  that  the  proper  result  is  24a  -  336. 

24.  The  sum  of  any  number  of  like  quantities  with 
different  signs,  will  be  obtained  by  taking  the  excess  of  the 
sum  of  those  with  one  of  the  signs,  above  the  sum  of  those 
with  the  other:  and  by  prefixing  the  sign  of  the  greater 
sura,  agreeably  to  the  views  of  common  arithmetic. 


(4) 
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4aa7 

(5) 

36y 

(6) 

13d?*  -    ax^ 

—  Saw 

-Ihy 

-  10a?*  +  7aa^ 

-  2aa? 

2by 

3x*  -6ax^ 

Sax 

-4>by 
-6by 

7x*  -^an^ 

Sax 

ISO?*  -  ^ac^ 
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In  (4),  we  observe  that  4aa?  and  %ax  being  positive, 
together  make  12ax;  also,  the  negative  quantities  —Sax  and 
—  2  ax  amount  to  —lax;  and  therefore  the  incorporated 
expression  will  be  equivalent  to  I2ax  —  7ax  or  Sax, 

In  (5),  the  positive  quantities  amount  to  Sby,  and  the 
negative  to  —  ll6y;  and  this  shews  that  there  is  an  excess 
of  the  quantities  to  be  subtracted  above  those  to  be  added, 
equal  to  6by ;  and  the  sum  is  therefore  equivalent  to  —6  by. 

In  (6),  the  positive  quantities  of  the  first  vertical  row 
exceed  the  negative  by  ISa?*,  and  the  negative  quantities  of 
the  second  exceed  the  positive  by  4  a  a?';  so  that  the  alge- 
braical sum  is  properly  expressed  by  ISo?*  — 4aa?^. 

26.  When  the  quantities  which  are  like,  are  not  arranged 
in  the  same  order,  a  similar  method  is  adopted;  but  it  will 
generally  be  convenient  to  make  such  an  arrangement  before 
the  operation  is  performed,  in  order  to  facilitate  the  process. 

(7)  5a -106+     3c  (8)  5a-106H-Sc 

26-    3a-    7c  -    3a  +    2b  -  7c 

-    5c  +    86 -15a  -15a+    86 -5c 


-lSa4-    0    -    9c  -13a+    0    -  9c 


In  the  latter  of  these  forms,   the  like  quantities  of  the 
former  have  been  arranged  in  the  same  order :   and  it  is  seen  - 
that  6  disappears  in  the  sum,  inasmuch  as  +  106  is  neutralized 
by  —  106,  from  the  nature  of  the  operation  ;  and  the  result 
may  be  written  -IS a  — 9c. 

26.     The  preceding  articles  being  applicable  only  to  like 
quantities,  having  either  the  same  or  different  signs,  it  remains 
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that  quantities,  differing  in  their  symbolical  representation, 
can  be  added  together  only  by  connecting  them  with  each 
other,  by  means  of  their  proper  individual  signs :    thus, 

(9)  The  sum  of  5ax,  Ihy^  -  Sc«  and  14d,  must  be  ex- 
pressed by  Sax  +  ^by  -  Scz  +  14d,  agreeably  to  the  observa- 
tion made  in  article  (22). 

Examples  foe  Practice. 

(1)  Find  the  sum  of  4taw  +  Shy^  Saw  +  8&y,  %a(v  -f  Ghy 
and  ZOax  +  hy. 

Answer :    37  o^  +  18  fey. 

(2)  Add  together  10c«r-2aa7*,  15c«f-3aa?*,  24car  — &a«* 
and  Scz  -  Saa^. 

Answer :    52  ex  —  22  aa^. 

(S)  Combine  into  one  sum,  Sa^y^  —  lOy*,  -  a^f^  4-  5^, 
8a?^y*  -  6y*    and  4^y*  +  2y* 

Answer :    l^a^f^  —  9y*. 

(4)  Express  in  its  simplest  form,  the  sum  of 
12a  +  5c  +  I7d  +  136,    Sa  +  126  +  15d  +  8c^  : 

llc+ 15a +  236+ lOd    and  4d  +  3a  +  206+ 18c. 
Answer  :    S8a  +  686  +  42c  +  46d. 

(5)  Add  together  5a  +  36  -  4c,  2a  -  56  +  6c  -h  2<i^ 
a  "  4ib  —2c  '\-  3e    and  7a  +  46  — 3c  — 6c. 

Answer:    15a —  26  —  3c  +  2d —  3c. 

(6)  Find  the  sum  of  3a^  +  2ab  +  46%  5a^  -  8a6  +  66», 
-  4a^  +  5a6  -  6%    18a^  -  20a6  -  196*   and  14a*  -  3a6  +  206*. 

Answer :    36a^  —  24a6  +  106*. 

(7)  Simplify  as  much  as  possible,  the  sum  of 
4(0^  -  Baa;^  +  6a^w  -  5a\    SaP  +  4aa?'  4-  2a'a?  +  6a^y 

-  170?^  +  19a^^-15a'<r +  8a%    13aa?*  -  27 a*a?+  18a^ 

and  120?^  +  Sa^w  -  20a^ 
Answer :    2^^+31  aaf^  -  31  a^x  +  7  «'• 
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(8)  Incorporate  as  much  as  possible,  the  sum  of 

5a?y-7«*+  18aa?-  146y,    Swy  -  5cd^  \leg-\'  14c», 
ISax  +  20eg  -  S5cd  +  18    and  Z5wy  -  IScg*  +  Qby  -  12aa?. 

Answer :    SSwy  +  7e»  +  19^^  -  5 fey  -  40cd  +  l6c^  +  18. 

(9)  Required  the  sum  of  the  expressions, 

lOa^h  -  \2a?hc  -  156V  +  10,     -  4a*6  +  Sa^bc  -  106V  -  4, 

-  3o^6  -  Sa^hc  +  gOfi^c*  -  S    and  2a'6  +  12 d?bc  +  56V  +  2. 

Answer  :    5a^b  +  5  a^bc  +  5. 

(10)  Add  together  the  following  five  quantities: 
a'+6  +  c  +  d,    a  +  6  +  6*-d,    a  +  6-c  +  d,    a  —  6  +  c  +  d 

and  -a  +  6  +  c  +  d. 

Answer :    3a  +3b  +  3c  +  3d. 


II.     Subtraction. 

27.  Subtraction  being  the  reverse  of  Addition,  it  is 
evident  that  those  quantities  which  are  to  be  combined 
with  others  by  the  operation  of  Subtraction  must  be  sup- 
posed to  be  affected  with  signs  contrary  to  what  they  would 
have  been  by  the  operation  of  Addition :  and  this  amounts 
to  the  same  thing  as  ^^  Changing  the  signs  of  the  quantities 
to  be  subtracted,  or  conceiving  them  to  be  changed,  and 
then  combining  them  with  the  others  by  the  operation  of 
Addition.*" 

(1)     10c  (2)      -    5y  (3)     4,aai  +  2by 

7c  +    Sy  2aw  +    by 


3c  -  ISy  2aa7+    by 


In  (1),  we  observe  that  10c  =  7c  +  3c,  from  which  if  7c 
be  subtracted,  or  taken  away,  there  remains  3c:  and  this  is 
the  same  as  the  algebraical  sum  of  10c  and  -7  c,  or  a  con- 
sequence of  article  (24). 
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In  (2),  8y  is  to  be  subtracted,  or  affected  with  the 
negative  sign,  and  this  together  with  —  5y  which  has  already 
the  same  sign,  will  manifestly  give  the  symbolical  result 
-ISy. 

In  (3),  we  have  by  the  preceding  cases, 

4faw  —  2aa  «  2aa?,    and  9,hy  —  hy^  by, 

so  that  the  remainder  is  ^ax-^hy. 

28.  We  will  further  confirm  the  principle  of  the  rule 
laid  down  in  the  last  article,  by  the  consideration  of  the 
following  instances. 

(1)  To  subtract  fe  -  c  from  o,  we  observe  that  if  b  alone 
were  taken  from  a,  the  remainder  would  be  expressed  by 
a  —  b:  but  inasmuch  as  we  have  by  this  process  taken  away 
from  a,  a  quantity  too  large  by  c,  it  follows  that  the  remainder 
will  be  too  small  by  the  same  quantity ;  and  therefore  the 
proper  result  will  be  «  —  6  increased  by  c :  that  is,  a  -  (6  —  c) 
is  equivalent  to  a  —  b  +  c, 

(2)  In  subtracting  a  —  6  from  a,  it  is  evident  that  the 
remainder  will  not  be  affected  by  increasing  the  Minuend 
and  Subtrahend  by  the  same  quantity :  and  consequently  we 
shall  have  a  —  (a  —  6)  equivalent  to 

a  +  b-(a  —  b  +  b)  =  a  +  b''a  =  b. 

(3)  If  we  wish  to  subtract  a  +  6  from  a,  it  may  be 
observed  that  the  result  will  be  the  same  when  both  these 
quantities  are  diminished  by  6,  and  thus  we  shall  have 

a-(a  +  fe)  =  a  —  6—  (a  +  6  —  6)  =  a-6  —  a=—  6, 

for  the  remainder. 

(4)  Of  the  last  instance,  the  result  belongs  entirely  to 
Symbolical  Algebra ;  as,  for  example,  if  we  attempt  to  sub- 
tract 5  from  3,  it  is  clear  that  the  remainder  which,  according 

•  to  these  principles,  would  be  —2,  can  admit  of  no  explanation 
consistent  with  the  views  of  common  Arithmetic,  but  may  be 
accepted  in  accordance  with  the  observations  made  at  the  end 
of  the  preceding  chapter. 
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(1)  Subtract  2a^ -h  Sbc  from  5a^  +  7bc. 

Answer :    3a^  +  46c. 

(2)  Find  the  excess  of 

6a*  +  12o6  + 196^  + c* 
above  4a*+    8a6+136^ 

Answer:    2a*  +  4a6  +  66*  4- c^ 

(3)  From     lla*+ 12a6-f  46*  + 7ac  +  9c* 

take       7a*  +    6a6  +  6* +2ac  +  4c*. 
Answer  :    4a*  +  6a6  +  S6*  +  Sac  +  5c/^. 

(4)  Required  the  excess  of 

5a^  +  4a6  -  Sac  -^-hc  -S(? 

above  3a*  +  3a5  +  36c  -  2c-. 
Answer:    2a*  —  Sac^-  ah  —  26c  —  c*. 

(5)  Find  how  much 

12d7  +  6a  -  46  -  12c  -le-5f 
exceeds    2a?  -  3a  4-  46  -  5c  +  6d  -  le. 
Answer:    lOw  -{- 9a -Sb  -Jc  -6d-  5f. 

(6)  Subtract  18aa?^  +  20a*a?*-- 24a^r  -    7a* 

from  28 aa^  —  l6a*«»*  +  25a' a?  —  13a*. 
Answer :    lOa^  -  SGa^ar^  +  49a' «»  —  6a^. 

(7)  Take  a^wy  +  Sbar^y  -  IScoay^ -^^Oy^ 
from  8a*^y-- 56a?*3^  +  17ca?y*  -  9y^- 
Answer :    7a*a7y  -  86a;*y  +  SOcw^  -  29y*. 

(8)  From       6a^y  -  10a?*y*  +  13^y  -  193^* 

take  -5a^y-{-   9,c^y^  -    3a?y+   2^. 
Answer  :    Wx^y  -  12 a?*^  +  l6^^  -  21  y*. 
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(9)  Subtract  a?  -  pa^  +  qa!  -~r  from  a^  -  aa^  +  bar  —  c. 

Answer :    pai^  -  a«*  +  6j7  —  g,r  +  r  —  c. 

(10)  From  -  17a:*  +  9aa^  -  7c^JV  +  150* 

take  -  iga^  +  9a^  -  9oFx  +  17a^- 
Answer:    2«i?* +  2a*a?  -  go*. 

On  ^Ae  Effects  of  the  Bracket  or  Vinculum  in  Addition  and 

Subtraction. 

29.  Whenever  an  algebraical  quantity  consists  of  two 
or  more  terms,  it  has  been  stated  in  article  (6),  that  it  is 
frequently  inclosed  in  a  Bracket,  or  connected  by  a  Vinculun^ 
in  order  to  keep  it  distinct  from  others  with  which  it  may 
be  combined  by  the  operations  of  Arithmetic:  and  we  will 
now  endeavour  to  point  out  the  influence  of  a  bracket  in 
the  two  operations  which  we  have  already  considered. 

(l)  If  a  set  of  quantities  inclosed  in  a  bracket  be  sup- 
posed to  be  combined  with  one  or  more  others  by  the  opera^ 
tion  of  Addition^  or  by  means  of  the  sign  +;  it  is  evident 
that  the  bracket  can  have  no  effect  upon  the  result,  and  may 
therefore  be  retained  or  not,  at  pleasure. 

Thus,  a  +  (b-}-  c)  is  manifestly  equivalent  to  a  +  6  +  c : 
for  it  makes  no  difference  whether  b  and  c  be  first  added 
together,  and  the  sum  be  then  added  to  a;  or  the  sum  of 
the  three  quantities  a,  6,  c  be  taken  at  once. 

Again,  w  —  y  •{•  (b  —  %)  will  amount  to  the  same  thing  as 
^  —y  +  b  —  %:  for  it  is  clearly  immaterial  whether  6  —  ;ir  be 
added  to  ^  ~  y  at  once,  or  b  be  added  to  it  at  first,  and  from 
the  result,  %  be  then  subtracted. 

Moreover  it  appears  that  d7-y  +  6  —  «r,  a?  +  6  —  y— •», 
a?  —  )5f  —  y  +  fe  and  —y  —  x  +  b  -^  w  are  all  equivalent  expres- 
sions :  and  a  bracket  may  at  any  time  be  introduced,  when- 
ever it  is  found  expedient  to  keep  one  part  of  an  expression 
detached  from  the  rest. 
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(2)  If  a  quantity  included  in  a  bracket,  be  combined  with 
others  by  the  operation  of  Subtraction,  or  by  means  of  the 
sign  — ;  the  rule  laid  down  in  article  (27)  shews  that  the  signs 
of  the  terms  of  this  quantity  must  be  changed,  whenever  the 
bracket  is  removed. 

Thus,  a  —  (6  +  c)  is  equivalent  to  a  —  6  —  c :  because 
it  is  evidently  of  no  importance  whether  b  be  first  sub- 
tracted from  a,  and  c  be  then  taken  from  the  remainder,  or 
the  sum  of  b  and  c  be  subtracted  from  a  at  once. 

This  may  also  be  made  to  appear  symbolically  as 
follows : 

a  —  (6  +  c)  is  clearly  equivalent  to 

a-6-(6  —  6  +  c)  =  o-fe-  (+c)  =  a-6-c. 

Again,  a  -  ^  -  (6  -  y)  is,  by  the  same  method  of  rea- 
soning, shewn  to  be  equivalent  to  a  -  a?  -  6  +  y :  for  by  the 
nature  of  the  operation  indicated  by  the    sign  -,  we  have 

a  —  a?  —  (6  —  y)  equivalent  to 
a-a?-6-(6-6-y)  =  a-a?-6-(-y) 

Conversely,  a  Bracket  with  a  negative  sign  preceding  it, 
may  be  introduced  into  any  compound  Algebraical  expression, 
provided  the  signs  of  all  the  symbols  comprised  in  it  be 
changed:  thus, 

o  —  a?  —  6  +  yis  equivalent  to  o  -  j?  -  (6  —  y), 
or  a  -  (a?  +  6  -  y),  or  a  +  y  -  (6  +  a?),  or  o  +  y  +  (-  6  -  ^). 

(3)  Similar  considerations  will  enable  us  to  dispense 
with  the  brackets  without  altering  the  values  of  the  ex- 
pressions, when  one  or  more  such  brackets  are  included 
within  another. 

Thus,  a  -  {b"  (c  +  d)]  is  manifestly  equivalent  to 
a-  {6  —  c-d}  equivalent  to  a  -b  -^^  c  +  d: 
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also,        a-  {a  +  &-r[a  +  6-c-(a-A  +  r)]{ 
=  a-  [a  +  b  ^  [a  ■¥  h  —  r  ^  a  +  h  ~  €\\ 
=  a-  {a  +  A-  [2A-  2c]}  =a-  {« +  ^»-26  +  2c} 
=  a-Ja  —  64-2cJ=«r-f/  +  />-2c  =  />-  2r. 

Examples  for  Peactice. 

(1)  Simplify  as  much  as  possible,  the  expression 

(1  -  2a?  +  3  .r*)  +  (3  -i-  2a?  -  a^). 
Answer  :    4  -i-  2  a?^. 

(2)  Reduce  to  its  simplest  form,  the  expression 

5a  -  46  +  3c  +  (-  3a  +  26  -  c). 
Answer  :    2a  -  26  +  2c. 

(3)  Exhibit  a  -  (6  -  c)  +  6  -  (a  -  c)  +  c  -  (a  -  6)  in  its 
simplest  form. 

Answer :    -  a  +  6  +  3c,    or  -  (a  -  6  -  Sc), 

III.     Multiplication. 

30.  The  product  of  two  quantities  being  arithmeticaUy 
equivalent  to  the  sum  of  the  products  arising  from  multiply- 
ing either  of  them,  by  the  parts  of  which  the  other  is  niade 
up,  it  will  be  necessary  to  consider  here  the  symbolical  results 
arising  from  this  incorporation  of  quantities  affected  with  the 
signs  +  and  -,  in  accordance  with  the  notation  explained  in 
article  (8). 

(1)  Since  a  product  has  a  symmetrical  relation  to  its 
factors,  it  follows  that  ax6  =  6xa,  or  ab  =  ba:  and  that 
a 6c,  ac6,  6ac  are  equivalent  expressions. 

(2)  By  the  nature   of  the  operation   implied,   wc    have 

a  X  (6  +  c),    or   a  (6  -i-  c)  =  a6  +  ac, 
and    a  x  (6  —  c),    or  a  (6  —  r)  =  a6  —  //c. 
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(S)  The  product  of  a  -i-  6  and  c  -k-d^  will  evidently  be 
equal  to  the  product  of  a  and  c  -i-  d,  increased  by  the  product 
of  h  and  c  -\-  d:  that  is,  we  shall  have 

(a  +  6)  (c  4-  d)  =  a  (c  +  d)  -I-  6  (c  +  d) 
=  ac  +  ad  +  6c  +  bd. 

(4)  The  product  of  a  -  6  and  c  -  d,  will  manifestly  be 
a  -b  taken  c  times,  or  (a  -  6)  c  =  ac  -  6c,  diminished  by 
a  -  6    taken   d    times,    or    by   (a  -  6)  d  =  ad  -  6d :    that  is, 

(a  -  6)  (c  -  d)  =  (ac  -  6c)  —  (ad  —  bd) 

=  ac  —  be  —  ad  +  6d, 

% 

by  the  last  article. 

In  this  instance,  when  a  -  6  and  c-  d  are  negative  or 
symbolical,  the  product  must  still  be  of  the  same  form : 
for,  otherwise  the  result  of  this  Algebraical  Process  would  be 
restricted  by  the  specific  values  and  natures  of  the  symbols 
employed,  contrary  to  the  assumed  generality  of  its  principles. 

(5)  If  we  examine  the  product  of  a  -  6  and  c  -  df  which 
has  been  proved  to  be  ac  —  bc  -  ad-h-bd,  and  consider  in 
what  manner  each  of  its  terms  originates,  we  shall  find  that 

(+  a)  X  (+  c)  =  +  ac,    (-  6)  X  (+  c)  =  -  6c, 

(-1-  a)  X  (-d)  *  -  adj    (-  6)  x  (-  d)  =  +  6d : 

and  these  equalities  expressed  in  words,  furnish  us  with  the 
following  general  direction,  which  is  called  the  Rule  of  Signs, 

"  The  product  of  two  simple  Algebraical  Quantities  is 
preceded  by  the  positive  or  negative  sign,  according  as  the 
signs  of  the  factors  are  the  sam^  or  dyffferent.'*'' 

Ex.  1.     Multiply  ai^  -\-  aw  +  a^  by  w  +  a. 

Here,  adopting  a  form  analogous  to  the  corresponding  one 
of  Arithmetic,  and  beginning  with  the  symbols  on  the  left 
hand,  we  have 
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a^  •\-    aw  -^    €f 
w  •\-    a 


aP  -I-    aa^  +    (fw  =  the  product  by  +  « : 

aa?  +    a^w  +  a?  »  the  product  by  +  a  : 


aP  -»-  Zaa^  -»-  2a*d?  +  a?'  =  the  product  by  w-^a. 


Ex.  2.     Multiply  tw^  -  2 j^y  -  y*  by  2 j?  -  4y, 

Here,   S«r*-   2a7y  -   y* 
2/p  —   4y 


6a?*—   4a7*y-2/i7y*  =  the  product  by  +2^?: 

—  l^a^y  +  S/py*  +  4y'  =  the  product  by  —  4y : 

6a?  —  l6j?^y  +  6/i7y*  +  4y*  =  the  product  by  2/i7  —  4y. 


Ex.  3.     Find  the  product  of  a?*  +  2 j?  +  1  and  a;*  -  2a?  +  3 
also,  of  a  —  6  +  c  and  a  +  6  —  c. 

Here,    a7*  +  2/p-»-l  a— 6+c 

a?*- 2a?  +3  a+6-c 


—  2^7*  -  4«*  -  2a?  a6  -  6^  +  6c 

So?  •\'6w  •\'  S  •-  ac  +  be  --  €? 


a^  +  4a7  +  3  a*  ^l^ +  2bc- (? 


Ex.  4.     Express  by  means  of  simple  terms,  the  continued 
product  (l  +  a?)  x  (l  -  a?  +  a?^  -  a;^  x  (l  +  a?*). 
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Here,  1  -w  +  a^^w* 


1  -  a  -k-  a^'-a^ 


1  -  ^  z=  the  product  of  the  first  two  factors 

1  +0^ 


1  -J7* 


1  -  a?®  =  the  contiDued  product  required. 


31.  When  the  terms  of  the  factors  are  characterised 
by  different  powers  of  the  same  letter,  it  will  generally  be 
found  convenient  to  arrange  them  according  to  their  dimen- 
sions, as  has  been  done  in  the  preceding  examples :  and 
whenever  two  or  more  terms  of  a  product  comprise  a  letter 
or  letters  in  common,  it  is  usual  to  abbreviate  the  ex- 
pression of  it  by  means  of  a  bracket,  as  will  be  seen  in  the 
following  instances. 

Ex.  1.     Multiply  a^  -  pw  +  q  by  ^  -  a. 
Here,     a^  -  pjff  +  q 
J?  -  a 


—  OcP^  +  apso  —  aq 


a?'  —  (a  +  p)  a?*  +  {ap  •{'q)w  '-  aq 


Ex.  2.     Find   the  product  of  ^  -  (n  -  l)  a^c^  +  a^   and 
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Here,         a?*  -  (w  -  l)  a*<r*  -i-  a* 


a>>- 

t^ 

1) 

fflW 

afi- 

(«■ 

-  1)  a*  J!* 

+  (n  - 

-a« 

afi- 

nrf 

V  +  na* 

ar»-«^ 

Ex.  3.     Required  the  continued  product  of  a?  -»-  c,  w  —  b 
and  07  +  e. 

Here, 


J7 

+  a 

0? 

-6 

X^ 

+  aw 

—  607- 

■  ab 

of 

+  (o- 

b)W' 

-ah 

X 

+  c 

0?*  -I-  (a  —  6)  a?*  -  abw 

c(j?       -J-  (ac  -  be)  X  -  aftc 

a?*+(o  —  6  +  c)a7*  —  {ab  -  ac  +  fee) a?  —  abc. 


Examples  fob  Practice. 

(1)  Find  the  products  of  ^x  +  9,y  and  2x  -k-  3y;  also,  of 
Zab-SV  and  306  +  46*. 

Answers :    6a?*  +  13a?y  +  6y*,  and  6o*6*  —  a6*  -  126*. 

(2)  Required  the  products  of  a?*  +  a?y  +  y^  and  a?*  -  a?y  +  y*  ; 
also,  of  5a* +  3aa?  +  a?*  and  9a*  —  3aa7 +  a7*. 

Answers:    ar*  +  a7*y*  +  y*,  and  81a*  +  QaV  +  a?*. 

(3)  Multiply   27a?'  +  9^y  +  3a?y*  +  y^   by   3a?  -  y,    and 
0^  -  2a'6  +  4a*6*  -  8a6'  +  166*  by  a  +  26. 

Answers :    81a^  -  y*,  and  a*  +  326**. 
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(4)  Multiply    l  +  d?  +  a?*  +  a?*    by    1— ^  +  j?*—  a?*,    and 
.3?*-a7^  +  a7^— a?  +  l    by   .r*  +  a?— 1. 

Answers :    1  —  a^j   and  a?^  —  a?*  +  j^  —  j?*  +  2a?  —  1. 

(5)  Multiply  0?^  —  a^y  +  a?y^  —  ^  by   ^  +  a?*y  -\-^f^  +  ^> 
and  a?*  +  3aa^  -»-  Sa*a?  +  a^  by  a?^  -  Saa?*  +  3a* a?  -  a^ 

Answers :    a?*  +  a?*y*  -  a?*y*  -  y^,  and  a?*  -  Sa^a/^  +  3o*a?*  -  a^ 


,m— » 


(6)  Multiply  a"*-^  +  6"-^  by  a"+i  -  6»+S  and  a?"**"  +  y' 
by  a?""*  —  y*"*". 

Answers :    a"*+"  -i-  a*+^  ft'""*  -  a'"-^^"^ ^  -  6"'+% 
and  oT  -  (a?y)'"+"  +  (^y)"*""  -  y*"*. 

(7)  Multiply  a^  +  l^  +  c^  -  ab  •-  ac  "  be  by  a  +  6  +  c. 

Answer :    a*  +  6^  +  c^  -  3abc. 

(8)  Multiply    1  -  2a?  +  3a?^  -  4a;^  +  5a?*  -  6ar^  +  7a?^  -  8a?^ 
by    1  +  2a7  +  a?*. 

Answer :    1  —  9a^  -  Sx^. 

(9)  Multiply  a?*  +  aa?  +  6  by  a?  -^ax  +  c. 
Answer :    a?*  —  (a*  -  6  -  c)  a?*  —  (6  —  c)  aa?  +  be. 

(10)  Multiply  a'\-w-\-d^-¥a?-\-x'^  by  a  —  x, 
Answet :    a*  +  (a  -  l)  ^  +  (a  —  l)  ^  +  (a  -  1)  a?*  -  a?*. 

(11)  Multiply  a?*  +  (n  +  1)  aa?  -  a*  by  a?*  -  (w  -  l)aa?  +  a^. 
Answer :    a?*  +  2 aa?^  +  (w*  -  l)  a^x^  +  Qna^x  -  a*. 

(12)  Prove  that  the  continued  product  of 

X  —  Sf  X  -\-  3f  X  —  4f  and  a?  +  4,  is  a?*  —  25a?*  +  144. 

(13)  Shew  that 

(a*  +  ab  +  6*)  (a^  -  a*6  +  6^)  (a  -  6)  =  a«  -  a'^fc  +  a* 6*  -  b\ 

(14)  The  continued  product  of  a  +  6,  a  -  6,  a*  +  aft  +  6^ 
and  a*  -  aft  +  6*,  is  a*  -  fc*. 
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(15)  The  continued  product  of  zr  -  o,  j?  -  6,  a?  —  c  and 
07  —  d,  is 

a7*-(o  +  6  +  c-i-£?)a7'+  (aft  +  ac  +  ad  +  6c  -i-  fed  +  cd)  a* 

—  (afcc  +  abd  +  acd  -i-  bed)  w  +  a&cd. 

(16)  Simplify  as  much  as  possible,  the  expression, 
{x-\-a)  (^+6)  (^+c)-(a+6-i-c)(d?-i-a)(j7+6)  +  (a*-f-o6-»-V)(a?+a). 

Answer :   a?  ■\-  a?. 

(17)  Prove  the  identity  expressed  by  the  equation, 
(a-6)  (a  +  6-c)  +  (6-c)  (6  +  c-a)-i-(c-a)  (a  +  c-6)«0. 

(18)  If  a  =  n*-l,  6  =  2w  and  c  =  w*+l:  verify  the 
equality  (a  +  6  +  c)  (a  +  6  -  c)  (a  +  c  —  6)  (6  -I-  c  -  a)  =  4a* 6^, 

IV.     Division. 

32.  The  quotient  of  one  algebraical  quantity  by  another, 
being  that  quantity  which  multiplied  by  the  latter  produces 
the  former,  will  be  obtained  by  reversing  the  last  operation 
conformably  to  the  principles  already  explained. 

In  this  process,  the  Rule  of  Signs  previously  established 
still  holds  good :  thus, 

+  ab 
since  (+  a)  x  (+  6)  =  +  aft,  we  have  =  +  a  : 

-»-ft 
similarly, 

(+  a)  X  (-  ft)  =  —  aft,  gives —  =  +  a,  and  =*  —  ft, 

—  ft  +  a 

and  from  (-  a)  x  (-  ft)  =  -i-  aft,    we  obtain  =  —  ft, , 

—  a 

33.  When  the  divisor  is  a  simple  quantity,  the  division 
is  indicated  according  to  article  (9),  and  the  result  is  then 
reduced  to  its  simplest  form :  thus, 

Qcb  c 

the  quotient  of  6a^c  by  2a,  is  =  Sac: 

•^  2a 
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the  quotient  of  9a^bc  -  12afe^c  -»-  I5ahi?  by  3a6,  is 

9a^hc      l^ab^c      ISabc^ 

; -—  + -—  =  Sac  -Asbc  +  5cr: 

Sab         Sab  Sab 

and  both  these  results  are  easily  verified. 

• 

34.  When  the  divisor  is  a  compound  quantity,  the  opera- 
tion is  conducted  in  the  form  of  Long  Division  in  Arithmetic : 
and  the  circumstance  most  worthy  of  attention  is  the  arrange- 
ment of  the  terms  of  the  divisor  and  dividend,  according  to 
the  dimensions  of  some  common  symbol. 

Ex.  1.     Divide  a^  +  Gab  +  Sb^  by  a  +  46. 

Here,       a  +  46J  a^  +  Gab  +  8b^  (a  +  26 

a^  +  4a6 


2a6  +  86* 
2a6  +  86* 


so  that  the  required  quotient  is  a  +  26;  also,  the  terms  of  the 
divisor  and  dividend  are  at  every  step  arranged  according  to 
the  dimensions  of  the  symbol  a,  and  the  operation  is  per- 
formed exactly  as  in  common  Arithmetic. 

Ex.  2.      Find    the    quotient    of    a*  +  4a^62  +  i66*    by 
a^  -2a6  +  46^ 

Here,  a*  -  2o6  +  46^)  o*  +  4>a^b^  +  l66*     U^  +  2a6  +  46^ 

a*-2a^b  +    4>a^b^ 


^a^b 

+ 

166* 

2a^b 

— 

^a^V" 

+ 

Sab^ 

^a^W 

— 

8ab^ 

+ 

166* 

^a^V 

— 

8ab^ 

+ 

166* 

that  is,  the  quotient  is  a^  -\-  2ab  +  4fb^f  as  may  easily  be  veri- 
fied ;  and  it  is  observed  that  in  every  stage  of  the  proceeding, 
the  terms  involving  the  highest  powers  of  a  have  been  placed 


foremost. 
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Ex.  3.     Divide  a^  -  pai^  +  qx  —  r  by  a?  -  a. 
Here, 
<»  -  aj  07^  -  j»a7*  -»-  ga?  -  r  (^p*  +  (a  -  p) «»  -I-  (a*  -  pa  +  g) 


(a- p)oB^  -k-  qw 


(a*  -  pa  -I-  g)  a?  -  r 

(a*  -  pa  -I-  g)  J?  -  (a^  -  pa*  +  qa) 

a'  —pa*  +  ga  —  r 

the  steps  of  the  operation  being  effected  as  in  the  precediDg 
examples,  and  the  remainder  being  a' -pa* -i- ^a  -  r,  which, 
it  may  be  observed,  is  of  the  same  form  as  the  dividend  with 
a  in  the  place  of  a, 

Ex.  4.     Let    it  be  required  to   find   the  result  of  the 
division  of  1  by  1  -i-  a?. 

Here,  l  +  ^Jl         U-a?  +  ^-a7'  +  &c. 

1  +  J? 


—  X 

—  X  - 

-sf 

a^ 

^ 

+  ^ 

-^ 

-^- 

a* 

x' 


and  in  this  we  see  that  the  index  of  x  in  the  remainder  is 
always  equal  to  the  corresponding  number  of  terms  in  the 
quotient:  and  it  is  manifest  that  the  intended  operation  may 
be  continued  as  far  as  we  please. 

The  results  in  cases  like  the  present,  are  generally  termed 
Infinite  Series^  and  written  in  the  following  form : 
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1 


1  -»-a? 


=  l-a?  +  «iP*-a7'  +  &c.  in  infinitum  : 


but  here  an  arithmetical  equality  is  not  implied,  unless  we 

retain  the  remainder  at  the  point  where  the  operation  ceases : 

thus, 

1                    ^p              1                           x^ 
— —  =  1-— — , =  1-^  +  ^ , 


1+0?  I  +  w         1+a?  1+0? 

1  ^        a?^  1  o        ,         ^* 

=  1  -  0?  +  ci?^ ,      =  1— o?+a?^-j?'+  , 

1+0?  l+o?l+o?  1+0? 

&c.  are  all  arithmetically  true :  whereas  1— o?  +  o?^  —  0?^+  &c.  in 
infinitum^  must  be  looked  upon,  in  Symbolical  Algebra,  as  an 

expression  equivalent  to  ,  when  used  in  its  most  general 

1+0? 

acceptation. 

35.  We  will  conclude  with  an  additional  article  ex- 
pressing a  general  property  of  numbers,  the  circumstances 
of  which  it  will  be  convenient  to  retain  in  the  memory. 

To  shew  that  o?*"  -  a*"  is  always  divisible  by  o?  -  a,  what- 
ever positive  whole  number  m  may  be :  we  have 

af^aJaT-aT  Co?"*-^  +  aa/^'^  +  a^w"^'^  +  &c.  +  a'^'^w  +  a*""* 


aixf^"^  -  a"* 


aaT'^  -  a^^?'"-* 


a^o?^-^  -  a" 
a^o?'"-^-aV*-3 


a^ai^-'^^dr 


and,  it  is  here  observable  that  in  the  remainder,  the  index  of 
07  is  diminished  and  that  of  a  is  increased  by  1,  in  each  suc- 
ceeding step,  and  that  the  sum  of  the  indices  in  every 
term  is  always  equal  to  m :  whence  we  shall  at  length  obtain 
^«-2  ^ «  ^«  for  a  remainder :  and  continuing  the  division 
from  this  as  before,  we  have 

E 
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from  which  it  will  follow  that,  j?*  —  o"  is  always  exactly  divisible 
by  X  —  a,  when  m  is  a  positive  whole  number :  that  is, 

T^      ^^  At 

=  ir*"*  +  oa?""*  +  a^a?*"'  -I-  &c.  4-  a"'"*ar  4-  a^'S 

J?  —  a 

the  number  of  terms  of  the  latter  member  of  the  equality 
being  m. 

By  assigning  to  m  the  values  2,  3,  4,  5,  &c.  in  order,  we 
have  the  following  useful  results  : 

=  a?  +  a: 

=  ^  +  aa?  +  a* : 

=  a?*  +  oa?^  +  o^  J7  +  a^ : 


-xl^  -k-  aa?  +  a^c^  +  a'a?  +  o* :  &c. 

The  compound  algebraical  expression 

0?*-^  +  aa?*-*  +  a^a?*-'  +  &c.  +  oT'^x  +  a^'S 
may  therefore  be  assumed  to  be  symbolically  equivalent  to 

,  whatever  be  the   relative  values  of  x  and  a :    and 

X  —  a 

from  this  it  follows  that,  when  a?  =  a,  a"*"^  +  a*""^  +  a"*"^  +  &€• 


J7- 

a 

/»»- 

a? 

X- 

a 

a/"- 

a* 

m  — 

a 

a^- 

a» 

a   —  a 


to   m  terms,   or  ma^~^  is   equivalent  to  ,  which  in 

a  ^  a 

arithmetical  symbols  becomes  -,  wherein  all   traces  of   its 

nature   and   origin   have   disappeared. 
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Examples  foe  Practice. 

(1)  Divide 

abw^^  by  fca?y,  and  5a^f^  -  4fOa^a^y^  +  ^Sa^wy  by  -  5xy. 
Answers :    ac^t^^    and  -  a^i^  +  Sa^wy  —  5  a*. 

(2)  Divide 

8a*  +  26ab  +  I5fe*  by  4a  +  36, 
and     0?*  +  a?^y*  +  y*  by  a?*  —  a?y  +  y*. 
Answers :    2a  +  56,    and  a^  +  wy  -k-  y^. 

(3)  Divide 

ot'  +  6a;*  +  9a?  +  4  by  <r  +  4,    and  y*  -  81  by  y  -  3. 
Answers  :    a?*  +  2a?  +  1,    and  y^  +  3y*  +  9y  +  27. 

(4)  Divide 

a?*  -  9a?*  -  6ivy  -  y*  by  a?*  +  3a?  +  y, 

and   a?*  -  6a^y  +  9a?*y*  -  4y*  by  a?*  -  Swy  +  2y*. 

Answers :    a^  -^Sw  ^y,    and  a?*  -  3a?y  -  2y*. 

(5)  Divide 

a?*  -  4a?^  +  6af^  -  4a?  +  1  by  a?*  -  2a?  +  1, 

and    a?*  -  2  a* a?*  +  l6a^a?  -  15a*  by  a?*  +  2aa?  -  3a'. 

Answers :    a?*  -  2a?  +  1,    and  a?*  -  2aa7  +  5a^. 

(6)  Divide 

12a*  -  26a^6  -  8a*6*  +  10a6»  -  86*  by  3a^  -  2a6  +  6% 
and  256a?*  +  l6a?*y*  +  y*  by  l6a?*  +  4a?y  +  y*. 
Answers :    4a*  -  6a6  -  86*,    and  l6a?*  -  4a?y  +  y*. 

(7)  Divide 

a^  +  a'6«  +  aW  +  6^  by  a*  -  a6  +  6% 

and    a?*  —  y*  by  x  ^y. 

Answers :    a^  +  a*6  +  a6*  +  6^    and  o^  +  a?*y  +  xi^  -k-  y*. 

(8)  Divide 

^8  ^  ^6^2  ^  ^4^4   ^   ^«^6  ^  58    fey     ^4  ^  ^3ft  ^  ^2^2  ^_  ei63  +  6*. 

Answer  :    a*  -  a^6  -t-  a*6*  -  a6'  +  6*. 
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(9)  Divide 

a^+^  —  fl«ft«  +  fl"fc*  _  6*+»  by  a"  —  6% 
and    a^  —  l6a'^  -f-  640*  by  j?  -  2o. 

Answers :    o*  4-  6",    and 

J7*  +  2aa?*  +  4aV  -  8aW  -  l6a*a?  -  S2a*. 

(10)  Divide 

4a*  +  6a6  -  4aci?  +  96^7  -  15^  by  2a  +  Sa?,    and 
3a*  +  8a6  +  46'  + 10ac+ 86c  +  3c*  by  a  +  26 +  Sc. 

Answers :    2a  +  3b  —  5wy    and  So  +  26  +  c. 

(11)  Divide 

o*  -  6*  by  o'  -  2a*6  +  2a6^  -  h\    and 
1  -  5a?  +  lOa;*  -  10a?'  +  5a?*  -  0?*  by  1  -  3a?  +  Sa^  -  a?*. 

Answers :   a'  +  2a*6  +  2o6*  +  6*,    and  1  -  2a?  +  a?*. 

(12)  Divide 

aa^  —  a^o?  +  a?^  —  a^oT'^^^    and 
07*  —  nao?*  +  na^x  -  a'  by  a?-a. 

Answers  :    oa?*  +  a^a  +  o?*""^  -«-  aa7'""^ 
and    o?^  -  (n-l)  aa?  -1-  a^ 

(IS)     The  quotient  of 

1  —  9w^  -  So?^  by  1  +  2a?  +  a?*    is 

1  -  2a?  +  So?*  -  40?^  +  5a?*  -  6a?*  H-  laf^  -  8a?' : 

and  of    1  +  0?  -  17a?®  +  l5aP  by  1  -  20?  +  a?^    is 

1  +  3a?  +  5a?*  +  7a?^  +  9tt?^  +  Ho?'*  +  13a?^  +  15a?^ 

(14)     The  quotient  of 

a^-\-  {a-  \)a^  +  (a  -  1)0?^  +  (a  -  l)a?*  -  a?*  by  a  -  a?    is 

a  -I-  0?  +  07*  +0?^  4-  a?S    and  of 
a  +  (a  +  6)a?  +  (a  +  6  -1-  c)a?*  -1-  (a  +  6  +  0)0?^  +  (6  +  c)a?*  +  co?* 

by  a  +  6a?  +  co?^   is  1  +  a?  -f  or^  +  or^. 
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(15)  The  quotient  of 

cV*  -  (a  +  6  +  c  +  d)  a?'  +  (ab  +  ac  +  «d  +  6c  +  6d  +  cd)  a^ 
{ahc  +  abd  +  acd  +  bcd)x  +  afccd  by  a?*  -  (a  -I-  c)<»  +  ac  is 

^  -  (6  +  d)a?  +  6d. 

(16)  The  quotient  of 

a?*  -  pa?^  +  qa^  -  ra?  +  «  by  a?  -  a   is 

J7^  +  (a  -  p)a?*  +  (a*  -  pa  +  q)x  -k-  a^  -  pa^  ■\- qa  -  r^ 

with  a  remainder  a*  -  joa^  +  qa^  -  ra  -k-  8. 

(17)  Prove  the  following  Symbolical  Equalities: 

1  +  2a?  -I-  Sa?^  +  ^OE^  +  &c.  m  infinitum: 


1  -  207  +  0?^ 

1  -a? 

1  +  a?  -  a?* 


=  1  —  2a?  +  So^*  -  507^  +  &c.  in  infinitum. 


(18)  Shew  that  o"*  +  6"*  is  divisible  by  a  +  6  when  m 
is  odd,  and  not  when  it  is  even :  also,  that  a"  —  6"  is  divisible 
by  a  +  6  when  m  is  even,  and  not  when  it  is  odd.  Give  the 
results  in  the  former  case,  when  the  values  of  m  are  3  and  5, 
and  in  the  latter,  when  they  are  4  and  6. 

V.     Involution. 

36.  The  Involution  of  Algebraical  Quantities,  will,  from 
the  nature  of  the  operation,  be  effected  by  means  of  the  rules 
already  given  for  Multiplication. 

Ex.  1.     The  square  of  —  wy 

=  (-a?y)  i-  cvy)  =  w^y^ : 
the  cube  of  —  wy 

=  (-  wy)  (-  wy)  (-  a?y)  =  (a?Y)  (-  a?y)  =  -  ai^f : 

the  fourth  power  of  -  wy 

=  (-  a^f)  (-  a?y)  =  a?*y^ :  &c. 
and  from  this  instance  it  is  clear  that  the  signs  of  all  even 
powers  of  a  negative  quantity  will  be  positive ,  whilst  those 
of  its  odd  powers  will  be  negative. 
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(9)  Divide 

o««+'»  -  a^fc"  +  a^^Jf"  -  fe""*""  by  a"  -  &•, 
and    a?*  -  l6a^a^  +  64a'  by  a?  -  2a. 

Answers :    o*  +  6",    and 

J7*  +  2ad?*  +  4aW  -  8aW  -  l6a*J7  -  32a*. 

(10)  Divide 

4a*  +  6ah  -  4a.i?  +  9hw  -  15^  by  2a  +  Sw,    and 
3a*  +  8a6  + 46' +  10ac+ 86c +  Sc*  by  a  +  26+Sc. 

Answers :    2a  +  36  —  5wj    and  3a  +  26  +  c. 

(1 1)  Divide 

a*  -  6*  by  a'  -  2a*6  +  2a6^  -  6',    and 
1  -  5a?  +  10a;*  -  lOa?  +  5a?*  -  a?*  by  1  -  3a?  -»-  3a?*  -  a?*. 

Answers :    c?  +  2a*6  +  2a6*  +  6*,    and  1  -207  +  0?*. 

(12)  Divide 

aa^  —  a^07  -i-  a?^  —  a^af^'^^^    and 
07*  —  nao?*  +  na^x  —  a^  by  x—a. 

Answers  :    aa?  +  a^a  -I-  o?"*"*  -«-  ao?""*, 
and    a?*  -  (w-l)  ao?  -i-  a*. 

(13)  The  quotient  of 

1  —  9at^  -  8a?^  by  1  +  2o?  -i-  a?*    is 

1  -2a?  +  Sa?*-4a?3+  5a?*  -  6o?* -i- 7a?^  -8a?': 

and  of    1  -I-  0?  -  17a?®  -I-  15.r^  by  1  -  20?  -f  a?*    is 

1  +  3a?  +  5a?*  +  7a?^  +  9^^^  +  Ho?*  +  13a?«  +  15a?^ 

(14)  The  quotient  of 

a^'\-{a-'  l)a?*  +  (a  -  1)0?^  +  (a  -  l)a?*  -  or"*  by  a  -  a?    is 

a  -^t  w  ■\'  a?  +0?^  4-  07*,    and  of 
a  +  (a  +  6)0?  +  (a  +  6  +  c)a?^  -I-  (a  +  6  +  6)0^  +  (6  +  c)o?^  +  cor* 

by  a  +  60?  +  car   is  1  +  a?  -1-  o?^  -I-  or^. 
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(15)  The  quotient  of 

tV*  -  (a  +  6  +  c  +  d)  a?*  +  (ab  +  ac  +  ad  +  6c  +  fed  +  cd)  c^ 
(abc  +  abd  +  acd  +  bcd)af  +  abed  by  a?^  —  (a  +  c)a?  +  ac  is 

^- (6 +  d)a?  + 6d. 

(16)  The  quotient  of 

a/^  —  jpa?*  H-  ^^p*  —  rw  +  8  hy  w  —  a   is 

07^  +  (a  - 1?)^  +  (a*  -  pa  +  q)w  +  a^  -  |?a^  +  ga  -  r, 

with  a  remainder  a*  -  pa^  +  qa^  —  ra  •{■  8. 

(17)  Prove  the  following  Symbolical  Equalities: 
1 


1  -  2a?  +  a^ 

1  -w 
1  +  ^  —  a?* 


1  +  2«r  +  Sa^  +  4a^  +  &c.  m  infinitum 


=  1  —  2d;  +  3^*  -  5^;^  +  &c.  in  infinitum. 


(18)     Shew    that  a"*  +  6"  is    divisible  by  a  +  6  when  m 
is  odd,  and  not  when  it  is  even :  also,  that  a™  —  6"*  is  divisible        >, 
by  a  +  6  when  m  is  even,  and  not  when  it  is  odd.      Give  the 
results  in  the  former  case,  when  the  values  of  m  are  3  and  5, 
and  in  the  latter,  when  they  are  4  and  6. 

V.     Involution. 

36.  The  Involution  of  Algebraical  Quantities,  will,  from 
the  nature  of  the  operation,  be  effected  by  means  of  the  rules 
already  given  for  Multiplication. 

Ex.  1.     The  square  of  —  wy 

=  (-  a?y)  (-  cvy)  =  ai^f  : 
the  cube  of  —  wy 

=  (-  ^y)  (-  ^y)  (-  ^y)  =  (^Y)  (-  ^y)  =  -  ^^2^  •' 

the  fourth  pow-er  of  —  coy 

=  (-  ^2^)  (-  ^y)  =  ^V '-  &c- 
and  from  this  instance  it  is  clear  that  the  signs  of  all  even 
powers  of  a  negative  quantity  will  be  positive^  whilst  those 
of  its  odd  powers  will  be  negative* 
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(9)  The  cube  of  a*  +  2  a  -  4  is 

a®  +  6«*  -  40a'  -f  96a  -  64, 

and  of    a*  -  a  -  1  is  «•*  -  3a^  +  5a^  -  3a  —  1. 

(10)  The  fourth  power  of  a""  -  a"  is 

and  the  fifth  power  of  1  4-  a'  is 

1  H-  5a?  +  lOar^  +  IOjt'  +  5ar*  +  ar*. 

VI.     Evolution. 

37*  The  Evolution  of  Algebraical  Quantities  is  the 
reverse  of  Involution,  and  will  therefore  be  effected  by  any 
method  which  will  enable  us  to  trace  back  the  steps  of  the 
latter  operation. 

Ex.  1.  The  square  root  of  a~  is  either  +  a  or  —  a, 
because  the  square  of  each  of  these  quantities  is  a*. 

Ex.  2.  The  cube  root  of  —  a^f/^  is  -  a?y*,  since  by  the 
last  article,  we  have  (-a?y^)^=  —  a^y^. 

Ex.  3.  The  m^  root  of  a;^"  is  a?",  because  the  m^  power 
of  ^  is  expressed  by  a?"". 

38.  To  investigate  a  Rule  for  the  Extraction  of  the 
Square  Root  of  a  compound  Algebraical  Quantity. 

Since  the  square  of  a  +  6  is  a^  +  2a6  +  6^:  in  order  to 
obtain  the  square  root  of  a^  +  2a6  +  6*,  we  must  consider 
by  what  process  the  quantity  a  -\-  b  can  be  generally  derived 
from  it. 

Now,  in  the  first  place,  we  observe  that  a,  the  first  term 
of  the  root,  is  the  square  root  of  a^  the  first  term  of  the 
square:  and  in  addition  to  this,  there  still  remains  2ab  +  l^ 
from  which  b  is  to  be  obtained:  but  2ab  +  b^  is  the  same  as 
(2  a +  6)6,  and  therefore  b  will  be  determined  by  dividjing 
the  first  term  of  the  remainder  by  twice  the  first  term  of  the 
root,    and   to  complete  the   operation,   twice   this  first  term 
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together  with  the  second  must  be  multiplied  by  the  second, 
and  after  subtraction  there  is  no  remainder. 

If  the  proposed  quantity  consist  of  more  terms,  it  is 
evident  that  we  have  only  to  consider  a  +  6  in  the  place  of  a, 
and  thus  by  the  same  process  another  term  of  the  root  will 
be  obtained,  and  so  on:  and  hence  we  have  the  following 
general  Rule. 

Rule  for  the  Extraction  of  the  Square  Root. 

Arrange  the  terms  in  the  order  of  the  magnitudes  of  the 
indices  of  some  one  quantity:  find  the  square  root  of  the 
first  term,  and  subtract  its  square  from  the  proposed  quantity : 
bring  down  the  next  two  terms,  and  find  the  next  term  of  the 
root  by  dividing  this  last  quantity  by  twice  the  first,  and  affix 
it  with  its  proper  sign  to  the  divisor:  multiply  this  result  by 
the  said  second  term  of  the  root :  bring  down  to  the  remainder 
as  many  terms  as  may  make  the  number  equal  to  that  in  the 
next  completed  divisor;  and  thus  continue  the  process  till 
the  root,  or  the  requisite  approximation  to  it,  is  obtained. 

Ex.  1.     Find  the  square  root  o{  afi  -  GaPt^  +  9^. 
Here,  afi  -  Gan^y^  +  9t/^  ijfi  -  Sy^ 


-  Gafly^  +  9y* 

whence  the  squiire  root  required  is  ^  —  S^^,  as  may  easily  be 
verified.  Also,  if  the  terms  had  been  arranged  in  the  reverse 
order,  as,  9y*  -  Ga^y^  +  a?^,  the  root  would  have  been  found 
by  a  similar  process  to  be  3y^  -  a?^  which  di£Pers  in  its  sign 
from  the  former,  and  is  explained  by  the  circumstance  that 
the  square  root  of  a  quantity  is  either  positive  or  negativ 
as  in  Ex.  (l)  of  article  (37). 

Ex.  2.     Extract  the  square  root  of 
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Here,  4a?*  -  4a?''*  -  So?*  +  2a?  +  l  (2a^  -  or  -  1 

40?* 


4a?*- 

w)^ 

•4a?^ 

-Sa!^ 

'  2a?  • 

•40?* 

+    a?* 

4a?*  - 

-i; 

-  4a?*  +  2a?  +  1 

-  4a?*  +  2a?  +  1 

or,  the  root  is  207^  -  a?  -  1 :    and  to  this,  the  remark  of  the 
last  example  may  be  applied.    . 

Ex.  3.     Find  the  square  root  of 

16  (a*  +  1)  -  24a  (a*  +  1)  +  41  a*. 

After  arranging  the  terms  according  to  the  dimensions  of 
a,  we  have 

l6a*  -  24a^  +  41  a*  -  24a  +  l6  (^4a*  -  Sa  +  4 

l6a* 


8a*-3aJ  -24a' +  41  a* 
-  24a'  +    9a* 


Sa^  -  6a  +  4J  32a*  -  24a  +  l6 

32a*  -  24a  +  l6 


/  The  Extractum  of  the  Square  Roots  of  Numbers, 

39.  Inasmuch  as  with  our  present  method  of  notatkiiii 
numbers  are  not  expressed  in  the  same  manner  as  the  alge* 
braical  quantities  which  we  have  just  been  discussing,  it  ii 
evident  that  the  rule  above  laid  down  will  not,  without  ad- 
ditional considerations,  be  sufficient  for  discovering  their 
square  roots.  We  shall  presently  see,  however,  that  the 
same  rule,  assisted  by^  what  is  called  the  Method  of  PoinHngj 
will  conduct  us  to  the  square  roots  of  numerical  magnitudes. 


THE    SQUARE    ROOT.  43 

The  Method  of  Pointing  for  the  Square  Root, 

40.     Since  the  square  root  of  1  is  1 : 

the  square  root  of  100  is  10: 

the  square  root  of  10000  is  100: 

the  square  root  of  1000000  is  1000:  &c. 

we  see  immediately  that  the  square  root  of  a  number  of  fewer 
than  three  figures  must  consist  of  only  one  figure:  that  of 
a  number  of  more  than  two  figures  and  fewer  than  five,  of 
two  figures:  that  of  a  number  of  more  than  four  figures 
and  fewer  than  seven,  of  three  figures,  and  so  on :  whence  it 
follows  that  if  a  dot  or  full  .point  be  placed  over  every  alter- 
nate figure,  beginning  at  the  units^  place,  the  number  of  such 
points  will  be  the  same  as  the  number  of  figures  in  the  square 
root. 

The   same   rule   may   easily   be   extended   to   Decimals : 
thus, 

since  the  square  root  of  .01  is  .1  : 

the  square  root  of  .0001  is  .01 : 

the  square  root  of  .000001  is  .001 :   &c. 

we  infer  that  the  quantity  proposed  must  first  be  made  to 
have  an  e^en  number  of  decimal  places,  and  then  that  the 
pointing  must  be  made  from  the  place  of  units  towards  the 
right  hand  over  every  alternate  figure,  as  before :  and  the 
number  of  such  points  will  be  the  same  as  the  number  of 
decimal  places  in  the  square  root. 

Ex.  1.     Extract  the  square  root  of  273529. 

Arithmetical  Form. 

273529  (^523 
25 


102j  235 
204 


1043^  3129 
3129 


r 
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Symbolical  Fbrm. 


273529  (500  +  20  +  S 
500^  a  250000 


2  X  500  +  20  *-  1020;    25529 

20400 


2  X  (500  +  20)  +  3  =  104S;    3129 

3129 

Both  these  operations  are  performed  by  means  of  article 
(38) :  and  a  slight  examination  will  shew  that  in  reality  they 
amount  to  the  same  thing,  giving  the  same  results,  and  differ- 
ing only  in  consequence  of  the  difference  of  the  modes  of 
expressing  arithmetical  and  algebraical  quantities. 

Ex.  2.     Required  the  square  root  of  19.0968. 

Here,  19.0968  {^.36 

16 


S3) 

309 

249 

S66) 

6068 

5196 

872 

In  this  case,  the  approadmate  square  root  is  found  by  the 
common  rule :  and  we  remark,  that  as  far  as  the  operatioo 
has  been  continued,  the  last  remainder  is  considerably  larger 
than  the  last  divisor,  which  can  never  be  the  case  in  aridb- 
metical  division :  that  this  approximation  to  the  root,  however, 
is  correct  as  far  as  it  goes,  may  be  made  thus  to  appear. 

If  we  suppose  the  root  to  be  represented  by  the  symbol  a, 
the  square  will  be  represented  by  a*:  then,  if  we  increase 'the 
numerical  value  of  a  by  1,  the  root  becomes  a  +  1,  and  its 
square  is  (a  +  1)^  «  a'  +  2a  +  1 :    from   which  it  is  evident 
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that  the  root  cannot  admit  of  being  augmented  by  1,  unless 
at  the  same  time,  the  square  is  increased  by  2a+  I9  or  by 
twice  the  original  root  +  1 :  whence  it  follows  that  the  ap- 
proximate root  is  always  correctly  found  as  far  as  the  opera- 
tion is  continued,  whenever  the  remainder  is  not  greater  than 
twice  the  value  of  the  said  root :  and  thus  the  Limit  of  the 
remainder  at  any  step  is  ascertained. 

Examples  fob  Practice. 

(1)  The  square  root  of 

a^y^sifi  is  ±a?|^V,    and  of  4«*"y*V  is  ±2a?*s^«V^. 

(2)  The  cube  root  of 

a^b^  is  a6*,    and  of  -  8(fb^w^  is  ^Qal^a^. 

(3)  The  fourth  root  of 

l6a!^a/^  is  ±2ad7,    and  of  84a?*y^*  is  ^3w^. 

(4)  The   fifth   root    of  S^a^w^'^y^^  is    ^ao^f,    and  the 
sixth  foot  of  729^y^®»**  is  ±  Swy^x^. 

^      (5)     The  square  root  of  a?*  +  2a*^  +  a*  is  a?*  +  a*, 
and  of  a^a^  -  2abw^  +  V^  is  a^  -  by\ 

(6)  The  square  root  of 

of^  -  2a^  +  Sa^  -  2^p  +  1  is  ot*  -  a?  +  1, 
and  of  4a7*  -  4«r'  -  3a^  +  2a7  +  1  is  20?*  —  a?  -  1. 

(7)  The  square  root  of 

4a* 0?*  -  12a' 07*  +  13a*a7*  -  6a*^  +  «•  is  2a^  -  Sa^w  +  a^ 
and  of  9«*a?*  -  l^cfofi  4-  10a*ti?*-4aa7*  -♦-  a;*  is  3 a* a?  -  2a^  -♦-  aP, 

(8)  The  square  root  of 

ifO^  -  12a?*y  +  29a/^f^  -  SOar^y*  +  25a^y*  is  2a?^  -  3^y  +  5a?y*, 
and  of 

4a*  -  12a'6  +  25a*y  -  24a5'  +  l6b*  is  2a*  -  Sab  +  46». 

(9)  The  square  root  of 

9^y*  -  12afl^  +  34a?*y*  -  20.ir^y  +  25a?*  is  3a?y^  -  2ai^y  +  54?*, 
and  of 
4^*y*  -  1247*5^  +  Vlai^i^  -  l^afiy  +  4a/*  is  2a7y*  -  3a7*y  +  2aP. 
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(10)  The  square  root  of 

9  -  24ci?  -  68<2?*  +  llSar*  +  196^?*  is  3  -  4^  -  14^, 
and  of  9  -  6ar  +  j;*  +  12^  -  4a?*  +  4a?*  is  3  -  a?  +  2  j?*. 

(11)  The  square  root  of 

co^  -  2ba?  +  a*  +  2a?y  -  2ay  +  y*  is  a?  -  a  +  y, 
and  of  07*  -  ^ooy  +  2a?jif  +  9y*  -  6y«  +  »*  is  a?  -  Sy  -•-  «. 

(12)  The  square  root  of 

4a?*  -  120?^  +  llo?*  -  Set?  +  i  is  2a?*  -  3.r  +  \y 
and  of  49a?*  -  28a?*  -  1707*  -^-^x  ^  \  is  7a?*  -  2a?  —  -|-. 

(13)  The  square  root  of 

1  -  2a?  +  ^x^  -  4a?*  +  3a?*  -  2a?*  +  a?*  is  1  -  a?  +  a?*  -  or*, 
and  of 

I  -  4a?  +  ^c^  -  ^a^  +  ^aS^  -  2a?*  +  a?*  is  1  -  2a?  +  a?*  —  a?*. 

(14)  The  square  root  of 

9a?'  -  12a?*  +  lOa?*  -  lOo?*  +  5a?*  -  2a?  +  1  is  30?*  -  2a?*  +  a?  —  1. 
and  of 

.i?^-4a?'+4a?®-4a?*+10a?*-4a?*  +  4a?*-4a?+l  is  a?* -2a?* -20?+  1. 

(15)  The  square  root  of 

36.a?*  -  12  (a  -  26)  a?*  +  (a«  -  4a6  +  46*)  a?*  is  &(j^  -{a-  %h)a^ 
and  of 

(a?  -  2a)  -H  a*6 (6  -  2a?)  +  {c?  +  2a6) a?*  is  x^  ^  a(x  -  6). 


a?* 


v^  41.     7\)  investigate  a  Rule  for   the  Extraction  of  the 

cube  root  of  a  corn/pov/nd  Algebraical  Quantity. 

Since,  (o  +  6)*  =  a*  +  3o*6  4-  3a6*  +  6*,  we  must  have  the 
cube  root  of  the  latter  quantity  =  a  4-  6 ;  and  it  remains  to 
be  determined  in  what  manner  it  may  be  deduced  from  it. 

Now,  the  first  term  a  of  the  root  is  the  cube  root  of  a', 
the  first  term  of  the  proposed  quantity ;  hence,  taking  away 
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a',  we  have  Sa^h  +  Sah^  +  W  left  to  enable  us  to  find  h:  but 
Sa^h  +  3ah^  -\-W  =  (3o^  +  Sah  +  6'0  ^5  ^^^  thence  it  is  manifest 
that  h  will  be  obtained  by  dividing  the  first  term  of  the  re- 
mainder by  thrice  the  square  of  a;  and  to  complete  the 
divisor,  we  must  add  to  3a^,  three  times  the  product  of  the 
two  terms  >3  a 6,  and  also  the  square  of  the  last^fc^;  thus,  the 
second  term  being  found,  the  repetition  of  a  similar  process 
will  evidently  lead  to  the  root,  whatever  number  of  terms 
the  expression  may  contain.  ,  ^ 

Ex.     Find  the  cube  root  oi  x^  -  Saf'  -^^  ^w^  -  Sx  -  I, 
Here,  oc^  -  Sx^  +  5ar^  -  Sx  -  \(jx^  -  x  -  I 


x' 

3x*  - 

Sx^  -\-  x^)  - 
-6x^  +  3x  -\ 

3afi  +  5a^ 
3x^  +  3x^ 

-  3x 

3  a?* 

-3x* 

+  6a?^- 

3x  - 
■  3a?- 

1 
1 

and  thus  the  cube  root  .1?^  —  a?  —  1,  is  obtained  in  accordance 
with  the  principle  of  the  article,  the  completed  divisors  being 
always  formed  in  exact  compliance  with  its  directions. 

42.  The  last  article  furnishes  a  Rule^  which  might,  if 
necessary,  be  enunciated  at  length,  in  the  same  manner  as  that 
for  the  square  root  has  been ;  and  it  is  not  difficult  to  perceive 
that  a  similar  process  may  be  applied  to  the  extraction  of 
the  fourth^  fifths  &c.  roots  of  any  compound  quantity 
whatever. 

Ex.     To  extract  the  cube  root  of  I86O867. 

Reasoning,  analogous  to  that  employed  in  article  (40),  will 
shew  that  if  a  point  be  placed  over  every  third  figure,  be- 
ginning at  the  units'  place,  the  number  of  points  thus  placed 
will  be  the  number  of  digits  in  the  cube  root ;  and  attention 
to  article  (41)  will  furnish  the  following  operation : 
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a  +  6  +  c 

1860867  (^100 +[20 +  3 
cf  B  1000000  B  first  subtrahend 


$a^^  SOQOO)  86O867  »  first  remainder 

3o*5=  600000 

SaV^  120000 

&*=  8000 


728000  s  second  subtrahend 


3  (a  +  6)*    =  43200J  132867  =  second  remainder 

S{a+  hfc  =  129600 

S{a'{'  b)c^  =  3240 

c«=  27 


132867  >«  third  subtrahend. 


The  cube  root  of  I86O867  is  therefore  123,  and  this  process 
is  the  origin  of  the  Rule  given  in  article  (161)  of  the  Author^s 
Arithmetic^  to  which  the  reader  is  now  referred  for  additional 
Escamples. 

Examples  for  Practice. 

(1)  The  cube  root  of  «r*  +  9^  +  27 a?  +  27  is  J7+  3, 

and  of  1  -  6y  +  12y^  -  8y*  is  1  -  2y. 

(2)  The  cube  root  of  a«  +  6a^  -  40a^  +  96a  -  64 

is  a*  +  2a  -  4, 
and  of 

a^  +  b^  +  c^  +  3  {a?b  +  d^c  +  aV  +  ac?*  +  6*c  +  6c*)  +  6ahc 

is  a  +  5  +  c. 

43.     In  the  preceding  article,  it  has  been  observed  that 

the  same  principle  may  be  applied  to  determine  the  fourth^ 

fifth,  &c.  roots;  but  as  the  corresponding  operations  become 

exceedingly  tedious,  when  the  number  of  terms  is  large,  we 

shall  direct  the  Student^s  attention  to  the  first  Appendiw  of 
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the  work,  where  he  will  find,  among  much  other  information, 
the  extraction  of  any  root  of  an  algebraical  quantity  by  a 
general  method;  and  also,  that  of  the  cube  root  of  a  number 
consisting  of  several  places  of  figures  by  a  concise  process; 
and  it  is  scarcely  necessary  to  remind  him,  that  the  fourth 
root  of  any  quantity  is  the  square  root  of  the  square  root 
of  that  quantity :  that  the  siofth  root  is  the  cube  root  of  the 
square  root ;  and  so  on. 

Examples.  FOR  Practice. 

(1)  The  fourth  root  of  a?*  +  4)0^  +  6a^  +  4a?  +  1  is  a?+  ], 
and  of  a* a?*  -  4>a^J0  +  da^b^a;^  -  4>ab^af  +  6*  is  aw  -  6. 

(2)  The  sixth  root  of 

x^  -  12a?*  +  60a?*  -  1600?^  +  2400?^  -  192a?  +  64  is  a?  -  2, 
and  of  a®  -  6a^w.-\-  lSa*a?^-20a^a?^+  15a^a?^-6aa7^  +  a?^  is  a-o?. 

•  VII.      Miscellaneous  Theorems. 

^44.  Let  /v  and  y  represent  any  two  quantities  whatever, 
whereof  a?  is  the  greater ;  then  if  their  sum  be  denoted  by  s, 
and  their  difference  by  d^  we  have 

0?  +  y  =  5,    and  a^  —y  =  d; 

.-.  «  +  d  =  (a?  +  y)  +  (a?  -  y)  =  2a?,  or  a?  =  ^«  +  ^d ; 

and  «  -  c^  ==  (a?  +  y)  -  (a?  -  y)  =  2y,  or  y  =  ^«  -  ^  d. 

Hence,  the  greater  of  two  quantities  is  always  equal  to 
half  their  sum  increased  by  half  their  difference,  and  the 
less  is  equal  to  half  their  sum  diminished  by  half  their 
difference. 

45.  If  each  of  the  magnitudes  a  and  b  be  divisible  by  c, 
then  will  ma -^  nb  and  ma  —  nb^  or  ma^^nb  be  divisible 
by  c,  whatever  whole  numbers  m  and  n  may  represent. 


50  MISCELLANEOUS    THEOBEMS. 

For,  let  a^^pc  and  b^  qc^  or  a  and  b  contain  c,  p  and  q 
times  respectively  ;  then  we  have 

ma=^mpc  and  nb  =  nqc; 

whence,  ma  ^nb  ^  mpc  ±  nqc  —  (mp  i  nq)  c, 

or,  ma  ^nb  contains  Cy  mp  ^  nq  times. 

46.  If  the  sum  of  two  numbers  be  given^  their  prcxluct 
will  be  the  greatest  possible  when  they  are  equal  to  each  other. 

For,  if  2a  denote  their  sum,  and  a  +  jr  be  one  of  them, 
then  the  other  will  manifestly  be 

2o  —  (a  +  0?)  —  a  —  «r ; 

and  their  product  will  therefore  be  represented  by 

{a  +  J?)  (a  —  a?)  =  o*  —  a?*, 

which  is  evidently  the  greatest  possible  when  ^  =»  0,  or  when 
each  of  them  =  a,  and  their  product  =  a*. 

47-     Using  the  same  symbols  as  in  article  (44),  we  have 

(a?  +  y)  X  (a?  -  y)  =  a;^  -  y^ 

that  is,  the  product  of  the  sum  and  difference  of  any  two 
quantities  is  always  equal  to  the  difference  of  the  squares  of 
the  same  quantities ;  and  conversely. 

This  theorem  is  of  great  use,  inasmuch  as  it  will  fre^ 
quently  enable  us  to  represent  an  algebraical  quantity  by 
means  of  factors ^  when  it  is  not  so  already,  as  in  the  follow- 
ing instances : 

(1)  a'  -  (6  -  c)«  =  (a  +  6  -  c)  (a  -  6  +  c). 

(2)  (a'  +  cy  -  (o'  -  c'y  -  (a'  +  c^  -  by 

=  a*  +  2a2c'  +  c*  -  a*  +  2a«c^  -  c*  -  (a'  +  c^  -  6*)* 

=  4a' c^  -  (a^  +  c'  -  by  =  (2acf  -  (a'  +  c^  -  by 

=  (2ac  +  a'  +  c^-  6^)  (2ac  -  a'  -  c'  +  6*) 

=  {(a4-c)^-fe'}  {b'^ia-'cy] 

=  (a  +  6  +  c)  (a  +  c  -  6)  (6  +  a  —  c)  (6  -  a  +  c). 


(8) 
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(a-b  +  c){(a  +  by-e'\ 
46V  -  (a*  -  6^  -  (^y 

_  (g  -  6  +c)  (g  +  6  +  c)  (g  -f  &  -  c) 

_      (g  -  6  +  c)  (g  +  6  +  c)  (g  +  6  -  c) 
"  (26c  +  g^  -  6^  -  c')  (26c  -  g2  +  62  +  c^ 

_^  (g  -  6  +  c)  (g  +  6  +  c)  (g  4-  6  -  c) 
|a2-.(6-c)2|{(6  +  c)^-g*} 

'(o  -  6  +  c)  (g  +  6  +  c)  (g  +  6  -  c) 
(g4-6 -c)  (g  —  6  4-  c)  (6  +  c  +  g)  (6  +  c  -  g) 

1 


6  +  c  -  g 


,  by  omitting  the  common  factors. 


48.  Since  (^  +  y)*  =  ^  +  2/i?y  +  j/^, 

and  (w  -  y)2  ^ai^^  2wy  +  j/^ ; 

we  observe  that  the  square  of  the  sum  or  difference  of  any 
two  quantities,  is  equal  to  the  sum  of  the  squares  of  the 
quantities  themselves,  increased  or  diminished  by  twice  their 
product. 

Also,  because  4  x  a;*  x  j/^  =  ^w^t^  =  (=*=  2a?y)%  we  see  that 
when  a  trinomial  is  a  complete  square^  four  times  the 
product  of  the  extreme  terms  is  equal  to  the  square  of  the 
mean. 

The  Rule  of  Teansposition. 

49.  If  g  e  6  -  c ;  then,  since  when  equals  are  added  to, 
or  subtracted  from,  equals,  the  results  are  equal,  we  shall  have 

0  +  0  =  6  —  c  +  c 

=  6: 
a  —  6  =  6  —  c  —  6 

■a—  c: 
g— 6  +  c  =  6  —  c  —  6-fc 
=  0: 
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from  which  it  appears  that  any  quantity  may  be  transposed 
from  one  side  or  member  of  an  Equality  to  the  other,  by 
changing  its  algebraical  sign  from  +  to  -,  or  from  —  to  +. 

On  the  same  principle,  if  we  have  the  Inequalities 
a>b  "Cy  and  a}<y  +  %;  then,  by  equal  addition  and  sub- 
traction, we  find, 

>b; 
OG  -y<y  +  %  -y 

Also,  similar  conclusions  will  hold  good,  when  both  members 
are  equally  affected  by  the  operations  of  Multiplication,  Divi- 
sion, Involution  or  Evolution,  provided  the  quantities  under 
consideration  be  arithmetical. 

Hence,  because  the  square  of  every  quantity  whether 
positive  or  negative,  has  been  proved  to  be  positive,  it  follows 
that 

(a?  -  yY  or  a^  —  Zwy  -f  y^  >  0 ; 

.-.  ar^  —  2<2?y  +  y^  +  2A'y  >  0  +  2a?y, 

or,  x^  •\-  y^>9,xy\ 

that  is,  the  sum  of  the  squares  of  any  two  unequal  magni- 
tudes,  is  always  greater  than  twice  their  product. 


CHAPTER    III. 

THE      GREATEST     COMMON     MEASURES,     AKD     LEAST     COMMON 
MULTIPLES    OF    ALGEBRAICAL    QUANTITIES. 


I.    THE   GREATEST   COMMON    MEASURE. 

50.  .  Def.  a  Common  Measure  of  two  or  more  quan- 
tities is  a  common  Factor^  which  divides  each  of  them  without 
leaving  a  remainder ;  and  the  greatest  common  measure  is 
the  greatest  factor  by  which  they  are  so  divisible. 

Thus,  of  the  quantities  ^ahd  and  ^dwy^  the  factors  2,  d 
and  2  d  are  all  common  measures,  the  greatest  or  highest  being 
2d:  and  2d  is  said  to  measure  2abd  and  9,dxy^  by  the  v/nits 
in  ah  and  wy  respectively. 

Similarly,  of  abed,  adey  and  abdoo,  the  quantities  a,  d 
and  ad  are  all  common  measures :  but  od  is  the  greatest  in 
the  sense  intended  in  the  definition,  without  reference  to  the 
numerical  values  that  might  be  assigned  to  a  and  d. 

51.  Cob.  The  greatest  common  factor  of  ad  and  bd 
is  d,  which  is  also  the  greatest  common  factor  of  acd  and  6c/, 
or,  oi ad  and  bed:  that  is,  the  greatest  common  measure  of 
two  quantities  is  the  greatest  common  measure  of  either  of 
them,  and  of  the  other  when  multiplied  or  divided  by  any 
quantity  which  is  not  a  divisor  of  the  first,  and  which  con- 
tains no  factor  common   to  them  both. 

Also,  if  —  d  be  a  common  divisor  of  any  number  of  quan- 
tities, then  will  +  d  also  divide  them  without  remainders :  and 
the  greatest  common  measure  is  always  supposed  to  appear 
in   the  form   of  a  positive  quantity. 
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52.  When  the  quantities  proposed  are  in  the  form  of 
MonomialSf  the  greatest  common  measure  is  readily  discovered 
by  inspection 9  as  will  appear  in  the  following  instances. 

Ex.  1.  The  greatest  common  measure  of  lOaw  and  15«* 
is  5<r:  because  lOaof  ^  5x  x  2a^  and  I5w^  =i  5.v  x  Sa. 

Ex.  2.     The  greatest  common  measure  of 

Sd^wtfj    —  126«ry*,    and  ^Oca^y  is   ^xy: 

since  Sa^a/y  =  4iwy  x  2a%  -  I26a?y*  =  ^vy  x  (—  Sby)^ 

and  20ca;^y  ^  4fXy  X  Sew;  the  latter  factors  2aS   ~  Sby  and 
5  COD  having  no  symbol  in  common. 

Ex.  3.     The  greatest  common  measure  of 
S{a  +  bf  (c  -  xy  and  5(o  +  6)»  (c  -  x^  is  (a  +  6)*  (c  -  ^)% 
for  a  similar  reason. 

53.  To  investigate  a  Rule  for  finding  the  greatest 
common  measure  of  two  compatmd  Algebraical  Quantities* 

Let  a  and  b  represent  the  two  quantities  where  a  is  not 
of  lower  dimensions  than  6 :  and  let  b  he  contained  p  tiinss 
in  a  with  a  remainder  c:  let  c  be  contained  q  times  in  b 
with  a  remainder  d,  and  let  d  be  contained  r  times  in  c 
with  no  remainder,  the  operations  being  exhibited  in  the 
following  form : 

b)a    (J) 

pb 

c)b{^ 

d)c(r 
rd 

0 

then,  d  is  the  greatest  common  measure  of  a  and  b. 

For,  c  —  rd  =  0,  .•.  we  have  c  =^rdy  by  transposition  : 
b  -  qc=^  d^  .'.b^  d  -k-  qc  =  d-^-  qrd  =  (l  +  qr)  d : 
a  "pb^c,   r.  a  =  c  -^  pb  =  rd  +  p{l  +  qr)d-(p  +  pqr  +  r)d: 
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from  which  it  appears  that  d  measures  both  a  and  b^  and 
is  therefore  a  common  measure. 

It  is,  moreover,  the  greatest  common  measure :  for  if  not, 
let  D  be  the  greatest  common  measure,  and  let  it  be  contained 
m  and  n  times  respectively  in  a  and  6,  so  that 

a=imDj    and  b  =  nD  : 

.*.  c  =  a  —  pb  =  mD  —  npD  =  (m  —  np)  D : 

and  d  =a  6  —  gt*  =  nD  -  q(m  —  np)D  -  (n-  mq  +  npq)D : 

wherefore  D  measures  d,  or  a  greater  quantity  measures  a 
less,  which  is  absurd :  and  consequently  no  quantity  but  d  is 
the  greatest  common  measure. 

In  this  investigation  all  the  symbols  have  been  treated 
as  if  they  were  arithmetical  integers^  and  it  is  therefore  a 
complete  proof  of  the  rule  for  finding  the  greatest  common 
measure  of  two  numbers^  expressed  in  a  symbolical  form. 

Moreover,  when  a  and  b  are  general  symbols  denoting 
compound  algebraical  quantities,  it  appears  from  the  de- 
monstration that  if  they  contain  any  common  factor  whatever, 
it  must  also  be  found  in  each  of  the  partial  remainders  c  and  d : 
and  consequently  whenever  we  arrive  at  a  partial  remainder 
containing  a  factor,  which  is  evidently  not  a  measure  of  each 
of  the  proposed  quantities,  that  factor  may  be  rejected,  and 
the  common  measure  will  be  contained  in  what  is  left. 

This  is  manifest  indeed  from  article  (51),  and  forms  a 
peculiar  distinction  between  the  arithmetical  and  algebraical 
processes:  also,  the  latter  may  frequently  be  facilitated  by 
the  introduction  of  a  new  factor  into  a  partial  remainder, 
whenever  the  next  quotient  would  otherwise  be  expressed  in 
a  fractional  form,  consistently  with  the  observations  made  in 
the  same  article. 

54.  CoE.  1.  Every  common  measure  of  two  quantities, 
is  a  measure  of  their  greatest  common  measure. 
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For,  let  S  be  any  common  measure  of  a  and  bj  so  that 

a^  IU.S  and  b  =  v^: 
then,    c=^a-pb^  fih-  vpS  =  (m  -  yp)S : 
also,    d  =i  b  ~  qc  =  vS  —  q  {fi  —  vp)S  «  (v  -  /xg  +  vpg)  S  : 
and  therefore  S  is  a  measure  of  d. 

55.  Cor.  2.  When  the  proposed  quantities  are  numbers^ 
it  is  obvious  that  each  of  the  remainders  c,  d  is  less  than 
that  which  immediately  precedes  it:  and  consequently  in 
every  case,  this  kind  of  division  may  be  continued  till  the 
remainder  becomes  equal  to  zero:  also,  whenever  the  last 
divisor  used  happens  to  be  1,  the  numbers  are  said  to  he 
prime  to  each  other. 

56.  The  preceding  investigation  being  put  into  words, 
furnishes  the  following  general  Rule. 

Arrange  the  proposed  quantities  according  to  the  descend- 
ing dimensions  of  their  characterizing  symbol:  divide  the 
higher  of  them  by  the  lower;  and  the  preceding  divisor  hy 
the  last  remainder:  and  continue  the  operation  till  there  is 
no  remainder,  keeping  in  mind  article  (51) :  then  will  the 
last  divisor  be  the  greatest  common  measure. 

Ex.  1.     Find  the  greatest  common  measure  of 

a?^  +  2a?  +  1   and  aP^  +  2.a?^  +  2^+1. 

Here,     ^*  +  2cV  +  IJ  a?^  +  2ir^  +  2.r  +  1  {x 

a^  +  2^7^  +  w 


a? 


+  lJ«r*  +  2/i?+  1  (jr  +  1 


w^  +  w 


^  +  1 

^  +  1 


whence,  a?  +  1  being  the  last  divisor,  is  the  greatest  common 
measurQ»pf  the  quantities  proposed. 
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Ex.  2,     Required  the  greatest  common  measure  of 
w*  +  a^j^  +  y*  and  a?*  +  QaPy  +  Sai^y^  +  2a?y^  +  ^. 

Here,  ^*  +  ar^j^  +  y*  j  ^*  -j.  2a^y  +  3^?^^^  +  2iv^  +  y*  (^  1 


2a?^y  +  2/r*^  +  2a?y^ 


and  this  remainder  being  equivalent  to  2«ry(/i7* +  ^y +  y*), 
the  factor  ^wy  may  be  rejected,  because  it  is  evidently  not 
a  common  measure: 

whence,  a^  +  wy  +  t^j  at^  +  a;^y*  +  y*  (^a?*  -  a?y  +  y* 

w*  -\-  a^y  +  d?*y^ 


and  therefore  a;^  +  xy  +  y^  is  the  greatest  common  measure. 

Ex.  3.     Find  the  highest  common  factor  of  the  expressions 
1207^  +  4^-3^-1    and    8a^  -  iiof^  ^2a!  +  1. 

In  this  instance,  the  highest  term  of  either  of  the  quantities, 
when  divided  by  that  of  the  other,  gives  a  result  in  the  form 
of  a  fraction ;  and  to  avoid  this,  we  multiply  the  latter  by  3, 
and  proceed  as  follows : 

8/p^-4a;^-2a?+  1 

3 


120^  +  4a?2  -  307  -  1  ^  240;-^  -  12o?*  -  6a?  +  3  (^2 

240?*+    80?*- 607 -2 


-  200?*  ^5^-5  (4a?*^^  l) 
H 
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and  of  this  remainder,  the  factor  -  5  being  rejected,  we  have 

4a?^  -  1  j  12^7^  ^-  4a?*  -  3«r  -  1  (^Sar  +  1 


ifO^  -  1 
4a?*-  1 

so  that  4  a?*  -  1  is  the  highest  common  factor. 

Ex.  4.     To  find  the  greatest  common  measure  of 

2a?'^-4a?*  +  8a?'-12a?*  +  6a?   and    3a?*-3a?*-6.T* +  9a?*-Sar. 

Here,  we  observe  that  a?  is  found  in  every  term,  or 
207*- 407*  +  807^- 12a?*  +  6a?  =  2a?  (a?*-2a?' +  4a?*- 6a?  +  S), 
3a?*-3a?*- 6a?^-l-  9a7*  -  Sa?  =  30?  (a?*-   a?^  -  2a7*  +  3a?  -  l): 

so  that  a?  is  a  common  measure  which   must  finally  be   re- 
tained, but  2  and  3  are  not,  and  may  be  immediately  rejected: 

now,  a?*  -  2a7^  +  4a?*  -  6a?  -k-  3)w^  -    a?^  -  2a?*  +  3a?-  1  (^1 

a?*  -  207^  +  4a7*  -  6a?  +  3 


a^^ 


-  Gar^  -H  9a?  -  4Ja?*  -  2a?^  +  4a?*  -  6a?  +  3  r  a?  +  4 

a?*  -  6a^  +  9a?*  -  4a? 


40?*-    5a7*-    2a?  +  3 
40?^  -  24a?*  +  S6af  -  l6 

19a?*  -  380}  +  19  =  19  (^  -  2a?  +  l) 

whence,  a7*-2a?+  l^a?'-  6a7*  +  9a?  -  4  (a?  -  4 

a?^  —  2a?*  +  a7 


-  4a?*  +  8a?  -  4 

-  4a?*  +  Sa?  -  4 
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and,  therefore,  a?*  -  20?  +  1  being  the  greatest  common  mea- 
sure of  these  latter  factors,  the  greatest  common  measure  of 
the  quantities  proposed  will  be 

a?(a?*  -  2ti7  +  1),  or  ai^  -  2d?*  +  w, 

57.  Whenever  the  quantities  proposed  involve  more  literal 
symbols  than  one,  and  the  terms  are  not  homogeneous,  the  ap- 
plication of  the  Rule  laid  down  in  the  last  article  will  generally 
be  found  to  be  attended  with  some  difficulty,  in  consequence 
of  the  existence  of  compound  factors  which  are  not  common 
measures,  in  the  partial  remainders.  In  such  cases,  it  will 
be  best  to  have  recourse  to  the  resolution  of  the  quantities  into 
their  constituent  factors,  by  which  the  common  measures  will 
be  immediately  made  apparent. 

Ex.  1.     Find  the  highest  common  factor  of 
9«*  -  Swy  -  6a?  +  2y   and   6x^  -  4,1?'  -  Sxy^  +  2y*. 

Here,  9a^  -  Swy  -  6d7  +  2y  =  (9^?*  -  Swy)  -  (6w  -  2y) 

=  Sw  {Sob  -  y)  -  2  {Sw  -  y)  =  (3a?  -  2)  {Sw  -  y) : 

6.1?*  -  40?^  -  Swf/^  +  2 j^  =  (6a?*  -  4075)  -  (3a?j^  -  Zy^) 

=  2a?3(3<r  -  2)  -  y* (3a?  -  2)  =  (Sx  -  2)  (2a?'  -  y*): 

so  that  the  factor  required  is  Sa?-2,  inasmuch  as  Sx-y  and 
9,c^-y^  have  evidently  no  common  measure. 

Ex.  2.     Of  the  two  quantities 
l|6c«c+5wia?i2f+30ma?+l86c  and  4fadz-7vrz+24fad-i>2vry 
we  observe  that 

the  former  =  36c  (x  •\' 6)  +  5mx(z  -\-  6) 
=  (36c  +  5fnx)  {z  -\-6): 
the  latter  =  4ad  («r  +  6)  -  7vr  (z  +  6) 
=  (4ad-  7vr)(z  +  6): 
and  therefore  the  greatest  common  factor  is  z  -^  6. 

Ex.  3.     Required  the  greatest  common  measure  of 
a^  +  a^b  -  ab^  -  6'  and  a'  -  a^b  -  06*  +  6'. 


60 
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Here,  a?  +  o«6  -  a6«  -  6»  -  (a»  +  a«6)  -  (o6-  +  ») 

=  a«  (a  +  6)  -  6»  (a  +  6)  «  (a«  -  6»)  (a  +  6) : 

and  a^-a*6-a6«  +  6'=(o»-a»6)-(a6«-6») 

=  a«  (a  -  6)  -  6»  (a  -  6)  =  (a''  -  6')  (a  -  6) : 

and  since  a  +  6  and  a  -  6  have  no  factor  in  common,    the 
greatest  common  measure  is  a'  -  V. 

This  example  shews  that  the  principle  of  the  article  is 
general,  and  may  be  extended  to  all  cases  where  it  is  easy 
of  application. 

58.  To  find  the  greatest  common  measure  of  three  or 
more  quantities. 

Let  a,  6,  c  be  any  three  proposed  quantities,  and  sup- 
pose the  greatest  common  measure  of  a  and  6  to  be  d:  then 
the  greatest  common  measure  of  d  and  c  will  be  the  greatest 
common  measure  of  a,  6  and  e. 

For,  since  d  is  the  greatest  common  measure  of  a  and 
6,  every  measure  of  c2  is  a  common  measure  of  a  and  6  by 
article  (54):  therefore  every  common  measure  of  d  and  c  is 
a  common  measure  of  a,  6,  and  c:  and  consequently  the 
greatest  common  measure  of  d  and  c,  is  the  greatest  com- 
mon measure  of  a,  6,  and  e. 

In  the  same  manner,  whatever  be  the  number  of  quan- 
tities, their  greatest  common  factor  will  be  determined  by  a 
continuation  of  this  process. 

Ex.     Find  the  highest  common  factor  of 
a^  +  a^h  -  aW  -  ¥,  a^  -  2a^b  -  aV  +  26^  and  a^  -  Sa6*  +  2V. 

In  the  first  place,  to  find  the  highest  common  factor  of  the 
two  quantities  a^  +  a^h  -  ah^  -  6'  and  a'  -  2 a^ 6  -  o6^  +  26', 
we  have  . 

a^  +  a^h  -  air  -  W)  a^  -  2a^6  -  ah'  +  26'^  (^1 

a^  +  a^h    -  aW  -  h^ 


~Sa''h-\-Sh^::^^Sh{a^h') 
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so  that  a^  -  h^  is  the  highest  common  factor  of  the  first  two 
quantities,  and  it  remains  to  find  the  same  of  this  and  the 
third:  thus, 


-2a6»  + 263=- 262(^^5) 


ah-W 
wherefore  a  —  6  is  the  highest  common  factor  required. 

II.    THE  LEAST  COMMON  MULTIPLE. 

59.  Def.  a  Common  Multiple  of  two  or  more '>quan ti- 
tles, is  another  quantity  which  is  capable  of  being  divided 
by  each  of  them  without  leaving  any  remainder:  and  the  least 
or  lowest  common  multiple  is  the  least  or  lowest  quantity 
which  each  of  them  can  divide  exactly. 

Thus,  2a6c  is  a  common  multiple  of  a 6  and  6c,  and  ahc 
is  their  least  common  multiple;  so  also,  Sahx  is  the  least 
common  multiple  of  3a,  Shw  and  ahw. 

60.  CoR.  Hence,  the  least  common  multiple  of  two  or 
more  quantities'  which  have  no  common  factor  except  1,  is 
their  product. 

61.  The  least  common  multiples  of  monomials,  and  of 
compound  quantities  involving  common  factors  which  are 
explicitly  exhibited,  may  generally  be  found  by  inspection, 
as  in  the  following  instances. 
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£x.  1.  The  least  common  multiple  of  a^bc  and  5iaVdj 
is  Za^h'^cd:  for  arhc-ah{ac)  and  2ab'd  =^  ab(2bd). 

Ex.  2.     The  lowest  common   multiple  of  aayy    aC^y  and 

ax  +  fey,  is  c?x^y  +  a^bxy^. 

Ex.  3.     The  least  common  multiple  of 
a*(a?  +  y),  a6(j?-y)  and  a?*-yS  is  o*fe(^*  — y'), 
because   .r^  —  y"  =  («J?  +  y)  (a?  -  y). 

62.  To  investigate  a  Rule  for  finding  the  least  common 
multiple  of  two  Algebraical  Quantities. 

Let  a  and  fe  represent  the  two  quantities,  and  d  their  greatest 
common  measure  such  that  a  =  pd  and  b  =  qd;  then,  since 
p  and  q  have  no  common  measure  except  1,  their  least  common 
multiple  will  be  pq^  by  article  (60);  wherefore  pqd  will 
manifestly  be  the  least  common  multiple  of  pd  and  qd^  or  of 
a  and  fe ;  that  is,  denoting  the  least  common  multiple  by  in, 
we  shall  have 

pd  X  qd      ab 
m^pqd^ _ =  _; 

,     _  ...  the  product 

or,  the  least  common  multiple  = 


the  greatest  common  measure ' 


63.     Cor.     Every  common  multiple  of  two  quantities  is  a 
multiple  of,  or  exactly  divisible  by,  the  least  common  multiple. 

.  For,  let  M  be  any  common  multiple  of  a  and  fe,  and  if 
possible,  let  m  be  contained  r  times  in  fx  with  a  remainder  s, 
so  that 

~  =  r  +  — ,  or  JUL  =^rm  +  s ;   .-.  «  =  a  -  rm ; 
m  m 

wherefore,  since  a  and  fe  measure  fi  and  m,  they  will  also  mea- 
sure «,  which  is  less  than  m;  that  is,  m  is  not  the  least  common 
multiple  of  a  and  fe,  contrary  to  the  supposition :  hence  every 
other  common  multiple  is  a  multiple  of  the  least  common 
multiple. 
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Ex.  I.  Required  the  least  common  multiple  of  a^  &  a^b 
and  a^-6\ 

Here,  a^  +  a^b  =  a*  (a  +  6),  and  a^  -b^  ^  (a~  b)  (o  +  6)  ; 

,     ,  ,  .  ,       a^  (a  +  ft)  X  (o  -  6)  (o  +  6) 

.\  the  least  common  multiple  =  — ^ — ^ ^ 

o  +  ft 

=  a^  X  (a  -  ft)  (a  +  ft)  =  a«  (a«  -  ft*)  =  a*  -  a252^ 
because  their  greatest  common  measure  is  a  +  ft. 

Ex.  2.     Find  the  least  common  multiple  ota^  +  a^-^-of+l 

and  s^  "  a?  +  a?  —  1. 

By  the  ordinary  process,  the  greatest  common  measure  is 
«r^  +  1 ;  whence  the  least  common  multiple  will  be 

(tT^  +  «»^  +  0?  +  1)  (a;^  -  /r^  +  0?  -  1) 

=  (a;^  +  a?V  0?  +  1)  (^  -  1)  =  ^*  -  1. 

64.  To  find  the  least  cormnon  multiple  of  three  or 
more   quantities. 

Let  a,  ft,  c  be  the  proposed  quantities,  and  let  m  be  the 
least  common  multiple  of  a  and  ft;  then  the  least  common 
multiple  of  m  and  c,  will  be  the  least  common  multiple  of  a,  ft 
and  c. 

For,  since  m  is  the  least  common  multiple  of  a  and  ft, 
every  multiple  of  m  is  a  common  multiple  of  a  and  ft ;  and 
every  common  multiple  of  m  and  c  is  a  common  multiple  of 
a,  ft  and  c ;  whence  it  follows  that  the  least  common  multiple 
of  m  and  c  is  the  least  common  multiple  of  a,  ft  and  e. 

The  same  kind  of  reasoning  is  manifestly  applicable,  what- 
ever be  the  number  of  quantities  proposed. 

Ex.  Required  the  lowest  common  multiple  of  a^  +  aft, 
a*  -H  a^b^  and  a*  -  ft*. 
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Here,  o*  +  06  *=  a  (a  +  6),  and  a^  -f  c^l?  =  o^  (a^  +  6')  ; 
therefore  the  lowest  common  multiple  of  the  first  two,  is 

(a  +  6)  X  a' (a'  +  V)^a^{a  +  6)  (a'  +  6')  ; 
and  since  o*  -  6*  =  (a^  -  6^)  (^2  ^  52^  =  (a  +  6)  (a  -  5)  (a«  +  60» 
the  lowest  common  multiple  required  will  evidently  be 

66.  The  last  article  is  of  very  great  practical  use  in 
the  treatment  of  both  arithmetical  and  algebraical  fractions, 
in  the  latter  of  which  it  will  generally  enable  us  to  diminish 
both  the  number  and  the  orders  of  the  symbols  employed. 

Ex.     Transform  — ,  -;;,  —  and  -—,  so  as  to  have  the 

12     16'  21  60' 

least  common  denominator. 

12  X  16  48  X  21  ^         ,  SZ^  X  60 

Here,    =  48,  =  336,  and «  168O: 

4  3  12 

« 

1  1  X  140         140 


whence,    —  = =  -- — 

12       12  X  140       168O 


1  X  105         105 


16       16  X  105       I68O 
1  1  X  80  80 


the  new  equivalent 
.  fractions  having  the 
{    least  common   deno- 


21        21  X  80        I68O 
1  1  X  28  28 


minator. 


60       60  X  28        168O  i 


J 
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66.  Ik  Arithmetical  Algebra,  the  nature  and  character  of 
fractions  is  precisely  the  same  as  in  Arithmetic ;  and  of  course, 
the  operations  upon  them  will  be  conducted  in  the  same 
manner.  The  most  important  of  these  operations  have  been 
symbolically  expressed  in  the  subdivisions  of  article  (10),  and 
in  performing  them,  the  chief  thing  to  be  attended  to,  is 
their  reduction  so  as  to  involve  symbols  the  fewest  in  number 
and  of  the  lowest  order.  We  will  give  instances  of  these  re- 
duced processes,  in  the  following  articles. 

67«     To  represent  any  quantity  in  the  form  of  a  fraction. 

Let  a  be  the  quantity  proposed,  then  we  have 

a      9,a      Sa  ad      —  ad 

"  l^~2   "   S  "      '^  d   "    -d' 

and  from  this  it  appears  that  the  value  of  a  fraction  is  not 
altered  by  changing  the  signs  of  the  numerator  and  deno- 
minator, which  is  in  fact  the  same  thing  as  multiplying  each 
of  them  by  -  1 :  and  the  converse. 

68.  To  represent  a  miwed  quantity  in  the  form  of  a 
fraction. 

This  is  the  result  expressed  in  (3)  of  article  (10), 

_  6      ac  +  6  ,  b      ac-b 

where  o  +  -  = ,  and  a  —  = . 

c  c  c  c 

Ex.  1.     Reduce  a  + ^  to  a  fractional  form. 

4.3? 
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Here,  a  +  « 

Ex.  2.     Find  the  fraction  equivalent  to  o  +  6 

a  +  6 

Here,  a  +  6 =  ^^ ^- 

a  -k-  0  a-^ro 

_  a*  +  2a6  +  6*  -  2o6  -  b^         a* 
a  +  6  a  +  6 

69.  To  represent^  when  posmble^  a  fraction  in  the  f&rm 
of  a  miwed  qtuinHty. 

From  (4)  of  article  (10),  we  have  =«  a  +  —  ,    and 

c  c 

=  a ,  which  indicate  the  process  to  be  adopted. 

tiX.  1.     The  fraction  =  a  +  46  +  —  . 

a  a 

Ex.  2.     The   fraction    is    equivalent    to    the 

a  +  0? 

6^ 
mixed  quantity  a^  -  ax  •{-  a^ ,  by  actual  division. 

fl  +  «r 

70.  To  reduce  a  fraction  to  its  lowest  terms,  or  simplest 
form. 

The  process  required  here  is  obvious,  for  a  fraction  will 
always  be  reduced  to  its  simplest  form  by  dividing  the  nume^ 
ratorand  denominator  by  their  greatest  common  factor. 

Ex.  1.     The  fraction  — --5-  =  — ,  by  dividing  the  nu- 

4t(vary     .4a?       ^  ° 

merator  and  denominator  by  their  greatest  common  measure 
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^            _       ,      ^       .        6a'  +  Saw  -  6a?*        ,  . 

Ex.2.     In   the  fraction  -— = t"::?   the  greatest 

common  factor  is  found  to  be  Qa  +  Sof:  and  the  numerator 

and  denominator  being  divided  by  it,   we  have  the  fraction 

3a  — 2«r 

expressed  in  its  simplest  terms  = . 

'^  '^  SaH-2d? 

71.     To  reduce  fractions  to  others  having  a  common 
denominator. 

Let  - ,  -  and  -  be  the  fractions  proposed : 
b'  d  f  ^    ^ 

-         a      a  y^  d  X  f     adf 

*"®"'  r  =  I — 1 — >=  Try- 

h      b  X  d  y  f      bdf 

c      c  y  b  X  f     cbf 
d^  dx  b  x/^  bdf' 

e      e  y^  b  %  d      ebd 
f  "  /x  6xd  "  bdf' 

and  the  equivalent  fractions  are  7-^,  rr^  ^^^  TT^^  having 

bdf    bdf  bdf 

the  common  denominator  bdf 

-r.  T.    1  a      36        _  Swy  , 

Jbx.  1.     Reduce  -— •,  —  and  — i-,  so  as  to  have  a  common 

26     a  c 

denominator. 


Here,  — 


a        a  X  a  y  c         a^c 


26      26  X  a  X  c      2a6c 

3b      3b  x2bxc  _  6b^c 
a        ax  2b  y  c       kabc 

5«ry      5wy  x  Qb  x  a      lOabwy 
c  c  X  9,b  X  a  2abc 

the  resulting  fractions  having  the  common  denominator  2a&c. 

^  _  a  +  j?        ,  a  — a?         «       .        t      • 

Ex.  2.     Express  and  as  fractions  having   a 

a  —  a?  a  ■¥  w 

common  denominator. 
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a  +  «      (a  +  d?)  X  (a  -h  d?)      a*  +  «ii#  + 
Herey 


a  "  X      (a  -  J?)  X  (a  +  J?)  a*  —  «* 

a  -  Of      (a  —  /p)  X  (a  —  «)      a*  -  Sa«  + 


a  +  ar      (o  +  J?)  X  (a  -  4p)  a*  —  «* 

and  these  fractions  are  of  the  same  values  as  those  proposed, 
but  expressed  in  such  forms  as  to  have  the  commcm  deno- 
minator o*  -  aF. 

72.  Cor.  If  the  denominators  of  the  proposed  firactkms 
have  a  common  measure,  the  fractions  may  be  tranaformed 
into  others  having  a  lower  common  denominator  than  what 
is  determined  by  the  foregoing  process :  thus,  if  the  fractimis 

be  — -,  and  -- ,  we  have  immediately, 
bd  de 

a        ae  c        be        ' 

bd      bde^  de      bde 

• 

from  which  it  appears  that  the  least  common  denominator  is 
the  least  common  multiple  of  the  proposed  denominators: 
and  the  numerators  are  obtained  by  midtiplying  the  originid 
numerators  by  the  quotients  arising  from  the  division  of  the 
least  common  multiple  by  the  corresponding  denominators. 

/r*  o*  ^        aw 

Ex.     Reduce  ■— , and ^   to    equi- 

ar -k- am      aai  —  ar  ar^ar 

valent  fractions,  having  the  lowest  common  denominator. 

Here,  wc  find  the  lowest  common  multiple  of 

a{a  +  a?),  w{a  -  w)  and  (a  -a?)  (a  +  a?),  to  be  aa{c?  —  aF) : 

whence  we  have 

0?'  a^  X  x{a  —  x)        aa^  —  x^ 

a{a  -k-  x)        ax(a^  - x^)        ax{a*  —  a^) 

a*  a*  X  aia  -^-x)         a*  +  a^x 

ax  ax  X  ax  cfa? 

a-  ,r  ax^a"^  -  x)       ax{a'^  -  .r^)  * 
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73.     To  Jmd  the  sum  and  difference  of  two  fra^tiona. 

Cb  C 

Let    -   and   -  be  the   proposed   fractions,   and   assume    , 
0  d 

CL  C 

-  and  -  to  be  represented  by  the. simple  symbols  w  and  y^ 
b  d 

a  ,   c 

or,  7  =3^  and   j  =  y : 

b  d 

then  by  equal  multiplication,  we  shall  have 

a^bw  and  c  ^  dyi 

.*.  ad  s  bdw  and  be  =  bdy : 

whence,    ad  +  bc  ^^  bdx  +  bdy  ^bd(w  +  y), 

,       .  a      c      ad-i-bc 

that  IS,   a?  +  y,    or  7  +  -  =  — — — : 

o      a  oa 

and,    ad  — 6<?  =  6dj7— ftdy  =  6rf(«r  —  y), 

-       ,  a     c      ad-'bc 

that  IS,    07- V,    or  -  — -  =  — --- — . 
^  b      d  bd 

These  results  are  the  same  as  (6)  and  (7)  of  article  (10) : 
and  if  they  were  put  into  words,  amount  to  the  same  thing 
as  the  Arithmetical  rules  for  these  operations. 

It  is  also  evident  that  a  similar  process  may  be  applied 
whatever  be  the  number  of  fractions  considered. 

Ex.  1.     Find  the  sum  of and 


a  .-f  ^  a  '^  w 

a            w              aia—ai)  a?(a  +  w) 

Here, + = \  .     — -  + 


a  +  J7      a  —  a?      (a  +  a?)  (o  —  a?)      (a  +  ^)  (a  -  a?) 

a^  —  aw  -¥  aw  +  a^      a^  +  af^ 
c?  -^0?  a^  -  a^ 

Ex.  2.     Simplify  as  much  as  possible,  the  expression 
1  1  1 


4a^(a  +  ai)      4a'(a  -  ai)      2a^(a*  +  af^) 
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Here,     — r-z +  — ^^ + 


4a'(a  +  J7)      40^(0 -a?)      2a*{a* -^  a^) 


^) 


^1(1       ^       11      1_ 

^ira-a?  +  a  +  j7|  1 

1_J    2a    1  1 

_    1   [      1     1       1_ 

1  jo*  H-  ^  +  a*  -  a?*l 
'^2^1        a*-a^*        j 

1    f    2o»    1  1 


^ 


^ 


,r*) 


2 


_           ^  ^          ^  — y-        "^y  +  y 
Ex.  S.     Subtract from  . 

Here      ^^g     ^-y  ^  (^ ■*■  y)' - (^ - y)' 

a?-y      a^+y  a?*  -  y» 

(^4-2^y +  y*)  -  (cr*-2A?y +y)         4^y 


^-y*  a7*-y* 


Ex.  4.     Express  in  its  simplest  form,  the  quantity 

^  +  y        2a?        u^  —  cfy 

y       ^  +  y    it-^y 
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Here.        i±^  -  ^^  +  ^^      • 
w  -{■  y        2w        ^  (^  -  y) 


y       ^  +  y    y{f-^) 

of  +  y        2af        oE^ioff-y) 

y       ^  +  y    y{^  -f) 

^  +  y        ^OB  a? 

y         a?  +  y      »(^H-y) 

{w  +  yy  2wy  of 


74*.     To  jind  the  'product  and  qtwtient  of  two  fractions, 

a  c 

Let  -  and  -  represent  the  two  fractions,  and  as  before 
b  d 

a  ,  c 

assume  --  =  ^  and  3  =  y : 
0  d 

then,  a  ^hw  and  c  =  dy: 

whence,  a  x  c  =  6a?  x  dy,  or  ac  =  6da?y ; 

a      c      ac      a  ^  c 

which  gives   the  arithmetical  rule  for   the  multiplication  of 
fractions,  indicated  in  (8)  of  article  (10) : 

also,  since  a  =  bw  and  c  =  dy^  we  have 

ad^bdof  and  bc  =  bdy: 

bdw      ad 


.*.  by  equal  division. 


bdy      be 


.       ,     w         a      e      ad      a      d, 
that  IS,  -,  or  --r  --  =  —  =:-  X  -, 
y  b      d      be   .   b      c 


72 
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which  furnishes  the  rule  of  common  Arithmeticy  to  imneri  the 
divisor  and  proceed  as  in  multiplication,  as  expressed  in  (9) 
of  article  (10). 

Ex.  1.     Find  the  product  of rr  and 


Here, 


aw 


(a  -  wy 

a*  -  .r'      o  J7  X  (a*  —  a*) 


ah 


Ex.  2. 


{a-xY         ah  (a-ayxab 

aw  X  (a  -^  «r)  (a  -  w)  w{a  -k- of)      a»  +  «* 

(a  -  J?)  (a  —  ^)  X  ah  h{a  —  w)      a6  —  6^ 

ah  ^      V* 
Multiply    -  +  -   by   -^  +  75. 

w     y  a*      6" 

a      b 
Here,     -  +  - 


a 


2 


8 


w       hw 

-  + 


a^y 


^ 

6^ 

ay^ 

.V 

_ 

+  "T" 

+  Tr- 

+  7 

a 

a*y 

&»a? 

b 

which  is  the  same  result  as  would  have  been  obtained  fifon 

1  .  ,  .               1        ay  ^-bw       ,  6^r*  +  aV    ^u        1        ^ 
multiplymg  together  -^ and  rr^; — ,  the  values  of 


wy  a^b^ 

the  multiplier  and  multiplicand  expressed  in  different  fomuy 
and  then  rejecting  from  the  terms  of  the  numerator  and 
'denominator,  such  factors  as  are  common. 

vide  — s ^-   by 


c^-  aP 


(c  -  «>y 
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(c- a?)  (c^  +  ca7  +  a?*)  2o-a? 

(2a  — t'i?)d7x  (c-a7)(c  — a?)  cr(c  — a?)  cw  —  w 


2 


by    rejecting    from   the   numerator   and    denominator,    those 
factors  which  are  common  to  both. 

Ex.  4.     Divide  — -  +  2  +  - — ^   by  — -  h * 

9^  8a6      -^    3a?      2fe 

4a      3,17  \  Safe  9j?*  /2fe       Sw 

Here,   —  +  -7-     — r  +  2  +  — -     —  +  — 

3«      2b  J  9^  Safe  \3w      4a 

Safe 


1      1^ 
Safe 

9^' 


1  + 


Safe 


where  the  quotient  is  the  same  as  would  be  obtained  froni 

,,.  .,.        64a*6*  +  144afea?^  +  Sla?*   ,       Safe +  9^  ,     . 

dividmi;  r— 5 by    — — i   and   sim- 

®  72afe^*  ^         6hw 

plifying  the  terms  of  the  result  by  reduction. 

75.     To  find  the  powers  and  roots  of  a  fractioni 

a 
Let  ~  be  the  proposed  fraction,  then  will  the  m^  power 

a         a** 
of  -7   be  — ,  in  accordance  with  article  (12)  2  and  this  gives 

the  common  practical  rule. 

K 
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Again,    by   reversing    the    process   implied    in    the   last 

operation,   we  have  the  m^  root   of  —   equal  to  - ,    from 

o"  b 

which  a  general  rule  is  immediately  derived. 
Ex.  1.     The  square  of will  be 

_        -a?  +  2ff      ^  +  6a?*y  +  12iry*+ 8y* 

the  cube  of  =  — r 5 z — . 

Of  "  y         or  -  3ary +  3xy^  —  y^ 

^              ™                              i.  o*-2a*c'P*  +  «r* 
Ex.  2.     The  square  root  of  — = «- 

the  square  root  of  a*  -  2o*^*  +  ^*      a*  -  a^ 

B — -; 5  = =  a  —  ^. 

the  square  root  of  a*  +  2a  ^p  +  «^       o  +  a? 

^  «       .     ,    1  ^  a^      4a       46* 

Ex.  3.     Required  the  square  root  of  rr  -  t—  +  — r . 
^  ^  0^      3c       9c* 

Here, 


a^ 

4i4l 

A^V  fa 

26 

'> 

V 

3c 

Sc 

a' 

V 

2a 

26  \ 
3c  1 

4a 

4fe2 

h 

3c 

%c« 

4i<i 

46* 

3c 

S^ 

In  this  example,  we  might  have  reduced  the  terms  of 
the  quantity  proposed  to  a  common  denominator,  and  then 
have  extracted  the  root  of  the  numerator  and  denominator 
separately. 
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i 

Miscellaneous  Theorems. 

70.     If  -=!-;.  It  18  required  to  prove  that = :. 

b      d  a-b      e-d 

Since       r  =  -; »  ^e  have  ,  =4=  l  =  -  db  1 : 
b      d  b  d 

.       .      a+6      c+d  ,   a-6      c-d 

that  IS,    — - —  =  — -— ,   and   — 7 —  =  — -j— : 
b  d  b  d 

.  a-\-b       a-'b      c  +  d       c  —  d 

whence,   -— ■ —  =  — = -— : 

b  b  d  d 

a-vb         b         c-f-d         d  a -¥  b      c  +  d 

.*.    — - —  X  5= X  ,    or   = . 

b         a—b         d         c—d  a—b      c—d 

Hence,  also  conversely,  if  7  = ; :   then  will  t  =  ~i  • 

a-6      C'-d  b      d 

77-     If  r  =  3»    then    will    -—  =  — — . 

b      d  pa^qb       pc^qd 

^  .         a      c  ,  ma      mc 

ror,    since    7  =  -;,  we  have  — -  =■  -^: 

b      a  nb      nd 

ma            mc                ma^nb      mc^nd 
.-.  -—±1=        ±1,  or — x= — : 

nb  nd  nb  nd 

_  ,          .    ._                    pa±g6      pc±gd 
and  by  a  similar  process, r —  = — : 

whence,  by  equal  division,  we  obtain 

ma^i^nb      pa^qb      mc^nd      pc^qd 
nb        '    .    qb  nd        '        qd      ^ 

ma^nb      mc^nd    ,         .      •        ,  « 

, sa ,  by  rejecting  the  common  factors. 

pa^qb       pc^qd 

78.     To  find  whether is  greater  or  less  than  - . 

6  +  ^  b 


or 
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--               -          a  +  w      b(a  +  J?)      06  +  bx 
Here,  we  have j^ {  «  -— -, 

a      a  (6  +  0?)      ab -{■  ax  ^ 
^"     6  "6(6  +  a?)  "6(6  +  0?)' 

by  redqcing  the  fractions  to  a  common  denominator: 

,            0  + J?  .  « 

whence, is  >  or  <  - , 

6  +  ZF  6 

J.  ab  +  bx  .  ab  +  aw 

according  as  -r- is  >  or  <  7-7^ r, 

^        6(6  + J?)  6(6  +  0?)' 

according  as  ab  +  607  is  >  or  <  a6  +  ao7, 

according  as  bx  is  >  or  <ao?,  as  6  is  >  or  <   a. 

Sunilarly,  ^-- =     ___.^^^_^, 

,  o      a(b  —  0?)      a6  —  ao? 

and  -  =  — ^^ s= : 

6      6(6-0?)      6(6-0?) 

whence  it  follows  that  is  >  or  <  - , 

6  —  0?  o 

according  as  ab  —  bx  is  >  or  <  ab  —  ax^ 
according  as  ab  -  60?  +  60?  +  ao?  is  >  or  <  ab  -  ax  -k-  hw  +  ax^ 
according  as  ab  +  ao?  is  >  or  <  06  +  607, 
according  as  ax  is  >  or  <  607,  as  a  is  >  or  <  6. 

In  this  last  case,  we  have  supposed  07  to  be  less 
than  a  or  6,  in  order  that  the  values  of  the  fractions  maj 
be  arithmetical;  and  it  is  observed  that  the  less  the  value 
of  a  number  is  when  taken  positively,  the  greater  it  is 
when  taken  negatively:  and  vice  versd. 

79.     Cor.     Hence  also,  if  -  >  or  <  - ,  then  is  —--  > 

b  a  b 


mc 


,   and  (t)  >  o^  <  (■;)   9   according 
tive  or  negative. 


or  <  — ,   and  (7;)  >  o**  <  \  j)   ?   according   as  m  is  posi^ 
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80.  If  we  have   an   equation,   as  -7  =  ^9   ^^^  ^oth   its 

0      a 

members  be  multiplied  by  bd^  we  shall  have 

a  c 

-  X  6d  =  -  X  bdf  or  ad  =  bc: 

b  d 

from  which  we  infer  that  an  equation  may  be  cleared  of 
Fructionsj  by  multiplying  all  its  terms  by  the  product  of 
their  denominators,  or  by  their  least  common  multiple. 

_,,         ^  aw  bx  , 

1  bus,  from =  c,   we  have 

b  -¥  X      a  -{■  X 

ax  (a  -^^  x)  -^  bx{b  +  x)  =  c(b  -¥  x)  (a  +  a?) : 

or,   a^x  +  aa^  —  b^x  —  ba^  «  abc  +  {a  +  b)cx  •\-  ca^ : 

or,    (a  -  6  -  c)«^  +  \a^  -  (a  +  6)c  -  6*}  a?  -  abc  =  0, 

which  is  arranged  according  to  the  dimensions  of  x. 

a 

81.  If  ~  be  any  arithmetical  fraction  whatever,   either 

proper    or    improper,    then    will    r  +  -    be    always    greater 

than  2. 

For,  since  by  article  (49),  a^  +  6*  is  >  ^ab,  we  have 

a^       b^       2ab  a      b 

-T+  ~T>— T'   or   -+  -  >  2: 
ab      ab       ab  0      a 

and   consequently    the  least  value  that  7  +  -  can  admit  of, 

b      a 

will  be  2,  when  a  and  b  are  equal. 

82.  '  To  prove  ike  Rules  for  the  Multiplication^  Di- 
vision, ^c.  of  Fractions  expressed  decimally. 

Since  Decimal  Fractions,  which  are  expressed  in  the 
same  form  as  whole  numbers,  are  equivalent  to  vulgar 
fractions  having  10  and  its  powers  for  denominators,  if 
P  and    Q   comprise    p   and   q   decimal    {daces   respectively,, 
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they  will  be   expressed  in  the  forms  of  vulgar  fractioDS  by 

—  and  — . 

P        Q        PQ 

Whence  their  product  —  —  x 


and  from  this  it  is  concluded  that  the  multiplication  of  Deci- 
mals is  performed  as  in  whole  numbers,  and  that  the  product 
contains  as  many  decimal  places  as  are  found  in  both  the 
multiplicand  and  multiplier. 

Also,   their    quotient  = = =  —  x  -:r«-^x  — , 

which  will  admit  of  three  different  forms  according  as  p  is 
greater  than,  equal  to,  or  less  than  q. 

P  1 

(1)  If  p  be  greater  than  g,  the  quotient  is  —  x  — : 

from  which  we  see  that  after  the  division  is  effected  as  in 
whole  numbers,  the  quotient  must  comprise  p  —  q  decimal 
places. 

P 

(2)  If  p  be  equal  to  g,  the  quotient  will  he  — ,  which 

Q 

is  a  whole  number,  if  P  be  divisible  by  Q  without  a  re- 
mainder. 

P 

(3)  If  p    be    less   than    g,   the  quotient   is  — -  x  lO*"': 

Q 

and  this  shews  that  we  must  affix  to  the  quotient  obtained 
as  in  integers,  a  number  of  ciphers  ^q—p^  and  the  result 
will  be  a  whole  number. 

P        /* 

Again,  the  square  of  —  =  — —  has  %p  decimals : 

P        P^ 

the  cube  of  — -  =  — —  has  Sp  decimals :   &c. 

and  conversely:  as  in  articles  (40)  and  (42). 

Upon   this   subject,  see  the  Chapter  on  the    Theory  of 
Decimals^  in  the  Author's  Arithmetic, 


MISCELLANEOUS   THEOREMS    IN    FRACTIONS.  ^9 

83.  Def:  Two  or  more  numbers  are  said  to  be  prime 
to  each  other,  when  they  have  no  integral  common  measure 
greater  than  the  unit. 

84.  If  the  product  ab  be  divisible  by  c,  and  h  and  c  be 
prime  to  each  other:  then  will  c  be  a  divisor  of  a. 

For,  since  b  and  c  are  prime  to  each  other,  their  common 
measure  determined  by  the  ordinary  process  must  be  1:  that 
is^  we  shall  have  an  operation  such  as  the  following: 

c)b{^p 
pc 

d)ci^q 
qd 

e )  d  {^r 
re 


e 

from  which,  b^pc  -{■  d^  c  —  qd-^  e,  and  d  =  re  +  1 : 
whence,  ab  =  ape  +  ad,  ac  =  aqd  +  ae^  and  ad  =  are  +  a : 

.'.  ab  —  ape  =  ad,  ac  —  aqd  =  ae^  and  ad  —  are  =  a : 
then,  since  a 6  is  divisible  by  c,  ad  is  divisible  by  c: 

.'.  ae  is  divisible  by  c,  .*.  a  has  c  for  a  divisor: 

and  a  similar  proof  will  be  applicable  whatever  be  the  requisite 
number  of  divisions,  and  also  when  b  is  less  than  e. 

From  this  it  is  manifest  that  if  c  be  prime  to  b  and  greater 
than  a,  ab  is  not  divisible  by  e. 

86.     If  A  be  prime  to  b,  there  is  no  fraction  equal  to 
— ,  whose  terms  are  not  equimultiples  of  a  and  b. . 

For,  if  possible,  l^t  -  «  -  where  c  and  d  are  respectively 

ad 
less  than  a  and  6:  then  smcecs=-r-5   b  must  be   a  divisor  of 

b 
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ad:  but  a  and  b  being  prime  to  each  other,  b  must  be  a  divisor 
of  d  by  the  last  article,  which  is  absurd,  since  d  is  less  than  h 

by  hypothesis :  therefore  it  follows  that  -  is  irredtgcSMBj  and 

cannot  be  expressed  in  lower  terms ;  and  consequenUy,  wben- 

a      c 
ever  7  "^  ~T  9  c  and  d  must  be  equimultiples  of  a  and  6. 


86.  If  two  numbers  be  prime  to  each  otkery  ihmr 
or  difference  is  prime  to  each  of  them. 

Let  a  and  b  denote  the  two  numbers :  and  if  possible,  let 
a  and  a^b  have  the  common  measure  d,  such  that  a^pd 
and  a^b^^qd:  then  we  shall  have  b^^{q  - p)  d^  which 
proves  that  a  and  b  have  the  common  measure  d,  contrary  to 
the  hypothesis :  similarly,  of  6  and  a  ^b. 

A  like  process  will  shew  that  a  -\-b  and  a  —  6  are  either 
prime  to  each  other,  or  have  the  common  measure  2.    '      -  " 

87.  If  one  number  be  prime  to  each  of  two  others,  it 
is  also  prims  to  their  product. 

Let  a  be  prime  to  b  and  c,  and  if  possible,  let  a  ^  pd  and 
bc^qd:  then,  since  b  and  c  are  prime  to  a  or  pd,  they  are 
each  prime  to  dz  also, 

b      q 
since  be  =  ad,  we  have  —  =  - : 

d      c 

and  therefore,  by  article  {S5),  o  is  a  multiple  of  d:  that  is, 
a  and  c  have  a  common  measure  d,  which  is  absurd :  thetefiofe 
a  is  prime  to  be, 

88.  If  the  number  a  be  prims  to  each  of  the  numben 
b,«c,  d,  &c.  it  will  also  be  prime  to  their  product  bed  &c. 

For,  since  a  is  prime  to  b  and  c,  it  is  prime  to  their  pro* 
duct  be:  also,  since  a  is  prime  to  be  and  d,  it  is  prime  to  their 
product  bed:  and  so  on. 

Hence,  also  if  a  be  prime  to  b  and  6,  it  is  prime  to  V: 
similarly,  a  is  prime  to  6%  6*,  &c. :  so  that  if  —  be  a  fractioD 
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b^     b^     b* 
in  its  lowest  terms,  — ,  — ,  — ,  &c.  are  also  fractions  in  their 

a     a     a 

lowest  terms. 

In  the  same  manner,  if  a,  6,  c,  &c.  be  each  of  them  prime 
to  each  of  the  numbers  Ay  B,  C,  &c.,  it  may  be  shewn 
that  abc  &c.  is  prime  to  each  of  the  quantities  Aj  B^  C,  &c. 

and  also  to  their  product  ABC  &c. :  and  finally,  that  I  -^ )  9 
\a\  '   (~i)  '  ^^'  ^'^  ^  irreducible  fractions. 

89.  If  a  ntmber  be  divisible  by  two  or  more  numbers 
which  are  prime  to  each  other^  it  is  also  divisible  by  their 
product. 

For,  let  a  be  divisible  by  each  of  the  numbers  6,  c,  d,  &c. 

which  are  prime  to  each  other ;  then  if  —  =  jp,  or  a  =  pfe,  we 

b 

a      pb       /p\  .  p 

shall  have  -  =  t— -  =  (  - 1  6,  where  by  article  (84),  -  must  be  a 

c       c        \c/  c 

whole  number :  let  this  be   g,  so  that  -^  qb^   or  a  =  qbc: 

c 

therefore  a  is  divisible  by  be. 

Again,    -  =  — --  =  (-l  6c,    where    --    must    be   a    whole 
d        d         \dj  d 

number,  because  be  is  prime  to  d  by  article  (87) :    let  this 

be  r,    so  that   -^rbc,   or    airbed;    and    therefore   a   is 

d 

divisible  by  bed:   and   so  on,  whatever   be   the   number  of 

divisors  prime  to  each  other. 

A  similar  method  of  reasoning  would  prove  that  the 
proposition  is  not  true,  when  the  divisors  are  composite 
numbers. 

90.  Tojind  under  what  circv/mstances^  vulgar  fractions 
are  convertible  into  finite^  or  infinite  decimals. 

L 
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Let  7-  be  a  proposed  fraction  in  its  lowest  terms :   then 
0 

we  have  —  =  — -  I  — —  j  ,  which  will  be  a  decimal  consisting 

of  m  places  when  the  division  of  a  10"  by  b  has  been  effected: 
but  b  being  prime  to  a,  it  is  evident  that  this  division  will 
terminate  or  not,  according  as  b  is  a  divisor  of  10"  or  not: 
and  the  only  divisors  of  10  being  2  and  5,  it  follows  that  when 
6  is  a  divisor  of  10*",  it  must  be  of  the  form  2^5^:  and  conse- 
quently the  fraction  will  be  convertible  into  a   terminatiDg 

(I 
decimal  when  it  is  of  the  form  ,  but  into  a  non-teimi- 

nating  decimal  in  all  other  cases. 

91.  Cor.  1.    Hence  every  fraction  of  the  form  ,  will 

give  a  finite  decimal  consisting  of  a  number  of  places  equal  to 
the  greater  of  the  numbers  p  and  q. 

For,  if  jp  >  7,  we  have 

—  = =  = (a5P-^% 

2P5V         2^  2^5^        lO'' 

which  therefore  comprises  p  decimal  places: 

and,  if  p  <  7,  we  have 

a        a2-P      a2^-P        1    , 
2^5'  51  2'/ 5^         10?^  ^ 

which  therefore  consists  of  q  places  of  decimals. 

92.  Cor.  2.  If  a  fraction  in  its  lowest  terms  be  con- 
vertible into  a  non-terminating  decimal,  the  figures  will  recur 
in  a  certain  order,  and  their  number  will  always  be  less  than 
the  denominator. 

For,  if  7  be  converted  into  a  decimal  as  indicated  in  ar- 

tide  (90),  it  is  evident  that  at  every  stage  of  the  process,  the 
remainder  must  be  less  than  b^  and  consequently  the  number 
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of  different  remainders  will  be  6  -  1  at  most :  whence,  in  the 
progress  of  the  division,  we  shall  manifestly  have  to  repeat 
the  same  operation  upon  the  same  symbols  as  before :  and  thus 
the  figures  in  the  quotient  and  remainders  will  continually 
recur  in  the  same  order. 

Numbers  whose  digits  thus  recur  in  periods^  are  called 
recurring  or  circulating  Decimals,  for  which  see  the  Arith- 
metic. 

93.  We  have  seen  that  a  fraction  may  sometimes  be  ex- 
pressed by  a  mixed  quantity ;  but  it  frequently  happens  that 
a  fraction  may  be  exhibited  in  a  series  which  never  terminates, 
as  in  Ex.  (4)  of  article  (34),  by  the  following  substitutions: 

=  a  -{-  ah  -^-Ir  f ^j  =  a  -f  a6  +  6^|a  +  a6  +  h^i -j  \ 

=  a  -f  aft  +  ah^  -f  aW  +  &c.  in  irifinitum. 

Here  the  symbolical  result  being  true,  whatever  be  the  values 

a  a 

of  a  and  fe,  if  we  suppose  6=1,  we  shall  have  ,  or  — 

for  a  symbolical  representation  of  the  series  a  +  a  +  a  +  &c. 
in  infinitum,  whose  value  is  indefinitely  great,  if  a  represent 
any  finite  numerical  magnitude;  that  is,  if  infinite  numerical 
magnitude  be  denoted  by  oo  ,  we  shall  have 

a  a 

-  =  00  ,    .-.  —  =  0,  and  Ox  oo  =  a ; 

0  00 

which  results  may  be  enunciated  generally  in  the  following 
terms. 

A  finite  quantity  divided  by  zero,  gives  an  infinite  quo- 
tient: a  finite  quantity  divided  by  an  infinite  quantity,  gives 
zero  for  a  quotient,  and  the  product  of  zero  and  infinity  may 
be  finite. 


CHAPTER  V. 

ALGEBRAICAL    SURDS    AND    IMAGINARY    QUANTITIKS. 


94.  Dkf.  a  Surd,  or  Irrational  Quantity  is  here  ex- 
pressed in  the  same  form  as  in  Arithmetic,  being  merely  the 
Indication  of  an  Operation  which  cannot  be  effected  in  a 
finite  number  of  symbols,  and  the  notation  adopted  to 
characterize  quantities  of  this  description  is  explained  in 
article  (14).  The  Arithmetical  processes,  when  applied  to 
surds,  depend  materially  upon  the  treatment  of  the  fractional 
indices  employed  to  express  them,  as  will  be  seen  in  the 
following  articles. 

95.  To  represent  a  rational  quantity^  in  -the  form 
of  a  surd. 

Taking  the  symbol  a  to  represent  any  rational  quantity, 
we  have  a=^  a^  ^  a^=^  &c.  =  a*,  the  last  form  of  which  may 

be  written  (a"*)*"  =  (a"*)"*  =  v  «"'5  agreeably  to  the  definitions 
of  the  operations  implied. 

Hence,  also,  a  quantity  in  the  form  of  a  surd  may  in 
reality  be  equivalent  to  a  rational  quantity :    thus, 


n/ 


a'-3a*  +  3a-l  . 


a-  1 


96.     To  represent  the  product  of  a  rational  and  a  surd 
factor,  in  the  form  of  an  entire  surd. 

Let  a  represent  the  rational,  and  v^  or  6"*,  the  irrational 
factor:  then,  since 

{ah^Y  =  a"*  X  {h^y  =  a'^h  : 
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we  have,  by  the  indication  of  the  reverse  operation, 

o6«  =  (a"*6)«,    or  a  v  6  =  V  «"*& . 


Ex.     Let  the  proposed  quantity  bie 


^±1 JJH. 


This  =  v//f±l  V^V  =  \/^^±i^  "^ 

Va?-J    ^  af  +  1/  (a?-l)*  af  +  1 

which  ik  a  much  simpler  form  than  the  original. 

97«    \po  reduce  a  surd  to  such  a  form,  that  its  irrational 
factor  may  be  the  simplest  possible. 

This  is  merely  the  converse  of  the  last  article,  for 


similarly,  (a*""*""a?)^  =  a  *»  /»"•  =  a    "»cr^ 


m 


n     1 


=  a  X  a"»^  =  a  X  (a*a?)'»  =  a^/cFw  . 
Ex.     Reduce  y/^ld?w^  to  its  simplest  form. 
Here,     y/^'ja^aP  =  y/ga^w'^  x  3a^  =  \/gc?af'  x  y/Vax 

This   article   will   be   found    useful    in   combining  surds 
together,  by  the  operations  of  Addition  and  Subtraction. 

98.     To  reduce  two  or   more  surds  to  others ,  having 
a  common  index. 

This  will  of  course  be  effected  by  the  ordinary  treatment 

of  their  indices:    thus,   if  the  quantities   be  a"  and  6?,  we 
have 

a»  =  a  **   ?  =  a»' ,    and    Vi  ^^bi    »  =  6*^  : 
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and  these  results  are  respectively  equivalent    to    (a"^)«^   and 

~         .                        •                             1 
(V^)  "^j  which  have  the  common  index 

nq 

Ex.  Reduce  (ao?)*  and  {ba^y^  so  as  to  have  a  common 
index. 

Here,  (aaf)^  =  a^a^  =  o«a^  =  (a^af^)i : 

and     (6a?^)3  =  fcs^s  =  fcs^  =  (Jb^off*y  : 

the  indices  being  here    transformed    so  as  to  have  the  least 
common  .denominator  6. 

The  chief  use  of  this  article  will  be  found  in  the  reduction 
of  the  operations  of  Multiplication  and  Division  in  surds. 

99.     To  Jind  the  sum  and  difference  of  two  surds. 

The  sum  and  diflerence  being  indicated  by  the  proper 
algebraical  signs,  the  incorporation  may  then  be  effected  as 
far  as  it  is  possible,  by  means  of  article  (97). 

Ex.  1.  Find  the  sum  and  difference  of  \/ ^aa?  and 
Sxy/9a. 

Here,  the  sum   =v4a^  +  3d?\/9a 

=  \/ ^s^  X  a  +  3<2?  V  9  X  a 

=  (2a?  -f  9ai)\/a  =  llwy/a', 
the  difference  =  (2^  -  9a?)  \/a  =  -  7a?  \/o. 

Ex.  2.     Simplify  as  much  as  possible,  the  expression 
Here,      ^cB\/^d!*()^  =  9w\/a?  x  2a''*a7^  =  ^aa)\/9.a^ar^ : 
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therefore  the  proposed  expression  is  equivalent  to 

=  (9a^  -  8aa7  +  2aa?)  v^Sa^o?- =  Saai^Q,a^a^, 

100.  To  ^wd  ^Ae  product  and  quotient  of  two  surds. 

The  product  and  quotient  being  expressed  by  means  of 
the  requisite  algebraical  signs,  it  remains  only  to  reduce 
the  results  as  much  as  possible,  according  to  the  method  of 
article  {QB). 

101.  Before  we  proceed  to  exemplify  the  last  article, 
we  will  establish  from  first  principles,  the  two  equalities 
adopted  in  article  (15)  :  namely, 

n.      L      £  .1 

a?  X  a*  s=  a?    % 

where  p,  q,  r  and  s  are  positive  whole  numbers. 

Assume  a9  =  j?,  and  a*  =  y\  then,  from  the  nature  of 
the  operations  indicated,  we  have 

(a^y^a^,    or  aP==af^:  and  (a*)*  =  2^,  or  a^^f: 
whence,      a^  =  a?^,    and  a^  =  y^%  by  (5)  of  article  (IS)  : 
.'.  a^  X  a^  ^  O!^  X  y^,   or  a^^^={wyy%  by  (l)  of  article  (13)  : 

ps+qr 

consequently,  wy  =  a  "«*" ,  by  article  (l4)  : 

£  r  £f  .S2:  £  .  »• 

.  that  is,    a«^  X  a*  =  a?«^«  =  o?   » ' 

Similarly,  a^*  -^  a'*^  =  a??*  -f-  y'%  or   a?*-^^  =  [-^    ,  by  (2) 

of  article  (13): 

a       21Z.V: 
whence,   -  =  a  ?*    ,  by  article  (14) : 

£  I  21     iL  P     '"' 

that  is,  a^  -f-  a'  =  «^*  '?«==«?""'. 
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Hence,   the   results  of  the   Multiplication   and   Division 
of  algebraical   symbols  are*  always  expressed    in    the   same  » 
forms,   whether  the  indices  be  positive  or  negative,   integral 
or  fractional.  • 

Ex.  1.     The  product  of  asfl  and  baf^  is 

Ex.  a.     The  quotient  of  \/ as^  by  y/hx  is  expressed  by 
ai<ri       la\\   _    ,      /aNj"       ^;  y— r 


Ex.  3.     Multiply  w  -\/wy  +  y   by  V^  +  Vy« 

Here,  expressing  the  surds  by  means  of  fractional  indi- 
ces, we  have 

1  1  8 


a^  +  ys 

the  diflerent  factors  involving  d?   and  y  being  combined  by 
the  addition  of  their  indices  respectively. 

Ex.  4.     By  a  similar  process,  we  shall  have 

08-68 


a^  +  c^  ^5  +  a*  fci  -f  a8  6  +  a  ^  +  os.ft* 
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Ex.  ,5.      IMvide  a'{'h^c  +  ^ \/ah  by  \/o  +  v 6  —  vc- 
Here,  using  fractioDal  indices,  we  shall  have 


ai  bi  -{-  aic^  +  b 
aibi  +  6  -  6i  ci 

ad  in  thisy  the  index  of  the  first  letter  in  the  divisor  is 
nibtracted  from  that  of  the  first  letter  in  the  dividend,  just 
as  if  the  indices  were  whole  numbers. 

Ex.  6.      To  divide  a?  -  6*  by  a«  +  6^,  we  have 
a*  +  h^ )  a*  —  04  (^a«  —  a« o«  +  a«  o«  —  6* 

1«  9  ,8 

a*  +  a*o* 


»,8  ,1* 

o«  6<  -  6* 

»  .S  «  .6 


6,6  t" 

6,6  8.9 


»r»        til 


wherein  we  have  used  all  the  indices  as  fractions  having  the 
common  denominator  4;  and  by  simplifying  the  indices,  the 

quotient  becomes  a*  -  cflb^  +  a«fe«  -  6«. 


M 
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102.  To  express  the  powers  and  roots  of  a  surd. 

p 
Let  a 9  be  a  proposed  quantity  in  the  form  of  a  surd: 

then 

Its  square  =a«xa«=a?    ?    =a^  : 

p  p^  p^  2p  J9^  2p       p  3P 

its  cube  =a«xa«xa9  =  a«xa«=!a«     ^  sun^  :  &c» 
and  continuing  the  process  by  the  last  article,   we  have  the 

p  ,p  £r 

r     power  of  a?,  or  (a?)''  =  a«. 

Again,  the  s    root  of  o?  will  be  expressed  by  a?%  because 

2.         SI         Z 

the  s^^  power  of  m*  ^  ai' =  a'i  ^  by  the  preceding. 

r  £.     .  1        — 

Also,  the  —  th  power  of  a'  will  be  expressed  by  a*': 

z 
for,  if  ai  =  07,  then  a^  =  a?^,  and  a***"  =  a?^'' : 

pr  qr  r  jP  1.  P.   Z.  EL 

.-.  a«*  =  a7«*»=  d?^=  (a«)*,  or  (a?)*  =  o«*. 

Hence,  the  results  of  involution  and  evolution  are  expressed 
in  the  same  forms,  whether  the  indices  be  positive  or  negative, 
integral  or  fractional. 

Ex.  1.  The  square  of  (aa^)i  or  of  ai^i,  is  a^^f,  obtained 
by  doubling  the  index  of  each  factor. 

Ex.  2.  The  cube  root  of  b^w^  will  be  bwiy  which  is 
had  by  dividing  each  index  by  3. 

Ex.  3.  The  square  and,  cube  of  a  -  bx^  will  be  found 
to  be  a^  -  2abwi  +  b^w^  and  a?  -  Sa^booi  +  Sab^w  -  b^wl  by 
actual  multiplication;  and  these  operations  reversed  give  a—bwi 
for  the  square  and  cube  root  of  the  latter  quantities. 

BINOMIAL  SURDS. 

103.  Def.  The  irrational  quantities  most  commonly 
met  with  in  the  Applications  of  Arithmetic  and  Algebra  to 
Philosophical  Enquiries,  present  themselves  under  the  forms 

a  ±  \/oj  and  y/a  ± \/6,  and  are  generally  termed  BinomicU 
Surds. 
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We  will  here  exemplify  their  treatment  in  the  operations 
of  Division,  and  the  Extraction  of  the  Square  Root  only,  as 
the  rest  possess  little  or  nothing  peculiar. 

(1)  If  we  wish  to  divide  15  +  7  \/3  by  9  +  5  \/3,  and 
proceed  by  the  rule  for  ordinary  division,  we  shall  soon  see 
that  the  quotient  thus  found,  will  be  an  interminable  quantity : 
but  by  multiplying  the  numerator  and  denominator  of  the 

-       .  /-  .  15  +  7\/3 

fraction  by  9  -  5  \/3,   we   have   the    quotient   = 7=; 

9  +  5  VS 

_  (15  +  7\/3)(9-5\/i)  __  30  -  12\/3       30-  12\/3 
(9  +  5  \/3)  (9-5  \/3)  81  -  75  6 

=5-2\/3. 

A  similar  process  may  be  adopted  in  every  other  case 
of  this  kind,  and  also  when  each  of  the  terms  of  the  dividend 
and  divisor  is  a  surd :  thus, 

S^  +  y/s  ^  {3^  -^^  \/3)(\/5  -r\/3)  _  18  +  4\/l5 
\/5  -  y/s  (y/E  -  y/s)  (y/s  +  y/s)  ry  -  3 

=  9  +  2  y/Ts, 

(2)  It  is  evident  that  when  these  quotients  are  reduced 
to  their  ultimate  forms,  the  approximate  arithmetical  com- 
putation of  their  values  will  be  greatly  facilitated :  thus,  by 
finding  only  the  square  root  of  15  to  four  places  of  decimals, 

we  have  the  value  of  9  +  2\/l5  =  16.7458  &c. ;   whereas,  the 

same  result  could  not  have  been  obtained  from  y= ■-=.■ 

y/5  -  V  3 

without  the  extraction  of  the  square  roots  of  3  and  5  to  several 

places  of  decimals,  and    the   subsequent   operation    of  long 

division.      This  reduction  is   effected  by  the   multiplication 

of  the   numerator  and  denominator  by  a  factor  formed  by 

changing  the  sign  of  either  of  the  terms  of  the  denominator. 
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a+y^b      (a  +  \/b)  (c  -  \/rf) 

(3)     In    the   same   way,  y=  = ^= y=- 

c  +  V  d      (c  +  vd)  (c  —  V  d) 

ac  -  a\/ d  ■>f  cy/h  "  y/hd        ,  .  ,    .  j  .     .i. 

«= — ,  which  IS  now  expressed  m  the 

CT  ^  (m 

form  of  a  fraction  with  a  rational  denominator,  and  is  equi- 
valent to 

ac  a        /-  c        J-  l 


V^^  +  -z i\/^  -  -;; i\/6d 


c^-d      c*-d  '  c^^d  &  "d 

but  the  labour  of  arithmetical  computation  is  scarcely  dimi- 
nished by  this  transformation. 

(4)  The  square  of  an  algebraical  binomial  is  generally 
expressed  by  a  trinomial^  whose  terms  are  all  distinct  from 
each  other:  and  there  is  consequently  not  much  difficulty 
in  ascending  from  the  square,  to  the  root  from  which  it  was 
derived,  as  appears  from  article  (38). 

If  however  the  root  be  a  binomial  surd,  as  vS  +  1,  its 

square  will  be  2  +  2v2-|-l,  or  3-|-2\/i,  which  is  also  a 
binomial  surd:  and  consequently  the  ordinary  rule  for  re- 
versing the  operation,  or  for  extracting  the  square  root,  will 
not  be  available  unless  the  binomial  surd  be  replaced  by  its 
proper  corresponding  trinomial  quantity,  which  in  many  cases 
it  may  be  no  easy  matter  to  do. 

Thus,  the  square  of  \/5  -  \/2  «=  5  -  2  y/lO  +  2,  and  the 
operation  might  easily  be  reversed  by  means  of  the  result  in  its 
present  form :  but  by  incorporating  the  terms  as  much  as  possible, 

we  obtain  7  -  2  v  10,  which  affords  but  little  trace  of  the  root. 

On  these  grounds  certain  steps  are  usually  pursued,  which 
it  shall  be  our  object  to  detail  in  the  following  articles. 

104.  The  product  of  two  quadratic  surds  tvUl  be  a 
surd,  unless  one  of  them  is  some  rational  multiple^  part 
or  parts  of  the  other. 

For,  if  possible,  let  y/^  x  \/y  =  m :   then  squaring  both 

sides,   we    have  a?y  =  m*,   and    .*.  y  =  —  =  — -  ^  :    whence  it 

a?       or 


BINOMIAL    8UBDS.  93 


follows  that  ^/y  =  —  v  a? ;  or,  y/y  is  some  rational  multiple, 


w 

part  or  parts  of  v^,  which  is  contrary  to  the  hypothesis: 
and  consequently  the  product  of  two  quadratic  surds  is  a  surd, 
with  these  restrictions. 


105.  One  quadratic  surd  cannot  be  made  up  of  a  rational 
quantity  and  another  quadratic  surd,  nor  of  two  other  quad- 
ratic surdsj  connected  by  the  operation  of  addition  or  sub- 
trdctum. 

For,  if  possible,  let  \/a  =  a?  ±  y/y :  then  by  squaring 
both  members  of  the  equality,  we  have 

a  ^  x^  ^9.w y/y  +  y, 

J —        a  —  j^  '-  y 
which  gives  \/y=a± ;.  or  a  surd   equivalent  to   a 

rational  quantity,  which  is  impossible. 

Again,  if  y/a  =  y/m  ±  Vy>  we  shall  have 

a  =  d?  ±  2  y/xy  +  y, 

from  which  we  find  y/wy  =  =fc  -1-  (a  —  a?  —  y),  or  a  surd  equiva- 
lent to  a  rational  quantity,  as  appears  from  article  (104), 
which  is  impossible. 

From  this  it  follows  that  the  equalities, 

V  a  =  a?  ±  y/y 9  and  y/a  =  y/w  ±  y/y^ 

can  have  no  existence,  provided  the  values  of  a,  <2?,  and  y  be 
any  numbers  whatever. 

106.  Cob.     Hence,   whenever   an   equality   appears    ex- 
pressed in  the  form  a  +  y/b  =  a?  +  y/y^  we  must  have 

a  »  <r,    and    y/b  =  y/y* 
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For,  if  not,  let  a  =  a?  +  a :   then  will 

a?  +  a  +  v6  =  0?  +  Vy>   and  .•.  a  +  \/o  =  Vy> 

which  has  just  been  said  to  have  no  existence,  unless  a  =  0; 
therefore  a  ^  x,  and  y/h  =  \/y. 

From  this,  the  practical  conclusion  is,  that  if 

a  4-  "s/h  =  ^  +  V  y,  then  will  a  -  v  6  =  ^  —  \/y. 

107.  7V>  extract  the  square  root  of  a  binomial  surdy  am 
of  whose  terms  is  a  rational  quantity y  and  the  other  a  quad- 
ratic surd. 

Let  a  +  \/b  represent  the  proposed  surd,  and  assume 

\/a  +  \/6=\/^  +  V^^»  which  gives  a  +  \/6  =  ^  +  ^  +  2V»^; 

.-.  by  article  (106),  w  +  «  =  a,  and  2\/w«=\/6; 
from  which  we  have  to  find  u  and  v  in  terms  of  a  and  b. 

Now,  squaring  both  members  of  these  equalities,  and  sub- 
tracting, we  have 

u^  +  2uv  -^  v^  =  a^ 

^uv  =  h 


u^  —  2uv  -^^  v^  =  a^  —  b : 
which,  by  the  extraction  of  the  square  root,  gives 

z^  —  t)  =  ±  y/a^  —  6. 

Thus,  we  have  t^  +  t?  =  a: 

and  u  —  V  =  \/a^  -•  b: 

from  which,  in  accordance  with  the  purport  of  article  (**)> 
we  find 

/— — -         -           a  +  -x/a*  -  6 
2w  =  a  +  V  <*  —  t>5   and   t^  = : 
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2 1?  ==:  a  —  \/V-^,   and   v  = 


a  -  vo"  -  b 


2 


A  the  square  root  of  a  +  vft  will  be  expressed  by 

^ /a  +  V  a^  -  6       A  /  ^  ""  \/^*  —  ^ 

In  the  same  manner,  we  should  assume  the  square  root  of 

«-\/6  to  be  represented  by  ^/u  -  ^/v:  and  a  similar  result 
voold  be  obtained,  di£Pering  from  the  former  only  in  the  sign 
if  its  second  term. 

The  results  of  this  article  being  generally  expressed  by 

2  2 

will  always  be  symbolically  correct,  and  are  capable  of  imme- 
diite  verification.  It  will  be  observed,  however,  that  when  the 
sjmbols  are  general,  one  complex  quadratic  surd  has  been  re- 
wlved  into  two  others  still  more  complicated  in  their  forms: 
and  such  a  result  can  never  be  of  any  practical  use  in  compu- 
tation. 

Whenever  the  proposed  surds  are  numerical  magnitudes, 
and  such  a  relation  subsists  among  their  parts,  that  a^  —  6  is 
qual  to  some  complete  square  c^,  we  have  the  much  simplified 


form 


vTZ7r=\/^'=^\/^ 


where  a  complex  surd  has  been  resolved  into  two  simple  surds, 
one  of  which  may  be  equivalent  to  an  integer,  provided  cither 
^(a  +  c)  or  ^(a— c)  be  a  complete  square. 

This  article  is  of  no  practical  use  whatever  in  Arithmetical 
Computation,  unless  the  Criterion  a^—h  =  c^^  be  satisfied:  but 
whenever  it  is  applicable,  the  diminution  of  the  number  of 
figures  employed  will  be  considerable. 
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Ex.    1.     Extract  the  square  root  of  4  +  2vS. 

Here,   a®  -  6  =  l6  -  12  =  4  =  2^  =  c',   and  the    criterion  is 
satisfied : 

let  .-.  \/4  + 2y^=:^t^_l-y^;    .-.  4  +  2\/s  =  «*  +  «+2\/tt«: 

whence,  w  +  v  =  4,  and  2  \/uv  =  2  v  3 : 

also,  v?^  +  2wtJ  +  v^  =  16 
4wv  =  12 


.-.   vi^  —  2uv  +  15^  =    4 
and  the  extraction  of  the  square  root  gives  «*  -  t>  =  2: 

thus,  we  have  w  +  v  =  4)  i  ^  .     .         j.  .  i 

>,  from  which  we  obtain  immediately 
and  w  -  v  =  2j 

2z*  =  6,    w  =  3,    ^u  =  y/3:    2t)  =  2,    « =  1,    VtT^l- 
and  the  required  square  root  is  \/s  +  1. 

In  the  equality,  v4  +  2\/3  =  \/s  +  Ij  we  observe  that 
the  complex  surd  of  the  former  member  is  equivalent  to  the 
simple  surd  and  integer  of  the  latter :  and  consequently  in  the 
computation  of  the  approximate  value  of  the  quantity  pro- 
posed, it  is  clear  that  a  much  less  number  of  figures  will  be 
required  for  the  latter  form  than  for  the  former. 

Exactly  in  the  same  manner,  V4  —  2  \/3  =  -x/s  -  1. 

Ex.  2.  Find  the  square  root  of  the  algebraical  binomial 
surd  w  -  2  V  0?  -  1. 

Assume  v  a?  -  2  \/a?  -  1  =  ^\/u  -  \/v,  which  leads  to 
a?  -  2  \/w  -l=w-|-«-2  \/uVj  w  +  t>  =  07, 

and  2  y/uv  =  2  \/w  -  1  ; 
whence,  we  have,  u^  +  2uv  -^  v^  =  a^ 

4>uv  =  4a?  —  4 


.-.   tt*  —  2wv +  tJ^  =  a?*  -4a? +  4 
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and  by  the  extraction  of  the  square  root,  we  find  w— u=a7— 2: 
so  that  the  equalities 

u  +  v  sijfff  and  u  —  v  =  w  —  2^  enable  us  to  obtain 
y/u  =  V  07  —  1,  and  \/v  =  1 : 


and  therefore  the  required  square  root  is  \/a?  — 1  — 1. 

In  both  these  examples,  the  requisite  substitutions  in  the 
general  formula  would  have  produced  the  same  results:  but 
in  practice  it  will  generally  be  found  more  convenient  to  go 
through  the  operations  at  length. 

108.  We  will  further  illustrate  the  importance  of  the 
last  article,  by  the  following  instance  of  the  reduction  of  a 
Yery  complicated  expression  to  a  very  simple  form : 

2  +  y/s  2  -  y/s 


v/i  +  ^2  +  y/s      y/2  -  \/2  -y/s 

g\/g+\/6  2  y/2  -  y/e 

2+V4  +  2\/s       2  -  y/if  ~  2  y/s 

Siy/2-\-y/6        2\/2"-V^  _  2y/2+  y/6      2 \/2-  \/6 
2  +  (\/s  +  l)       2-(v/s"-l)  3  +  y/J  3-y/J 


Similarly, 


2  +  y/3  2-v^3  _         A 


y/^  +  y/^  +  y/s       y/^-y/^-y/l 


109*  When  the  criterion  is  not  satisfied,  it  sometimes 
happens  that  the  square  root  may  be  extracted,  after  divesting 
the  terms  of  a  common  factor. 

Ex.  If  the  proposed  surd  be  4  +  -x/lS,  wherein  a-  -  A 
o  l6  —  18  »=—  2,  we  observe  that 

^H-V^-^+V^P  X  2  =  4  +3'\/2  =  \/2(3  4-2\/2)? 

'  the  latter  £Eu:tor  of  which  evidently  satisfies  the  criterion  : 

N 
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.-.  the  square  root  of  4  +  \/i8  =  v^V  3  +  2\/2 
=  V  2  (\/2  +  1)5  by  the  ordinary  process, 

=  V^('>/4  +  1)  =  \/s  +  v^2. 

The  square  root  of  4  +  v  18  is  here  expressed  in  the  form 
of  a  binomial  surd,  by  v  8  +  vi^:  but  in  this  case,  no 
advantage  in  the  computation  of  its  arithmetical  value  is 
obtained  by  the  operation. 

In  the  same  manner,  the  square  root  of  a  binomial  surd 
of  the  form  ^/a  ±  v  6,  may  sometimes  be  exhibited  in  the 
form  of  a  binomial  surd :  thus,  the  square  root  of 

vis  —  y/oi  =  the  square  root  of 

\/^(4  -  2\/i)  =  a/2\/4  -  2  \/i 

=  v^2  (VT- 1)  =  \^(\/9- 1)  =  v^rs  -  v^i- 

110.  An  assumption  similar  to  that  made  in  article  (107)9 
will  frequently  enable  us  to  extract  the  square  root  of  a  surd 
qui^Sitity  comprising  more  terms  than  two :  thus, 

let  V  6  +  2  \/2  +  2  y/s  +  2  \/6  =  \/u  +  y/v  +  y/w: 

then,  6  +  2\/2  +  2\/3  +  2\/6 

=:u  +  v  -k-  w  -\-  2\/uv  +  2\/uw  +  2\/vw: 
whence,  we  have  u  +  v  -^w  ^  6, 

2\/w^  =  2\/2,  2\/ uw^Zy/s^  and  2\/vw  =^2\/W: 
.%  uv  =  2,  uw  =  3,  vw  ^  6,  and  .*.  u^v^w^  -  S69  or  uvw  =  6: 

uvw     6  uvw     6  ,  uvw     6 

r.  u  = =  -  s=  1,  V  = =  _  =  2,  and  w  = «  -. «  3 : 

VU7       o  uw       3  uv       2 

and  the  required  square  root  is   1  +  \/2  +  \/3,  since  these 
values  of  u^  v  and  ti^  satisfy  also  the  condition  u  -i-v  +  w^6. 

111.  To  ewtractf  when  possible^  the  cube  root  of  a  bino- 
mial  surd,  one  of  whose  terms  is  a  rational  quantity,  and 
the  other  a  quad/ratic  surd.  * 


i 
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Let  V  a  +  y/h  =  (.r  +  y/ y)  v»  : 
then,  according  to  the  principle  of  article  (106),  we  shall  have 

V  a  -  \/6  =  (a?  —  vy)  vi : 
.•.  multiplying  together  the  corresponding  members,  we  obtain 

y/c? -  6  =  (d7*  -  y)  «*,  or  y/ {c?  ^h)x^{jjf  -y^x'. 

whence,  if  ^r  be  so  assumed  that  (o*  -  6)  i!f  is  a  perfect  cube  c*, 

■  c 

we  have  c«  (^-y)x,  from  which  a^-y^-^i 

also,  a +  \/6  =  (o^  +  3d?*\/y  +  Sa?y  4-y'N/y)»j 
furnishes  the  equalities 

a  =  (a?^  +  Sa?y)jr,   and  \/6  =  (3^  +  y)»V  y* 
for  determining  the  value  of  w  or  ^. 

The  use  of  this  article  will  be  made  clear  by  means  of 
the  following  examples. 

Ex.  I.     Extract  the  cube  root  of  20  +  14\/2- 

Here,       V^20  +  l4\/2  =  (a?  +  y/y)  v^  J, 

and  A?^20-  14^/2  =  (d?  -  \/y)  V^: 
whence,  v8»  «=  (a?*  -  y)  »,  and  .-.  j^r  =  l,  and  y  =  .2?^  -  2  : 

also,  20+ 14V2  =  ^  + 3^\/y  +  Soyy +  y>/yj  gives 
20  =  0?^  +  Sa?y  =  a?^  4-  3a?  (a?*  -  2)  =  4a?^  -  6a?, 
from  which,  w  is  immediately  found  by  trial  to  be  2  : 

that  is,  fl7  =  2,  and  .-.  y  =  a?*-2  =  4-2  =  2: 
and  therefore  the  cube  root  of  20  +  14  y/^  is  2  +  \/2. 

Ex.  2.     Required  the  cube  root  of  11  -  5\/7. 
Here,       V^ll  -5y/l  =  (a?  -  y/y)x^j 


and  v^^n+T^/?  =  (^  +  'N/y)«f*  : 
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.'.  \^  —  5Ai%  ^  {af^  —  y)z^    .•.  af  =  ^,    and  y  =  a'^  +  6  : 

also,   11-5  \/7  =  {(JC^  -  ^a?\/y  +  3a?y  -  y  \/y) 2»  g^^es 

-5^/7=-^(3d?^  +  y)  V'y,  or   10\/f  =  (Sa?^  +  y)  V^: 
from  which  we  find  y  =  7,  and  therefore  a?  =  1  :  whence,  the 

cube  root   required  is  -== — . 

Whenever  ^  is  a  whole  number,  a  few  trials  will  always 
give  its  value,  but  in  other  cases  the  process  would  be  tedious, 
and  it  is  better  to  find  y  as  in  the  last  example :  or  recourse 
must  be  had,  as  for  the  higher  roots,  to  the  principles  ex- 
plained in   the  chapter  on  the   Binomial  Theorem. 

TRANSFORMATION    OF    SURDS. 

112.  A  Surd  may  frequently  be  converted  into  a  series, 
by  a  continuation  of  the  operation  indicated  to  any  extent 
we  please:  but  it  is  seldom  possible  to  discover  the  law 
according  to  which  the  successive  terms  are  formed. 

Thus,  by  the  ordinary  rule  for  the  extraction  of  the 
square  root,  we  shall  find 

/— r cT^  tP*  a?^ 

\/ (T  -\-  01^  —  a  -\- + -  &c.  in  infinitum  : 

but  this  result  will  be  of  little  use  in  arithmetical  computa- 
tion, unless  Of  be  very  small  compared  with  a. 

113.  In  extracting  the  square  root  of  a  number,  which 
according  to  article  (40),  has  2?i  +  1  figures  in  its  root,  when 
n  +  1  figures  have  been  found,  the  remaining  n  figures  may 
be  obtained  by  dividing  by  the  corresponding  trial  divisor. 

For,  if  a  -f  6  be  the  root  consisting  of  2/1  +  1  figures, 
and  a  consisting  of  n+  I  figures  followed  by  n  ciphers  has 
been   found,  then  the  remainder  is  ^ab-^-b^,  which   divided 

by  the  trial   divisor  2  a  gives  the  quotient  6  +  — ,  differing 


TRANSFORMATION    OF    SURDS.  101 

from  6  by  the  quantity  — :  but,  since  6  consists  of  n  figures, 

b*  cannot   comprise   more   than   2n   figures  by  article  (40), 

if 

whilst  a  comprises  2n  +  l  figures,  and  therefore  —  will  be 

/Q  (Ml 

a  proper  fraction,  which  being  neglected,  will  manifestly 
occasion  no  alteration  in  the  root:  and  thus,  the  remaining 
n  figures  of  the  root  will  be  obtained  by  division  only. 

Ex.  To  find  the  square  ♦root  of  2,   to    seven  places  of 
figures. 

2.000000(^1.414213  &c. 
1 


24J100 
96 


281 J  400 
281 


2824J  11900 
11296 


2828J  6040 
5656 


3840 
2828 

10120 
8484 

1636 


that  is,  \/2=  1.414213  &c.,  which  is  correct  to  the  last  place 
of  decimals,  and  the  three  figures  on  the  right  hand  have 
been  obtained  by  division,  from  using  the  trial  divisor  2828. 

This  article  is  the  foundation  of  the  observation   at  the 
end  of  article  (159),  of  the  Author'*s  Arithmetic, 
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114.  To  approximate  to  the  square  root  of  a  number, 
by  means  of  fractions  which  are  more  and  more  nearly  equal 
to  its  true  value. 

Let  n  represent  the  proposed  number,  and  suppose  a* 
to  be  the  greatest  square  number  contained  in  it,  and  b  a 
quantity  such  that 

w  =  (a  +  6)^  ==  a^  +  2ab  +  b^ : 

then,  since  b  is  necessarily  a  proper  fraction,  we  shall  have 

n  =  a^  +  2ab  nearly,  and    .*.  b  « nearly, 

,  /-  _  n-a^      o^  +  n         , 

whence,  j\/  n  =  a  +  o  =  a  h = nearly  : 

2a  2a  "^ 

again,  if  this  value  be  denoted  by  a\  and  b'  be  assumed 
such  that 

w  =  (o'  +  by  =  a'^  +  2o'ft'  +  6'2 : 

then,  as  before,  we  have  6'  = j—  nearly : 

2a 

/-        f     .f       ,     n-a^      a^'  +  n 

whence,  y/n^  a  -\-b  =a  + ; —  = ?—  nearly, 

2a  2a 

which  is  manifestly  more  nearly  equal  to  the  true  value  than 
the  preceding  one :  and  by  a  continuation  of  this  process, 
we  shall  approximate  more  and  more  closely  to  the  true  value, 
till  any  required  degree  of  accuracy  is  attained. 

Ex.     To  approximate  to  the  value  of  the  square  root  of  5. 
Here,  we  have  n  =  3,  and  a  =  1  : 

.-.  \/3  = =  -  =  2,  the  first  approximation : 

again,  we  have  w  =  3,  and  a'  =  2  : 

y~      4  +  3      7  ,  ,  .        . 

.-,  \/ 3  =5 =  -  =  1.75,  the  second  approximation: 
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also,  we  have  w  =  3.  and  a"  =  - : 

4 

y-  97 

.'.    -y^s  ==--=:  1.732  &c.,  the  third  approximation, 
56 

§ 

which  is  accurate  to  the  last  place  of  decimals :  and  so  on,  to 
any  degree  of  nicety. 

116.  When  the  cube  root  of  a  number  consists  o{  2n  +  2 
figures,  and  n  +  2  figures  have  been  found,  the  remaining  n 
figures  may  be  accurately  determined  by  dividing  by  the 
corresponding  trial  divisor. 

For,  if  the  root  be  denoted  by  a  +  6,  where  a  comprises 
n  +  S  figures  with  n  ciphers  annexed,  and  b  contains  n  figures: 
then,  when  a  is  determined,  the  remainder  is  3a^b  +  3o/>*  +  6% 
which,  divided  by  the  trial  divisor  3o^  gives  a  quotient 

but  V  must,  in  our  system  of  notation,  be  less  than  (10")^  or 
lO**,  and  a  is  not  less  than  itf^+'r 

.*.  —  cannot   be  ffreater  than  — : 
a  ^  10 

also,  y  must  be  less  than  (10")'  or  10^",  and  3a^  is  not  lessJ 
than  S  X  10*"+^ 

6»  ,  ,1 


cannot  be  greater  than 


3a^  ^  10"+^ 

whence  it  follows  that  the  error  cannot  be  greater  than 

'           1               t^        1         1         11         1. 
1- -r ;  or  than  —  +  —  = 9  whatever  n  may  be : 

10       10"+'  10       lOQ       100  -^ 

and  therefore  the  last  n  figures  will  be  accurately  obtained  by 
division  only. 

See  the  observation  made  at  the  conclusion  of  article  (161), 
of  the  Arithmetic. 
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116.  Fractional  surds  may  always  be  transformed  into . 
others,  by  equal  multiplication  or  division  of  their  numerators 

and  denominators.     ...       ,  .  .r       ..  a  - 

\  •  .  ■    -.'  .'■/I.        f-f. 

Ihus,       .  J ^= ,  by  multiplying 

the  numerator  and  denominator  by  the  numerator: 

a/o  +  a?  -  v^a  -  CD  as  ,  ,,.  ,  - 

also, = ,  by  multiplying 

va  +  a?  +  va  —  0?      a-{-  \/  or  —  or 
the  numerator  and  denominator  by   the  denominator. 

117.  Fractional  surds  may  be  reduced  to  their  simplest 
forms,  by  dividing  the  numerators  and  denominators  by  their 
highest  common  factor. 

Thus,  T 5 is    reduced    to   its    simplest   form 

1  +  a?«  —  0?*  —  or 

7-,  by  dividing  both  the  numerator  and  denominator 

by  1  +  wl^  the  greatest  common  measure,  determined  by  the 
common  rule. 

118.  Fractional  surds  may  be  reduced  to  others  having 
the  lowest  common  denominator,  according  to  the  principle 
of  article  (72). 


Thus,  if —i -^  and  ~ -^  be  the  fractions 


2a?            ,       Sa^ 
I  -      1  ^"d  5 

(1  +  a?)2       (1+07)2  (i  +  07)1 

proposed,  we  shall  have  them  expressed  with  a  common  de- 
nominator, by 


(1+ti?)*       207(1+0?)  -  So? 

-•  :: —  and 


(1  +  07)2       (1  +  07)2  (1  +  07)2 

119.     A  surd  may  be  made  to  change  its  form  by  eSectiiig 
an  operation  upon  it,  and  then  indicating  its  converse. 
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Thus,  the  square  of  \/a?  +  \/l  -  a?  =  1  +2  \/ x  -  a?*: 
and  therefore  by  the  indication  of  the  reverse  operation, 

V^  +  \/l  -^  is  equivalent  to  \/l  +  2y^a?  -  cs^, 

120.  An  equality,  whose  members  comprise  surds,  may 
always  be  divested  of  such  quantities,  by  the  performance  of 
the  proper  involutions. 

Thus,   if  v/io^T^MT^/^T^  =  a  -  a?:  we  shall  have 
%aai  +  a?*  + V  a*  +  a?'  =  a*-2aa?  +  a7*: 

whence,  a*  +  a;*  ■=  {cf  -  Aiaaif  «  a*  -  8  a?w  +  l^o^a?^  which   does 
not  involve  a  surd. 

I 

This  operation  is  known  by  the  name  of  Cleanng  an 
Equation  of  Surds. 

IMAGINARY    QUANTITIES. 

121.  DsF.    From  the  circumstance  that  every  algebraical 
symbol  hitherto  considered,  whether  it  be  affected  with  the 
rign  +  or  — ,  when  raised  to  an  even  power,  gives  a  positive  re- 
tult5  it  follows  that  no  even  root  of  a  negative  quantity  can  be 
either  pofdtive  or  negative.     The  even  roots  of  negative  quanti- 
tiesy  having  therefore  no  symbolical  representation  in  accord- 
ance with  the  views  of  Algebra,  as  far  as  we  have  yet  considered 
it,  can  only  be  indicated  or  expressed  by  means  of  the  radical 
ngn,  or  corresponding  fractional  index ;  and  hence  arises  a  new 
species  of  symbolical  expressions,  known  generally  by  the  name 
of  Imaginary  or  Impossible  quantities. 

Thus,  the  square  root  of  -  a^  being  neither  +  a  nor  -  a, 
is  written  \/— a*,  and  is  equivalent  to 

^bich  is  said  to  be  impossible  or  imaginary,  in  consequence*  of 
involviiig  the  symbol  v^- 1,  or  (- 1)*. 

O 
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116.     Fractional  surds  may  always  be  transformed  into, 
others,  by  equal  multiplication  or  division  of  their  numerators 
and  denominators.        ...       >  .^  .>    «     r       lx 

Thus, 7=^= 5  oy  multiply mg 

V  0-1-07  + V  a— 0?  *^ 

the  numerator  and  denominator  by  the  numerator: 

\/a  +  0?  -  \/a  -  Off  x  1..  1  - 

also,       . = 7=r=T»  ''^y  multiplymg 

y/a-^-OD-^y/a  —  ai      a-{-  \/  or  —  or 

the  numerator  and  denominator  by   the  denominator. 

117-  Fractional  surds  may  be  reduced  to  their  simplest 
forms,  by  dividing  the  numerators  and  denominators  by  their 
highest  common  factor. 

Thus,  T 5 is    reduced   to   its    simplest   form 

1  +  a?«  —  0?*  —  a?^ 

1— ,  by  dividing  both  the  numerator  and  denominator 

by  1  +  wh,  the  greatest  common  measure,  determined  by  the 
common  rule. 

118.  Fractional  surds  may  be  reduced  to  others  having 
the  lowest  common  denominator,  according  to  the  'ptiodpk 
of  article  (72). 


Thus,  if —9 —  and —^  be  the  fractioBi 


9.x  ,      Zc^ 

(1  +  a?)2     (1  +  <r)2  (l  +  cp)i 

proposed,  we  shall  have  them  expressed  with  a  cominon  de- 
nominator, by 


(1  +  .vy 

5  9 

2o7(l+a?)         ,        Sa^ 
and 

(1  +  a^y 

(1  +  w)^              (1  +  w)l 

119.     A  surd  may  be  made  to  change  its  form  by  eflfecti 
an  operation  upon  it,  and  then  indicating  its  converse. 
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Thus,  the  square  of  \/ oo  +  v  1  -  a?  =  1  +2  \/ x  -  o^i 
and  therefore  by  the  indication  of  the  reverse  operation, 

\/a  +  y/\  --co  is  equivalent  to  \/l  +2y^^  -  jA». 

120.  An  equality,  whose  members  comprise  surds,  may 
always  be  divested  of  such  quantities,  by  the  performance  of 
the  proper  involutions. 

Thus,   if  \/2aa?  +  «»^  +  y^o«  +  c»*  =  a  -  a?:  we  shall  have 
%aai  +  a?*  +  va*  +  a?'  =  a*- 2aa?  +  a?*: 

whence,  a*  +  «^  =  (a*  -  4aa7)*  =  a*  -  8 a^w  +  l^a^a?*,  which   does 
not  involve  a  surd. 

This  operation  is  known  by  the  name  of  Clearing  an 
Equation  of  Surds. 

IMAGINARY    QUANTITIES. 

121.  Def.  From  the  circumstance  that  every  algebraical 
lymbol  hitherto  considered,  whether  it  be  affected  with  the 
ttgn  +  or  — ,  when  raised  to  an  even  power,  gives  a  positive  re- 
mit, it  follows  that  no  even  root  of  a  negative  quantity  can  be 
cither  positive  or  negative.  The  even  roots  of  negative  quanti- 
ties, having  therefore  no  symbolical  representation  in  accord- 
tnoe  with  the  views  of  Algebra,  as  far  as  we  have  yet  considered 
it,  can  only  be  indicated  or  expressed  by  means  of  the  radical 
flgin,  or  corresponding  fractional  index ;  and  hence  arises  a  new 
ipedes  of  symbolical  expressions,  known  generally  by  the  name 
^Imaginary  or  Impossible  quantities. 

Thus,  the  square  root  of  —  a^  being  neither  +  a  nor  -  o, 
I  written  \/—  a%  and  is  equivalent  to 

x/a^  X  (-  1)  =  \/^y/^  =  ±  a\/-  1, 

kidi  is  said  to  be  impossible  or  imaginary,  in  consequence*  of 
^ving  the  symbol  \/^,  or  (- 1)*. 
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(6)     In  Evolution : 

^/a^b^/—[^  V^I2^^  V^«E^^ 


2  2  '^         ' 

by  article  (107):  and  this,  if  a* +  6*  be  a  complete  square, 
will  manifestly  be  of  the  specified  form. 

124.     If  a  +  6 \/-  1  ^c  +  d \/-  1 :  then  will  aa^c  and 

For,  if  not,  let  a^c  +  a,  so  that 
c  +  a  +  ftv  -  1  =c  +  d\/-l,   and  .-.  a  +  6v-l  =  ^V-^' 
then  a  =  d\/^  -  6 \/-  1  =  (d  -  ft)  \/ -  1 : 

whence,  squaring  both  members,  we  shall  have 

a«  =  -  (d  -  6)2^    and  .-.  a*  +  (d  -  6)*  =  0 : 

that  is,  a  positive  quantity  is  equal  to  a  negative  quantity^ 
or  the  sum  of  two  positive  quantities  is  equal  to  0,  which 
is  impossible:  and  therefore  the  equality  cannot  exist,  unless 
a  =  0,  and  d'-b:^0:  whence,  a^c  and  ft  =  d. 

We  will  illustrate  the  use  of  this  proposition  in  the  follow- 
ing examples. 

Ex.  1.     Extract  the  square  root  of  5  -  12 \/—  1. 

Assume  \/5-l2\/^  =  \/u  -  y/v  : 

.'.  5  —  12  v—  1  =  t*  + 1?  -  2  \/uv:  from  which  we  obtain 

u  -{-  V  ^  5,  and  2  ^^uv  =  12  v  —  1 : 
.-.  u^  +  2wt?  +  t>^  =       25 
4wt>  =  —  144 

.-.   u^  -  2MtJ  +  t>*  =      169 
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whence,  u-  v  =  13;  and  this,  with  u  +  v  ^  5^  gives 

Sua  18,  We9,  y/u^3j  and  2t>=-8,  t>  =  -4,  \/©  =  2\/^: 

.-.  V  5-  12\/^  =  3-2\/-  1. 

liiX.  2.     Required  the  square  root  of j==r- . 

V  2  +  3\/-l 

Here,  ^ 
86v/^-2     (s6\/^-2)(2  +  S\/^)     - 112 +  66\/^, 

2  +  S\/^       (2  +  S\/^)(2  +  3\/^)  "    (2  +  Sv^^)* 
•••  assuming  \/«  112  +  66\/3I=y^i7+  a/v",  and  proceeding  as 

y 

before,  we  shall  find  the  square  root  required  = 7=^ 

2  +  S  V-l 

(8+ll\/^)  (2  -  S  v/^)     39  +  13\/^  /— 

(2+   S\/-1)(2-3V^)  ^^ 

126.  Whenever  imaginary  quantities  are  used  as  indices, 
the  principle  of  the  Permanence  of  Equivalent  Forms  leads 
to  the  adoption  of  the  general  Theory  of  Indices  as  laid  down 
in  the  preceding  pages. 

Thus,  c*«^^^  X  6=*=^^^  is  assumed  to  be  equivalent  to 

and   (c=*=«>^^)"'  to  e^*^'^"^^^, 

^heie  m  may  be  integral  or  fractional,  or  indeed  of  any 
fann  whatever :  and  it  is  clear,  from  the  nature  of  the  case, 
Aat  it  would  be  futile  to  attempt  to  establish  such  equalities 
^^  any  other  principle. 


CHAPTER    VI. 
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126.  Def.  An  Equation  implying  the  relation  of 
Equality  between  its  two  members,  is  here  considered  as 
comprising  known  or  given  quantities  represented  by  num- 
bers and  the  letters  a,  b,  c,  &c.,  and  unknown  or  required 
quantities  denoted  by  the  letters  w,  y,  x^  &c. :  and  the  Solution 
of  Equations  is  the  expressing  the  values  of  the  latter  in 
terms  of,  or  by  means  of,  the  former. 

The  Solutions  of  Equations  will  evidently  be  verified,  if 
on  substituting  for  w,  y,  z^  &c.  their  values,  both  sides  be- 
come identical :  and  these  values,  which  are  termed  the  Roots 
of  the  equations,  are  said  to  fulfil  or  satisfy  the  conditions 
which  they  involve. 

Thus,  in  the  equation  4iaf  +  2  ^s  Sw  +  4^,  the  letter  w  de- 
notes the  unknown  or  required  quantity,  which  is  combined 
with  the  given  numbers  2,  3  and  4 ;  and  the  solution  of  this 
equation  will  be  effected,  if  we  can  find  such  a  numerical 
value  of  the  symbol  <r,  as  will  render  identical,  its  two  mem- 
bers 4a? +  2  and  3<r  +  4. 

A  little  consideration  will,  in  this  instance,  shew  that  the 
value  of  w  must  be  2,  as  this  manifestly  gives  10  s  10 :  that 
is,  the  number  2  renders  the  two  members  of  the  equation 
identical,  and  therefore  satisfies  the  condition  expressed  by 
it :  and  it  will  appear  upon  trial  that  no  other  numerical 
magnitude  can  have  the  same  efiect. 

1 27*  In  other  instances,  the  root  or  roots  might  be  found 
by  trial;  but  when  the  terms  of  the  equation  are  numerous, 
and  the  required  quantity  is  much  involved  with  those  that 
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are  known,  it  is  evident  that  the  mode  above  adopted,  being 
regulated  by  no  rule,  would  be  quite  incompetent  to  eflTect 
the  solutions.  On  this  account,  recourse  is  had  to  a  certain 
set  of  Principles  for  the  Solution  of  Equations,  which  the 
following  articles  will  explain  and  exemplify :  and  we  will 
first  suppose  the  equations  under  consideration  to  involve  only 
one  unknown  quantity. 

128.  Transposition.  When  the  unknown  symbol  ap- 
pears in  both  members  of  an  equation,  it  is  evident  from 
article  (49),  that  the  terms  involving  it  may  always  be  trans- 
posed in  such  a  manner  as  to  be  found  in  the  first  member, 
whilst  the  known  quantities  make  up  the  second. 

Ex.  1.  Let  the  equation  be  4^?  -  2  =  3<v  +  4 :  then,  we 
shall  have  4^  —  8^  =  4  +  2,  or  w=^6. 

Ex.  2.     If  the  equation  proposed  be 

aa^  +  bw  •-  c  =  da^  -  e^  +/, 

we  shall  have  aa?  +  6a?  —  dw^  +  ew  ^c  +/: 

and  this  may  be  written  in  the  form, 

(a  -  d)  '^^  +  (6  +  «)  ^  =  c  +/, 

which  is  arranged  according  to  the  dimensions  of  the  unknown 
quantity  Wj  the  terms  absolutely  known  constituting  the  second 
member  of  the  result. 

129.  Clearing  of  Fractions.  When  any  of  the  terms 
involving  the  unknown  quantity,  are  of  a  fractional  form, 
the  equation  may  always  be  divested  of  fractions,  by  means 
of  article  (80). 

Ex.  1.     In  the  equation  —  +  6  = S:  if  we   multiply 

3-5 

all  the  terms  by  15,  the  least  common  multiple  of  3  and  5, 

we  shall  obtain, 

5^7  +  90  =  607  -  45, 

which  does  not  involve  fractional  coefficients  of  the  unknown 
symbol. 
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Ex.  2.     If  the  equation  be  -; = ,  we  have 

aw  (a  +  .t?)  as  6  (6  —  /r),   or  a^w  -f  aof  =  6*  -  6a?, 

which  will  become  arranged  according  to  the  dimensions  of 
w,  by  tranposition :  thus, 

aa^  +  (a*  +  6)  zr  =  V. 

130.  Clearing  of  Surds.  When  the  unknown  quantity 
in  an  equation,  appears  in  the  form  of  a  surd,  the  equation 
may  always  be  made  to  assume  a  rational  form,  by  proper 
transpositions  and  involutions  of  both  its  members,  agree- 
ably to  the  purport  of  article  (120). 

Ex.  1.     Let  the  proposed  equation  be  zr  —  4.  =  2  +  \/d?  +  S : 
then,  by  transposition,  we  have, 

and  squaring  both  sides,  we  obtain  the  rationalized  equation, 
^  -  12^  ■\-  SG-CD  -\'Si    or  a^-  ISw  =  -  33, 

Ex.  2.      If   the    equation    be    a  +  y/9,ax  -f  a?*  =  20?,   we 
have 

y/^aw  +  J?*  =  2^p  —  a : 

which,  by  involution  of  both  the  members,  produces 

2aa7  +  a;*  =  4^  -  4aa?  + a^    or  —  3a^  -¥  6a(v  ^  d^: 

and  this,  by  changing  the  signs  of  all  the  terms,  or  multi- 
plying them  all  by  -  1,  becomes 

3a^  -  6aw^  —  a^ 

131.  Reducing  to  proper  Forms,  By  means  of  the  last 
three  articles,  every  equation  however  complicated  may  be 
reduced  so  as  to  involve  only  integral  and  positive  powers  of 
the  unknown  symbol:  and  if  the  coefficient  of  its  highest 
power  be  not  1,  the  equal  division  of  the  terms  of  the  equation 
by  the  coefficient,  will  ^Iways  reduce  it  to  one  or  other  of 
the  following  forms: 
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(1)  jp  =  p: 

(2)  a?*  —  pof  =  q  : 

(3)  a^  -  pa^  ■\'  qx  ^  ri  &c. 

wherein  the  symbols  p,  g,  r,  &c.  may  be  either  positive  or 
negative,  integral,  fractional  or  irrational. 

The  first  is  styled  a  simple  equation,  or  equation  of  the 
jSrrt  order  or  degree:  the  second  a  quadratic  equation,  or 
equation  of  the  second  order :  the  third  a  cuUc  equation,  or 
equation  of  the  third  order:  and  so  on. 

At  present  our  attention  will  be  confined  to  the  solution 
of  such  equations  only  as  belong  to  the  first  two  classes  above 
enumerated,  or  may  be  reduced  to  them  by  substitutions  or 
other  artifices. 

SIMPLE  EQUATIONS. 

132.  Since  every  equation  coming  under  this  head  is 
capable  of  reduction  to  the  form, 

it  18  obvious  that  its  solution  is  already  efiected,  and  that  there 
is  only  one  value  of  at  which  satisfies  the  proposed  condition : 
so  that  every  simple  equation  has  one,  and  only  one  root. 

This  will  fully  appear  in  the  treatment  of  the  following 
equations:  as  also  in  the  subsequent  problems,  whose  solutions 
are  dependent  upon  simple  equations. 

Ex.  1.     Given  5zr  -  15  =  2a?  +  6,  to  find  w. 

Here,  5^p  -  2o?  =  6  -f  15 : 

21 
that  is,  3/r  =  21,  and  .-.  w-  —  =  7. 

3 

Ex.  2.     Given  4  (a?  -  3)  +  3a?  4-  1  =  2  (a?  +  2),  to  find  w. 
Here,  by  effecting  the  multiplications  indicated,  we  have 

4.0?  -  12  +  3a?  +  1  =  2o?  +  4  : 
whence,  by  transposition,  we  obtain 

P 
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4ci7  +  3a?  -  2*1?  =  4  +  12  -  1 : 

,        .  J  15 

that  IS,  5x  =  15,  and  .•.  <r  =  —  =  3. 

5 

^  ^,  X  X  W  W  .         n      t 

Ex.  3.     Given  -  +  -+ =d?-7,  to  find  a?. 

2       3       4       5 

Here,  the  least  common  multiple  of  2,  3,  4  and  5  being  60, 
we  multiply  every  term  of  the  equation  by  60,  in  order  to 
clear  it  of  fractions :  and  thus  we  have 

SOx  -f  20j?  -f  15a?  -  12a?  =  60a?  -  420 : 

.'.  by  transposition  and  reduction,  ^e  obtain 

-  420      ^ 
—  7a?  =  —  420,  and  .•.  a?  = =  60. 

-7 

T.              o  1        1.              .       3a?-  1       11  -4a?       12 
JbiX.  4.     Solve  the  equation  + =  — . 

^  7  3  7 

Here,  multiplying  every  term  by  21,  we  have 

9a?  -  3  +  77  -28a?  =  36: 
.-.  9^  -  28a?  =  36  +  3-77,  or  -  19^  =-  38, 

which  ffives  a?  =  =  2. 

-  19 

^  ^.         W        A       A  /2        \         13 

Ex.  5.     Given  -a?  —  | —  a?|  =  l  — ,  to  find  a?. 

7  V        27       5  \3        /         SO 

When  the  indicated  operations  are  effected,  the  equation  is 

« 

a?       1        2       a?      43 
7"l4''l5"^5~io* 

and  multiplying  every  term  by  210,  the  least  common  multiple 
of  the  denominators,  we  have 

30a?  -  15  -  28  +  42a?  =  301  : 

,        .                                 J                 344       43  7 

that  is,  72a?  =  344,  and  .*.  x  = =  —  =  4  - . 

72        9  9 
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Ex.  6.     From  the  equation  = ,  find  oc. 

By  dividing  both  members  by  7,  we  have 

7  10 

8a?  +  1       I2m  +  1  * 

3 
.*.  84«  +  7  =  800?  +  10,  4a?  =  3,  and  /r.  =  -  . 

4 

Ex.  7.     Solve  the  equation 


1  —  6«j?      1  —  od? 

This  equation  is  reduced  by  the  inversion  of  its  terms,  to 

1  —  607      1  —  ao?  1       h         1      a 

=  — r —  5   or a?  =  ---a?: 

a  o  a      a         6      6 

a      h\  11  a«  -  6*         o  -  6 

or 1 —  X  s= 


/a      6\      _  1       1 
'      \6      a/  6      a ' 


that  is,  <r  == 


ah  ah 

a  -h  1 


a*  "h^      a  +  h' 


Ex.  8.     Given  'x/jr  +  \/a?  +  3  =      .  ,  to  find  a?. 

Va?  +  3 

Multiplying  every  term  by  \/a?  -f  3,  we  have 

V^^  +  S^  +  a?  +  3  =  12,  or  \/<»^  +  3a?  =  9  -  a? : 

and  squaring  both  members,  we  obtain 

0?^  +  3a?  =  81  -  18a?  +  a^ : 

,  ^  81      27         6 

whence,  21  a?  =  81,  and  .*.  a?  =  —  =  —  =  3-. 

21       7         7 

Ex.  9-     Given  y/w  +  2  =  \/a?^  -f  lOa?  +  1,  to  fim 
This  equation  may  be  written  in  the  form, 

(a?  +  2)«  =  (a?*  J 
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whence,  raising  each  member  to  the  power  denoted  by  2  m, 

we  have  (a?  +  2)*  =  a;*  4-  lO^p  +  1 : 
that  is,  J?*  +  4.^?  -f-  4.  =  a?*  4-  10a?  +  1 : 

whence  we  find  6a?  =  3,  and  .'.  a?  =  - . 

'  2 

Ex.  10.     Given  {47+(4aa?+  17a*)i}i"=a?l  +  ai,  to  find  w. 
Squaring  both  members  of  the  equation,  we  obtain 
w  +  (4aa?  +  17a*)*  «  a?  +  ^a^a^  +  ai 
whence  we  find,  (4aa?  +  17o*)i  =  2aJa?i  +  a : 
and  by  squaring  again,  we  have  4aa7  +  17a^s=  4aa7  +  ^i^ia^  +  a^ 
which  gives  4o*a?i  =  l6a*,  a?J  =  4aJ,  and  a?  =  l6a. 

Ex.  11.     Given  \/^+5  x  \/a?  +  12  =  8  +  a;,  to  find  a?. 

Squaring  both  members  of  the  equation,  we  have 

{00-^-5)  X  (a?  +  12),  or  a?^  -f  ITa?  +  60  =«  64  +  l6a?  +  of : 
whence,  17a?  —  l6a?  =  64  -  60^  or  w  ^  4f. 

a?  —  1  y/af'^  1 

Ex.  12.     Given  —7=: =  1  + ,  to  find  w. 

\/a?+ 1  2 

a?  —  1  y— 

Since,  by  actual  division,  —1= =  \/ x  -  1 :  we  have 

V  a?  +  1 

y/^^  1  =  1  + ,  or  2\/a?-  2  =  2  +  y^-  i: 

whence,  by  transposition  &c.,  v a?  =  3,  and  .*.  x^% 


^              ^ .         ^  aa?  -f  v6      va  -f  \/6  «    , 

Ex.  13.     Given       . — t=  = -= — ,  to  find  a?. 

Clearing  the  equation  of  the  fractional  forms,  we  have 
\/ ahx  \h  —  a  v  a?  +  ^ahx  —  y/ah  —  h : 
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/ —  /-  y—       \/fe(o  +  2\/6) 

.•.   26  +  V  <2t6  =  av^>    or  v  .z?  = : 

a 

6(a  +  2\/6)* 


whence,  by  involution,  we  find  <r  = 
Ex.  14.     Given 


a* 


y/y/w  +  v/J+  V^\/^-  \/5  =  v2\/a?  +  4,  to  find  a?. 

Squaring  both  members  of  the  equation,  we  have 

V^+V^+2 V^^--T+v^-v5*2vi  +  4'»  or  2\/a7-5  =  4: 
whence,  by  repeating  the  same  operation,  we  obtain 
4zr  -  20  =  16:  and  .*.  4a?  =  S6^  or  a?  =  9. 

133«  When  the  terms  of  an  equation  contain  both  simple 
and  compmtnd  denominators,  it  will  generally  be  found  con- 
venient to  divest  it  of  the  simple  denominators  at  first,  and 
afterwards  of  those  which  are  compound. 

_         _.         6d?  +  7      7^  +  13      2a? +  4  ^    , 

Ex.     Given  +  — = ,  to  find  w. 

9  Sw-^-S  3 

Here,  multiplying  every  term  by  9>  we  have 

21d?  +  39      ^ 

Od7  +  7  + =  6zr  +  12 : 

2a?  +  1 

, .  ,      .        21a? +  39 

which  sives  =  5:  .•.  21  a?  +  39  ■=  10a?  +  5: 

®  2a? +1 

34  1 

whence,  11a?  =  -34,  and  .-.  a?  = xc-s  — . 

11  11 

134.  Whenever  it  is  found  that  one  or  more  of  the  terms 
of  an  equation  are  in  the  form  of  complew  fractions^  it  will 
^  desirable  to  remove  this  form,  by  equal  multiplication  of 
^e  numerators  and  denominators. 

•»         ^.         2a?  +  84       13a?-2       a?      7a?      a?-f-l6 

Ex.     Given  ^ +  -  =  -^ ^ ,  to 

9  17^  -  32      3      12         S6 

£.1 
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whence,  raising  each  member  to  the  power  denoted  by  2  m, 

we  have  (a?  +  2)*  =  a?^  +  10a?  +  1 : 
that  is,  a?*  +  4.a?  -f.  4  =  a?*  +  10a?  +  1 : 

whence  we  find  6w  =  3,  and  .'.  a?  =  - . 

Ex.  10.     Given  {a?  +  (4aa?+  17a*)i}i"=a?l4-al,  to  find  a?. 
Squaring  both  members  of  the  equation,  we  obtain 
a?  +  (4aa?  +  17 a*)*  «  a?  +  ^a^ai  +  a: 
whence  we  find,  (4aa?  +  17a*)i  =  2aia?i  +  a : 
and  by  squaring  again,  we  have  4oa7  +  l7o*=:4aa?  +  4<»ia?i4-a* 
which  gives  4a*a?i  =  l6a*,  a?J=:4ai,  and  a?=:l6a. 

Ex.  11.     Given  y//v  +  5  x  \/a?  +  12  =  8  +  a;,  to  find  a. 

Squaring  both  members  of  the  equation,  we  have 

{w  -^  5)  X  (a?  +  12),  or  a?*  -f  17^  +  60  =«  64  +  l6a?  +  a^ : 
whence,  17^  —  l6a?  =  64  -  6o,  or  a?  =  4. 

a?  —  1  y/af'^  1 

Ex.  12.     Given  —7= =  1  + ,  to  find  a?. 

\/a?+l  2 


a?-  1 


a>—  1  i — 

Since,  by  actual  division,  -7= =  ^/ co  -  1 :  we  have 

•^  Va?  + 1 

\/^-  1  =  1  + ,  or  2\/a?-  2  =  2  +  \/^-  1: 

whence,  by  transposition  &c.,  \/ ao  =  S,  and  .*.  x^% 


Ex.  13.     Given  —7= 7=  — 7= —  j  to  find  a?. 

Clearing  the  equation  of  the  fractional  forms,  we  have 
y/ aboo  +  b  :^  a  \/ x  +  \/ abx  —  y/ab  —  b : 


SIMPLE    EQUATIONS.  11? 

.*.    26 -f  V  ^»  =  «  V  ^5    or   V  a?  = : 

a 

6(a  +  2\/6)* 


whence,  by  involution,  we  find  w  = 
Ex.  14.     Given 


a* 


"Vy/a  +  -x/s  +  y/y/w  -  \/5  =  v2  ^j?  +  4,  to  find  x. 
Squaring  both  members  of  the  equation,  we  have 
V^^+\/5  +  2\/d^--5  +  \/^--\/5*2V^  +  4>,  or  2\/a7-5  =  4: 
whence^  by  repeating  the  same  operation,  we  obtain 
4j7  -  20  =  16:  and  .-.  4j?  =  S6^  or  a?  =  9. 

133«  When  the  terms  of  an  equation  contain  both  simple 
and  compmtnd  denominators,  it  will  generally  be  found  con- 
venient to  divest  it  of  the  simple  denominators  at  first,  and 
afterwards  of  those  which  are  compound. 

__  6w  +  7      7^+13      20?  +  4 

Ex.     Given  +  — = ,  to  find  w. 

9  6a? +  3  S 

Here,  multiplying  every  term  by  9?  we  have 

21a? +  39      ^ 

o^  +  7  + =  6a?  -f  12 : 

2a7  +  1 

, .  ,      .        21a? +  39 

which  gives  =  5:  .•.  21a?  +  39  ■=  lOa?  +  5: 

2a?+  1 

34  1 

whence,  lla?  =  -S4,  and  .-.  a?  = xs:-3  — . 

11  11 

134.  Whenever  it  is  found  that  one  or  more  of  the  terms 
of  an  equation  are  in  the  form  of  complex  fractions,  it  will 
be  desirable  to  remove  this  form,  by  equal  multiplication  of 
the  numerators  and  denominators. 

_  _.         2a? +  8^       13a? -2       a?      7a?      a? -f  16 

Ex.     Given  ^ +  -  = V-  9  to 

9  17^  -  32      3       12         36 

find  w. 
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As  no  general  rules,  applicable  to  the  infinite  variety  of 
problems  that  may  occur,  can  be  laid  down,  the  student  must 
be  content  with  such  directions  upon  the  subject  as  he  may  be 
enabled  to  collect  from  particular  examples. 

Ex.  1.  Find  a  number  whose  fourth  part  exceeds  its 
fifth  part  by  2. 

a? 
Let  CO  be  taken  to  represent  the  required  number:  then  - 

4 

and  -  will  be  adequate  representations  of  its  fourth  and  fifth 

parts:  and  the  condition  being  that  the  former  shall  exceed  the 
latter  by  2,  we  shall  have 

=  2: 

4       5 

which  is  the  algebraical  expression  of  the  proposed  problem: 
to  solve  this  equation,  we  have  50?  — 4^s40,  and  .*.  ^17^40: 
that  is,  the  required  number  is  40,  as  is  easily  verified : 

40      40 

for, =10 -8  =  2. 

4        5 

Ex.  2.  Divide  21  into  two  parts,  so  that  ten  times  one  of 
them  may  exceed  nine  times  the  other  by  1. 

If  X  represent  one  of  the  parts,  21  -w  will  evidently  repre- 
sent the  other:  whence,  agreeably  to  the  question,  we  must  have 

lOa?  -  9(21  -  ^)  =  1,  or  lOo?  -  189  +  9^  «  1> 

which  is  the  translation  of  the  problem  into  algebraicfil  Iffli- 
guage,  exhibited  by  means  of  an  equation :  this  solved,  gives 

19a  =  190,  and  .*.  w  «  10: 

so  that  the  parts  sought,  are 

w  =  10,  and  21  -  ^p  =  21  -  10  »  11 : 

and  it  is  seen  immediately  that  10  and  11  fulfil  the  specified 
condition. 
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Ex.  3.  Find  two  numbers  whose  sum  shall  be  10,  and 
quotient  3. 

Taking  w  to  represent  the  less  of  the  two  numbers,  we 

shall  have  the  greater  ==  lo  -  <r:  whence,  the  second  condition 

gives  the  equation 

10-0? 
=  3: 

Of 

.'.  10 -^pac  307,  407=10,  and  07  =  2^,  the  less: 

whence,  10  -  07  =  10  -  2^  =  7^,  the  greater: 

and  from  this  it  appears  that  there  do  not  exist  two  whole 
numbers  possessing  the  properties  enunciated,  but  that  they 
both  belong  to  the  fractional  magnitudes  2^  and  7^. 

Ex.  4.  A  father'^s  age  is  twice  as  great  as  that  of  his 
son,  but  10  years  hence,  it  will  be  three  times  as  great :  find 
the  age  of  each. 

« 

Let  07  denote  the  song's  age,  then  2o7  will  represent  that  of 
the  father:  also,  at  the  end  of  10  years,  07+10  and  ^w  +  10  will 
denote  the  ages  of  the  son  and  father  respectively:  and  the 
condition  of  the  question  gives  the  equation 

2o7  +  10  =  3(o7  -f  10),  or  207  -f  10  =  3o7  +  30: 

from  which  we  find  immediately,  o? »  -  20. 

As  negative  quantities  have  no  existence  in  Arithmetical 
AlgebrOf  ^is  result  proves  that  the  conditions  of  the  proposed 
problem  are  absurd,  as  also  evidently  appears  from  the  nature 
of  the  case:  but  still  the  negative  value  above  found  will  admit 
of  an  interpretation,  agreeably  to  the  principles  of  Symbolical 
Aigdrra,  as  follows. 

If  in  the  equation  2o?  +  10  =  3o7  +  30,  which  expresses 
algebraically  the  condition  implied  in  the  question,  we  sub- 
stitute the  negative  symbol  -  07  for  o?,  we  shall  have 

-  207  +  10  =  -  307  +  30,    or  2o?  -  10  =  3  (o7  -  10)  : 

which  is  manifestly  the  algebraical  expression  of  the  following 
problem: 

Q 
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"  A  father's  age  is  twice  as  great  as  that  of  his  son,  but 
10  years  ago,  it  was  three  times  as  great :  find  the  age  of 
each." 

This  differs  from  the  original  problem  only  in  making  use 
of  the  word  ago^  instead  6f  the  word  hence ;  and  from  the 
two  considered  in  connexion  with  each  other,  we  are  led  to 
conclude  that  if  prospective  time  from  any  epoch  be  considered 
positive,  retrospective  time  reckoned  from  the  same  epoch, 
must  be  regarded  as  negative;    and  vice  versd. 

Similar  explanations  of  negative  results  may  be  given  in 
most  other  cases  of  this  description. 

Ex.  5.  A  gentleman  wishing  to  relieve  a  number  of 
beggars,  finds  that  if  he  give  them  6d,  a-piece,  he  will  have 
20 d.  left:  and  that  he  has  not  enough  by  14d.  to  give  them 
8d.  a-piece :  required  the  number  of  beggars,  and  the  money 
he  possesses. 

Let  Off  ==  the  number  of  beggars :  then,  according  to  the 
enunciation  of  the  question,  both  6^i?  +  20  and  8/r  — 14  will 
be  adequate  representations  of  his  money  in  pence:    whence 

6^7  +  20  =  8  a?  -  14 :  and  .*.  off  =  17,  the  number  of  beggars : 

and  the  sum  of  money  he  has  =  6  a?  -f  20  =  102  +  20  =  122  d. 

Ex.  6.  Three  persons  A^  B,  C  are  possessed  of  certain 
sums  of  money,  such  that  A  and  B  together  have  £  120 : 
A  and  C  together  have  £l40:  and  B  and  C  together  have 
£l50:   what  is  the  sum  possessed  by  each? 

Let  x  =  A'*%  money :  then,  from  the  nature  of  the  case, 

120  -  a?  =  ^'s  money,  and  140  -  a?  =  Cs  money  : 

.-.  B  and  C  together  have  120  -  a?  +  140  -  a?  as  260  -  2a? : 

whence,  260  —  2  a?  =  150,  by  the  question  : 

and  this  gives  a?  =  £55=-4's  money: 

.-.  120  -  0?  =  £65  =  S's  money : 

and  140  -  0?  =  £85  =  Cs  money. 
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Ex.  7.  A  and  B  play  together  for  a  stake  of  \28. :  if  A 
win,  he  will  have 'thrice  as  much  money  as  B;  but  if  he  lose, 
he  will  have  only  twice  as  much  :  how  much  does  each  possess 
at  first  ? 

Let  Of  denote  A'^s  money  at  first  in  shillings : 

^  +  12 
then,  =  iff 's  money  after  losing  12«.  to  A  : 

3 

^  +  12               a?  +  48 
.-. 1- 12  = «=  S's  money  at  first : 

also,  a?  -  12  =  ^^s  money  after  losing  12s, : 

and H  12  = =  ^'s  money  after  winning  12s, : 

3  3 

fw  4-  84\ 
whence,  ^  -  12  =  2  I j ,  or  3d?  -  S6  =  2a?  +  l68  : 

.-.  w  =  l68  +  36  =  204«.  =  A'*s  money  at  first : 

_    cT  +  48       204  +  48       252 
and  = = =  84is,  —  B  s  money  at  first. 


Ex.  8.  An  egg-merchant  meeting  with  three  customers, 
sells  to  the  first  of  them  half  of  his  stock  and  one  egg  more : 
to  the  second  he  disposes  of  half  the  remainder  and  two  eggs 
more  :  and  to  the  third  half  of  what  he  then  had  left  and  three 
eggs  more,  when  he  finds  that  he  has  parted  with  his  whole 
stock :   what  number  of  eggs  had  he  at  first  ? 

Let  Off  =  the  number  he  had  at  first : 

,',  - -  +  1  =  the  number  sold  to  the  first  customer  : 
2 

•2? 

and    .*. 1  =  the  number  then  left : 

2 

«27         1 

also, +  2  =  the  number  sold  to  the  second  customer : 

4        2 
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and    .*. 2  =  the  number  then  remaning : 

4     2  ® 

CO       1 

again, 1+3  =  the  number  sold  to  the  third  customer : 

8       4 

X      1 
and    .•. 1  —  3  =  0,  by  the  question : 

whence,   x  =  34,  the  required  number. 

Ex.  9.  A  person  disposes  of  turkeys  at  as  many  shillings 
each  as  the  number  he  has,  and  returning  back  l«.  finds  that 
if  he  had  had  one  more  to  sell  on  the  same  condition,  and  had 
returned  back  2«.,  he  would  have  received  20«.  more  by  the 
transaction :  what  number  did  he  dispose  of? 

Let  x  denote  the  required  number : 

.'.  07^  —  1  =■  the  number  of  shillings  received : 

also,  (iT  -f  1)^  -  2  =  «»^  -f  2ti?  -  1  =  the  number  of  shillings  he 
would  have  received  on  the  second  hypothesis :  whence,  by  the 
question,  we  have 

a?*-f-2a?-l=a7^-l  +  20,  ora?  =  10; 

that  is,  10  is  the  number  he  disposed  of,  and  the  result  is  very 
easily  verified. 

Ex.  10.  If  A  and  B  can  do  a  piece  of  work  in  m  days ; 
A  and  C  in  n  days :  and  B  can  do  'p  times  as  much  as  C  in 
a  given  time  :  find  the  time  in  which  B  and  C  can  do  it. 

Let  a  denote  the  proposed  work  : 
.*.  —  =  the  work  done  by  A  and  B  in  one  day : 

-  =  the  work  done  by  A  and  C  in  one  day : 
n  ''  '' 

let  X  represent  the  time  in  which  C  alone  can  do  it : 
.«.  -  =  the  work  done  by  C  in  one  day : 
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and   —  =  the  work  done  by  B  in  one  day : 
w 

whence,  — —  =  the  work  done  by  B  and  C  in  one  day : 

w 

and  the  required  number  of  days  =  a  -?•  — —  « 9 

^  ^  w  p+1 

which  is  therefore  independent  of  the  whole  work  done : 

alsoy — I-  -  =  work  done  by  A  and  C  in  one  day  =  — ; 

m       30       w  n 

which  gives  immediately,  w  ^^  (i'  *"  1) 


n-'in 


.-.  the  required  time  = =    )  ( 1  . 

If  p  be  greater  than  1,  this  result  will  be  accordant  with 

the  views  of  arithmetic,  provided  be  positive,  or  n  be 

greater  than  m:  and  that  this  ought  to  be  the  case,  will 
appear  firom  considering  that  if  B  can  do  more  work  than  C 
in  a  given  time,  A  and  B  can  do  more  than  A  and  C  in 
a  given  time,  and  consequently  that  m  is  less  than  ni  and 
ties  f>ersd. 

If  p  s  1,  we  shall  manifestly  have  m  =  ti,  by  the  same 

mode  of  reasoning :   and  the  required  time  is  expressed  by  - , 

which  being  indeterminate^  or  capable  of  any  value  what- 
ever,  shews  that  the  conditions  of  the  question  are  in  this 
case  insufficient  for  ensuring  its  solution. 

If  p  be  less  than  1,  and  n  be  greater  than  m,  the  value  of 

mn 

«  will  be  -  (1  -  p) : 

«-  m 

••.  the  work  done  by  C  in  one  day  =-  = ( )  : 

w  I -p \  mn  J 
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and  the  work  done  by  B  and  C  in  one  day 

(p  +  1)  a  (1  ^■p)a  (n  -  m^ 


+  1)  a  _      (1  -\-p)a  fn-mX 
X  \ -p    \  mn  ) 


and  the  latter  being,  by  article  (78),  less  than  the  former, 
proves  that  the  effect  of  £^s  exertions  is  to  impede^  and  not 
to  promote  the  completion  of  the  work. 

aUADRATIC    EQUATIONS. 

138.  Def.  The  equations  belonging  to  this  class,  being 
reducible  to  one  or  other  of  the  forms, 

^»  =  p,   or  a^^pof^qi 

it  remains  to  devise  general  methods  by  which  the  values  of  x 
may  be  determined  from  each,  the  former  being  styled  a  Pure 
Quadratic^  and  the  latter  an  Adfected  Qtiadratic  Equation. 

PURE    QUADRATIC    EQUATIONS. 

139.  From  the  equation  a^  =  p^  we  find  the  values  of  w 
immediately,  by  the  extraction  of  the  square  roots  of  both 

members,  which  gives  ^  =  ±  y/p :    that  is,  the  values  of  x 

are  +  y/p  and  —  y/p :  and  it  is  very  readily  seen  that  they 
both  satisfy  the  condition. 

Hence,  every  pure  quadratic  equation  properly  so  called, 
has  ttvoj  and  only  two  roots,  which  are  equal  in  moffnitttdej 
but  differ  in  their  algebraical  signs. 

Also,  if  a  and  —  a  be  taken  to  denote  these  two  roots, 
we  have  -  a^  =  —  |) ;  and  thus  the  equation  is  equivalent  to 

w^  =^  a^,   or  J?*  -  a*  =  0,    or  {x  -  a)  (a?  +  a)  =  0. 

Ex.  1.     Given  Sla;^  -  96  =  SQx^  +  96^  to  find  x. 

Here,   51  x"^  -  39x^  =^96  +  96,    or  12^?^  =  192 : 

whence,    a^  =  16,    and   .•.  a?  =  ±  4  : 

that  is,  the  values  of  x  are  4  and  —  4 ;  the  former  giving 
an  arithmeticaly  and  the  latter  a  symbolical  solution  of  the 
equation. 
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Ex.  2.     Given  \/j7  +  a  =  Vo?  +  \/6*  +  ob^^  to  find  x,  J 

Here,  we  have  J7  +  a  =*  ^  +  \/fe*  +  a?^,    or  a  •  vfe'*  +  o?^ :      * 
whence,    a^  =  6*  +  ^,   oo^  —  c?-}?^    and  .-.  a?  =  ±  \/a*  -  ft* : 
or,  the  two  values  of  x  are  +  \/a^-fc*  and  —  \/a^  -  6^*, 
which  become  identical,  if  the  signs  be  removed. 

140.     All  other  equations  reducible  to  the  form  a?"  =  p, 

may  evidently  be  solved  by  the  same  method  :  thus,  w  =  v  jo, 
the  double  sign  ±  being  used,  when  m  is  an  even  number. 

Ex.     Given  a  =  W  o^  +  \y of"  -  a',  to  find  a?. 
Here,    o^  =  ^p*  +  \/a?'  -  a* :    ,\  a?  -  oF  =  y/af^  -  a® : 
whence,    a*  -  2a' a?*  +  afi  ^  a/^  -  a^,    or  2a' a?*  =  2a' : 
.*.  a^'^cPy    and  w^a^  by  evolution. 

ADFECTED  QUADBATIC  EQUATIONS. 

f         141.      To  mv6«^^a^e  /Ae  solution  of  an  adfected  quad- 
^  ratie  equation^  by  completing  the  square. 

Let  «*  —  pa  =  g,  be  the  equation  reduced  to  its  proper 
form,  and  suppose  r  to  be  the  quantity  which,  added  to  both 
its  members,  shall  render  the  former  a  complete  square,  so 
that  «*  -  pa  +  r  =:  q-^r:  then,  extracting  the  square  root  by 
the  ordinary  process, 

a^  —  pof  +  r(jv  -  ^p 


2a?  -  ^pj  -  pw  +  r 

-P^  +  JP^ 

r-ip' 

we  must  manifestly  have  ^  -  :Jp^  =  0, 
which  gives  r  =  ^p^  =  (-  ^pY : 


0 
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that  is,  in  an  adfected  quadratic  equation  reduced  to  its  proper 
form,  the  quantity  to  be  added  to  both  members  to  render 
the  former  a  complete  square,  is  the  square  of  half  the  co- 
efficient of  the  second  term: 

whence,    a?  —pw  '\- ^p^  ^^p^  •\- q\ 

and    ^  =  ^  (p  =fc  y/p^  +  4g). 

142.  Cob.  1.     In  the  preceding  article,  we  have  found 
the  values  of  a?  to  be 

I  (p  +  y/p^  +  47)  and  \{p- \/p^  +  4^) : 

from  which  it  appears  that  every  quadratic  equation  pro- 
perly so  called,  has  two^  and  only  two  roots. 

143.  CoE.  2.     We   may   hence   express    any   quadratic 
equation,  as  a^  —  pof  +  q=:Oj  in  terms  of  its  roots. 

For,  proceeding  as  before,  we  find  the  values  of  w  to  be 

i  (jP  +  y/p^  -  4jg)    and   ^  (p  -  \/p^  -  4g)  : 
and  denoting  these  roots  by  a,  /J  respectively,  we  have 

a  +  /3  =  ^  (p  +  Vp*  -^q)  +  i  (p  -  \/p^  -  ^9) 

whence,  the  equation  a?*-pa?  +  qr  =  o,  is  manifestly  equiva- 
lent to 

where  the  coefficient  of  the  second  term,  with  its  sign  changed, 
is  equal  to  the  sum  of  the  roots,  and  the  third  term  is  equal 
to  their  product. 

This  conclusion  will  be  found  to  be  of  great  utility  in 
the  various  applications  of  Algebra  to  other  subjects. 
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144.  CoE.  3.  Since  «r*  -  (a  +  )3)  a?  +  a/3  =  0,  is  equiva- 
lent to  (^  -  a)  (^  -  )3)  =  0,  the  roots  of  the  equation  will  at 
once  be  manifest,  whenever  it  can  be  expressed  in  the  latter 
form,  by  making  successively, 

^  *  a  »  0,  or  a?  =  a,    and  a?  -  )3  =  0,  or  w  =  (i. 

146.  CoE.  4.  If  the  equation  be  «r*  -  pof  +  g  =  o,  and 
p*  =  4g,  we  have  a  =  ^p,  and  )3  =  -^p:  and  therefore  the 
two  roots  are  equal:  if  j}^>4^,  the  values  of  a  and  /3  are 
both  positive  real  magnitudes:  but,  if  p^Kiiqy  the  values  of 
a  and  /3  are  both  imaginary  quantities,  and  the  equation 
is  incapable  of  an  arithmetical  solution. 

If  the  equation  be  a?*  -  pa?  —  g  =  0,  the  roots  are 

^(p  +  y/p^  +  ^q)   and   ^ (p  -  \/p^  +  4>q), 

which  are  both  real  magnitudes,  the  former  being  positive 
and  the  latter  negative,  whatever  numerical  relation  subsist 
between  the  values  of  p  and  q. 

146.  Cor.  5.  If  p^<4>qj  the  trinomial  w^  --  pw  +  q  can 
never  become  negative,  whatever  real  value  be  assigned  to  w : 
for, 

a^-pw  +  q^^a^-pw-^  ^p^  +  i  (4-5'  -  P^) 

and  both  these  quantities  are  essentially  positive,  independently 
of  the  value  of  w. 

147.  Cor.  6.  The  trinomial  ai^  -  pw  +  q,  may  be  re- 
solved into  its  simple  factors,  by  finding  the  roots  a,  )3  of  the 
equation  a^  —  pw  +  q  =  0:  for  then, 

w^  ^  pw  -{-  q  ^  (off  -  a)  (v  -  /3),  by  article  (144), 

where  any  value  whatever  may  be  given  to  «r,  because  the 
members  of  this  equality  are  identical. 

Ex.  1.     Given  a?*  -  6a?  +  12  =  4,  to  find  a?. 

.    First,  we  have  ,t?^  -  6a?  =  -  8  : 

R 
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then,  completing  the  square  by  adding  to  both  members  9, 
the  square  of  half  the  coefficient  of  the  second  term,  we 
obtain, 

whence,  extracting  the  square  roots  of  both  sides,  we  find 
^17  -  3  a  :^  1,  two  simple  equations : 

and    .-.  a?«s=fci+3  =  4  and  2. 

Hence,  also,  ^  —  6<a7  +  8  =  0,  having  the  roots  4  and  2,  it  fol- 
lows, by  the  last  article,  that 

a?^  -  6j?  +  8  =  (/r  -  4)  (a?  -  2). 

Ex.  2.     Given  a?^  +  7  a?  =  8,  to  find  a;. 

XT         ^      «         49      ^      49      32  +  49 

Here,  ar  +  7^  +  —  =  8  +  —  =  

'  4  4  4 

81 

4  ' 

7         9 
.'.  ^ +  -==«=-,  by  extracting  the  square  roots: 

^i,  9      7      2  9      7  16  ^ 

whence,    w  ss s-si,  or  = = =—8. 

2      2      2  2      2  2 

As  before,  we  shall  have  ^  +  7^  -  8  =  («r  -  1)  (^  +  8). 

Ex.  3.     Given =  ,  to  nnd  a?, 

4        Of  +  5  2^ 

Here,  multiplying  every  term  by  4^,  we  have 

8a?*  -  20a?      ^ 
7^ =  00?  —  14 : 

w  +  5 

8a?*  —  20a? 

whence,  a?  +  14  = ,  or  (a?  +  14)  (a?  +  5)  =  8a?*  -  20a?: 

a?  +  5 

that  is,  a?*  +  19^  +  70  =  8a?*  -  20a? : 

39 
.*.    7a?*  —  S9a^  =  70,  and  a^ a?  =  10 : 

7 


QUADRATIC    EQUATIONS.  131 


,      S9  (S9Y      ,^ 

.\  or or+l —     =10  + 

7  \14/ 


1521       I960  +  1521 


196  196 

3481 


196 


whence,  w =  ±  — ,  by  extracting  the  square  roots : 

59      39      98  59      39  20  3 

.«.  w  b:  —  4.  —  es  —  =»  7,  or  ar= +  —  = =  -1- 

14       14       14  14       14  14  7 

that  is,  the  values  of  a;  are  7  and  -  1  -: 

7 

and  .*.  a^ w  -  10  =  (a?  -  7)  (^  +  — )  . 

7  \         1 1 

Ex.  4.     Given  aca^  —  &c«r  •{■  adw  ^bd,  to  find  «r. 
Here,  dividing  every  term  by  ac,  we  have 

or  ^  I l^  =  —  : 

\a      cl         ac 

\a      c)         *  Vo      c/        ac     *  \a      c) 
4,bd      ,  /6*      26d      tpx 
4oc      *  Vo*       oc        cv 

whence,. -i(^-^)=:i=ig  +  ^: 

,    ^   .  ,  (b      d      b      d\       .  2b      b 

that  IS,  ,v  =i| +  -  +  -=1--=-: 

"^  \a      c      a      cj      ^  a       a 

,  .  (b       d      b      d\  ^  2d         d 
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As  in  the  preceding  examples,  we  have  here 

,       fb      d\         bd      f       b\   /       d\ 

or la? =  (a?  — )     a?  +  -). 

\a      cj         ac       \       aj   \       cj 

Ex.  5.     Given    \/ \/ =  2,  to  find  a?. 

Sw               cP  +  1 
Squaring  both  sides,  we  have 2  h =  4 : 

a?  +  1  Sx 

whence,  we  easily  obtain  o?^  -h  2  a?  s=  - : 

9  ^ 

.-.  or  +  2a?  +  1  =  - ,  and  a?  +  1  =  ± 


8  2\/2 

S  S 

from  which,  a?  =  —  1  + 7= ,  and  or  =  —  1 7= ,  two  irra- 

2\/2  2V2 

tional  roots. 

148.     If  an  equation  after  the  requisite  reductions,  as- 
sume the  form, 

a^  -  paf^  =  q: 

where  m  is  either  positive  or  negative,  integral  or  fractional, 
the  solution  may  be  effected  by  completing  the  square :  thus, 

OT^"  -  par  +  ^p^  =  J  (p2  +  4g)  : 
.-.  0?"*  -  \p  ==*=  ^  vp*  +  4g,  and  a7~  =  ^ (p  ± \/p*  +  4g) : 

whence,   a?  =  |^(p  =1=  y/p^  +  4g)|"»,   comprises   the   required 
roots. 

Ex.  1.     Given  a^  -  6aP  =  16,  to  find  a?. 
Here,  a?*  -  6a?^  +  9  =  16  +  9  =  25 : 

.•.  07^-3  =±  5,  and  a^  ^  S  or  -  2  : 
whence,  a?  =  84  =  2,  or  =  (-  2)4  =  -  y/^, 

Ex.  2.     Given  a?~*  -  9a?~*  +  20  =  0,  to  find  a?. 
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TT  4  ,        81         81  1 

Here,   x'^  -  9^-*  +  —  = 20  =  -: 

4         4  4 

.'.  X     — ==*=-j  and  a  *  =±  -  +  -  =5  or  4: 
2         2  2      2 

,       .      1  ,,11 

that  IS,  —  =  5  or  4,  and  .*.  ar  =  -  or  - : 
a?  5         4 

whence,  ^  =  ±  — 7^ ,  and  a?  =  sfc  - : 

'v/5  2 

and   the  equation  contains  two  rational,   and  two  irrational 
roots. 

Ex.  3.     Given  v^+  7\/a?=  II6,  to  find  w. 

Here,  7^^  +  a^  =«li6,  or  w^  +  -a?i  =  —  : 

7  7 


7         Vl4y        7       196 

3249 
196  ' 

whence,  a?i  +  —  =  ±  — ,  and  a?!  =  4  or : 

14  14  7 


1387 
2401 


/     29\*       707281 

.-.  af  =  4*  =  256,  or  0?  =(  -  —  I    = =  294 

V      7  /  2401 

If  this  equation  had  first  been  reduced  to  a  rational  form, 
the  same  values  of  w  would  have  been  obtained. 

149.  Many  other  equations,  which  by  the  ordinary  re- 
ductions, would  rise  to  higher  dimensions  than  what  are 
Properly  comprised  in  this  class,  may  be  solved  by  completing 
Ae  square,  provided  they  can  be  made  to  assume  the  form, 

^here  y  involves  the  unknown  symbol,  or  its  powers  and  roots, 
comhiaed  with  known  quantities :  but  as  no  general  directions 
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can  be  given  in  addition  to  what  have  already  been  laid  down, 
the  student  must  rely  upon  his  own  judgment  in  the  choice  of 
the  process  which  he  may  adopt. 

Ex.  1.     Given  2a?*  +  '\/2^+  1  =  11,  to  find  x. 
Adding  1  to  both  sides  of  the  equation,  we  have 

(SoT^  +  1)  +  \/2a?*+  1  =  12  : 

.'.  considering  2^  +  1  in  the  place  of  the  simple  symbol  y, 
we  shall  have 

(2a?2  +  l)  +  x/2<i'«+l+-=~: 

4         4 

.-.  \/2«»^  +  1  +  -  =  =fc  -,  and  '\/2a?*  +  1  =  3  or  -  4 : 

15 
whence,   %(jr  +  1  =  9  or  16,  ^  =  4  or  — : 

2 

and  the  values  of  x  are  ±  2,  and  ±  \  y/so, 
two  rational  and  two  irrational  roots. 

Ex.  2.   Given  ^(l+xf  -  \/{\-wy  =  V^H^,  to  find x. 
Dividing  both   members   by  v  (l  -  ^)S  we  have 


2  _  .     1  2 


/l+a?\«  /^l  +a?^m  /l+a?\«      /I  +  a?\s 

Vl  -W    "    "  U  -W    '    °^    Vl  -0})    "  Vl  -  j?j 

2  1 

,  (I  +  a?\5;      /I  +  a?\m     i      5 

whence,    ( 1    -    +  -  =  -  : 

Vl  -  ^/  \l  -x)        4       4 

whence,    = — ^ ,  two  simple  equations, 

(l±v^)'"-2"* 
which  give  ct?  =  .-  . 

(l±V5)    +2 
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150.  By  getting  rid  of  factors  common  to  both  the 
members  of  equations,  the  solutions  of  equations  of  highetr 
dimensions  may  frequently  be  obtained  by  the  preceding 
principles,  but  they  will  generally  be  subject  to  the  imper- 
fection mentioned  in  article  (136). 

Ex.     Given  a?*  -  7  a?  =  6,  to  find  w. 

By  adding  6w  to  both  members^  we  have 

a^  —  afss6w  +  6,    or  a?  (a?*  -  l)  =  6  (a?  +  1)  : 

whence,  dividing  both  sides  by  w  +  1^  we  obtain 

a?  (a?  -  1)  =  6,    or  a^  -^  a;  =  6: 

from  which  the  values  of  x  are  found  to  be  3  and  -  2 :  but 
in  this  example,  there  is  another  root  =  -  1,  which  has  been 
lost  sight  of  in  consequence  of  the  equal  division  by  0?+  !» 
the  proposed  equation  being  equivalent  to 

(a;  +  1)  (^p  +  2)  (a?  -  S)  =  0, 

which  is  satisfied  by  making  j?  =  -  1,  <v  =  -  2,  or  <r  =  3. 

151.  If  in  order  to  avoid  fractions,  we  leave  a  quadratic 
equation  in  the  form, 

and  multiply  every  term  by  four  times  the  coefficient  of  the 
first  term,  and  add  to  both  sides,  the  square  of  that  of  the 
second,  we  shall  have 

4a* a?^  -  4fabw  +  6*  =  4oc  +  fc^ 

whereof  the  former  member  is  a  complete  square : 

/ Tw        ,  6±\/4acH^ 

.".  2aw  -  6  =  ±  V  4ac  +  o  ,    and  w  = . 

2a 

Ex.     Given  7a?* -13  a?  =  2,  to  find  a?. 
Multiplying  all  the  terms  by  4  x  7  or  28,  we  have 

196a?*  -  364:0}  =  56  : 
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and  completing  the  square  by  adding  13^  or  169,  we  obtain 

196«r*  -  364w  +  169  =  225  : 

whence,    14a?  -  13  =  =fc  15,    and  «a?  =  2  or  — : 

7 

which  are  the  same  as  would  have  been  found  by  the  ordinary 
process. 

This  is  the  Hindoo  method  of  solving  quadratic  equations, 
and  may  be  found  in  the  Beej  Gunnit,  or  Beja  Ganita  of 
Bhdsker  Acharij^  a  famous  Mathematician  who  lived  about 
the  beginning  of  the  thirteenth  century. 
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152.  By  proper  attention  to  the  observations  and  direct- 
ions contained  in  article  (137),  problems  belonging  to  this 
head  will  be  algebraically  exhibited  by  means  of  equations 
of  the  second  degree,  or  such  as  are  reducible  to  the  second 
order  by  substitutions  or  other  artifices :  and  it  then  remains 
only  to  apply  the  rules  above  laid  down,  to  obtain  their 
solutions. 

As,  however,  every  equation  of  the  second  order  admits 
of  two  solutions  at  least,  of  which  it  frequently  happens 
that  only  one  will  answer  the  conditions  of  the  problem,  it 
may  be  observed  that  in  the  process  of  reducing  the  equa- 
tion to  the  proper  form,  a  new  condition  is  sometimes  intro- 
duced, and  a  corresponding  new  value  of  the  unknown  symbol, 
which  did  not  originally  belong  to  it :  or  that  the  algebraical 
equation  is  more  comprehensive  than  the  enunciation  of  the 
problem,  so  that  it  comprises  other  conditions  besides  those 
which  are  peculiar  to  the  question  under  consideration :  and 
consequently  it  will  be  necessary  at  last  to  reject  such  values 
as  are  excluded  by  the  nature  of  the  case,  as  will  be  seen  in 
some  of  the  following  examples. 

Ex.  1.  Find  two  numbers,  one  of  which  is  three 
times  as  great  as  the  other,  and  the  sum  of  whose  squares 

is  90. 
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Let  a  ma  the  less  number :    •*.  Sa  =>  the  greater : 

and  a^  +  9^^  *-  90,   or  lOa^  ^  9O9  by  the  question : 

whence,  ai^  =  9,    w  ^  ^S^   and  .•.  3a?  =  ± 9  : 

so  that  in  the  view  of  common  arithmetic,  the  numbers  re- 
quired are  S  and  9 :  and  the  negative  numbers  -  3  and  -  9, 
which  equaUy  satisfy  the  equation,  are  merely  the  results 
of  the  genefaUzMon  of  the  arithmetical  rules  in  Symbolical 
Algebra. 

Ex.  2.  Divide  12  into  two  parts,  so  that  the  square  of 
one  of  them,  may  be  fomr  times  as  great  as  the  square  of  the 
other. 

Let  w  s  one  of  the  parts :    .*.  12  -  or  s  the  other : 

whence,   cv'  «  4  (12  -  {ie)\  by  the  question : 

.*.  d7 «  :b  2  (12  -  ^)  =  24  -  2^,    or  a  -  24  +  2  J7 : 

the  former  gives  ^  s  8,   and   .*.  12  -  ^  s  4, 

which  are  the  arithmetical  solution: 

the  latter  gives  w  =  24,    and  .•.  12  -  a?  =s  -  12, 

which  answer  the  symbolical  condition. 

Ex.  8.  Divide  20  into  two  parts,  so  that  the  product 
of  thd  whole  and  one  of  the  parts,  may  be  equal  to  the  square 
of  the  other  part. 

Let  w  B  one  part :    .*.  20  -  a;  «=  the  other : 

whence,  20^  =  (20  -  aif  =  400  -  40a?  +  of : 

.V  «*  -  60af  e  -  400,   and  a^  -  60w  +  900  =  500 : 

which  gives  /p  -  SO  =  ±  10  \/5,    and  a?  =  30  :1s  10  y/s : 

that  is,  if  a;  «  SO  +  10\/5,   then  20  -  a?  =.  -  10  -  lOy/5: 

and  if  a;  =  SO  -  10\/55    then  20  -  a?  =  -  10  +  10\/5' 

The  former  of  these  solutions  is  evidently  symbolical :  and 
the. latter,  which  makes  the  required  parts  to  be  SO  -  10 vi 

s 


y 
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and  10  V^**  1^9  shews  that  the  proposed  parts  cannot  be 
whole  numbers,  or  even  rational  quantities,  which  alone  are  the 
'primary  objects  of  arithmetical  computation. 

Ex.  4.  Divide  a  into  two  parts,  whose  product  shall 
be  V. 

Let  OB  ^  one  part,  and  therefore  a— a? = the  other :  whence, 

^  (  a  —  a?),  or  ais  ^a?  ^  6',  by  the  question : 

and  this  solved,  gives  ai^\{a^  y/a^  —  46^) :  that  is, 

w  ^\{a^^/a^  -  46^)   and  a  -  J7  s  ^  (a  7  \/a*  -  46*), 

are  the  parts  required :  and  it  is  observable  that  the  two  parts 
are  the  same,  whether  the  upper  or  lower  sign  of  the  radical 
quantity  be  used. 

The  forms  of  these  results  enable  us  to  assign  the  limits 
under  which  the  problem  is  possible :  for  it  is  evident  that  if 
46*  be  greater  than  a',  \/^^Ilb^  becomes  imtxginaryj  and  thus 
the  two  parts  are  unassignable,  according  to  the  principles  of 
Arithmetic ;  that  is,  no  such  parts  can  be  found :  and  the  ex- 
treme possible  case  will  manifestly  be,  when  \/a*-  46*  =  0,  so 
that  ^  s  -^a,  a  -  wss^a^  and  V  s  ^a'  is  the  greatest  possible, 
as  in  article  (46). 

Ex.  5.  If  the  sum  of  two  magnitudes  he  2  a,  and  the 
sum  of  their  cubes  26^:  find  them. 

For  the  purpose  of  avoiding  equations  of  a  higher  order 
than  the  second,  let  2w  represent  the  difference  of  the  required 
magnitudes :  then,  by  article  (44),  they  are  a  -^  w  and  a  -  4^: 

.-.   (a  +  wy  +  (a  -  wy  =  2V,  or  a*  +  8  aa^  «  V, 
which  gives  . 

a-^-  (V  ss  a+  \/ ,  and  a  —  a?  =  o  -  \/ — . 

3a  8a 

In  order  that  these  magnitudes  may  be  assignable,  it  is 
inanifest  that  6  must  not  be  less  than  a :  and  the  extreme  case 
which  the  problem  is  capable  of  an  arithmetical  soIatiaDy 
be  when  &«  a,  and  therdfore  the  magnitudes  are  equal. 


\ 
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Ex.  6.  Of  a  number  of  bees,  after  eight-mnths  and  the 
square  root  of  half  of  them,  had  flown  away,  there  were  two 
remainiDg:  what  was  the  number  at  first? 

For  the  sake  of  avoiding  irrational  forms,  let  2  cf  represent 
the  number  of  bees  at  first :  then, 

+  ^  +  2  =  2  OJ*,  by  the  question  : 

•J 

.'.  16a?  -  72^  +  81  =  225,    and  4a?  -  9  =  ±  15  : 

from  which  the  values  of  co  are  found  to  be  6,  and  -  l^ :  and 
the  latter  value  being  excluded  by  the  nature  of  the  case,  the 
number  of  bees  must  b^  2  x  6* »  72. 

Ex.  7*  A  farmer  purchased  a  number  of  oxen  for  £ll2, 
and  observed  that  if  he  had  had  one  more  for  the  same  money, 
each  of  them  would  have  cost  him  £2.  less:  required  the 
number  he  purchased,  and  the  price  of  each. 

Let  w  s  the  number  of  oxen  purchased ; 

112 
.'.  =  the  price  of  each  : 

OS 

also,  according  to  the  farmer^s  observation,  if  the  number  pur- 
chased had  been  a?  +  1,   the  price  of  each  would  have  been 

112  ,  /  X  /112       \  ,       , 

2 :    whence,  (a?  +  1)  ( 2 )  =  112,  by  the  question : 

and  this,  by  reduction  becomes 

a?2  +  a?  =  56 : 
which  solved,  gives  w  ^1^  and  a?  =  -  8. 

Hence,  from  the  problem  considered  only  in  an  arithmetical 

point  of  view,  we  find  the  number  of  oxen  to  be  7$  and  there- 

112 
fore  the  price  of  each  will  be  —  =  £16. 

In  this  instance  -  8  the  second  value  of  a?,  as  found  above, 
though  it  does  not  fulfil  the  condition  of  the  problem,  at  the 
same  time  that  it  satisfies  the  equation  expressing  it,  is  never- 
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theless  not  without  a  significant  meaning,  as  we  shall  now 
shew:  for,  the  negative  symbol  -or  being  supposed  to  represent 
the  negative  root  -  8,  the  algebraical  expression  of  the  pro- 
blem becomes 

(-a?  +  l)( 2j=  112,  or  {w  -  1)  [ —  +  2  )  =  112, 

and  this  being  again  translated  out  of  symbolical,  into  common 
language,  manifestly  gives  the  following  problem : 

*'A  farmer  purchased  a  number  of  oxen  for  £ll2,  and 
observed  that  if  he  had  had  one  fewer  for  the  same  money, 
each  of  them  would  have  cost  him  £2.  more:  required  the 
number  he  purchased,  and  the  price  of  each;^ 

so  that  each  of  the  algebraical  equations  above  found,  com- 
prehending both  these  problems,  is  more  general  than  the- 
enunciation  of  either,  and  at  the  same  time,  furnishes  ah 
arithmetical  and  symbolical  solution  of  the  two. 

SIMULTANEOUS  EQUATIONS. 

153.  Def.  From  what  has  been  already  said,  it  is  evi- 
dent that  the  value  of  any  one  of  the  symbols  concerned  in  an 
equation  is  entirely  dependent  upon  the  values  of  the  rest, 
and  it  can  become  known^  only  when  those  of  the  rest  are 
given  or  assigned. 

If  then  there  exist  at  the  same  time,  two  or  more  equations 
established  among  the  same  symbols,  it  is  obvious  that  the 
determination  of  any  one  of  them  cannot  be  effected  without 
reference  to  the  assignability  of  the  rest:  but  the  processes 
already  explained  will  generally  enable  us  to  make  such  modi- 
fications and  changes,  that  one  or  more  of  the  unknown  quanti- 
ties shall  not  be  found  in  the  equations  which  result. 

Quantities  thus  treated  are  said  to  be  eliminated  or  ewter- 
minated:  and  when  the  numbers  of  equations  and  unknown 
quantities  are  properly  adjusted,  it  is  manifest  that  the  given 
equations  may  all  be  reduced  to  one  final  equation  comprising 
only,  one  unknown  symbol. 
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Equations  thus  connected  with  each  other  are  termed 
SimtManeous  Equations^  and  it  will  shortly  appear  that  two 
equations  not  derivable  from  each  other  by  the  fundamental 
operations  of  Arithmetic,  are  necessary  and  sufficient  for  the 
determination  of  two  unknown  quantities:  three  equations  for 
that  of  three  unknown  quantities:  and  so  on. 

We  will  illustrate  this  by  the  following  methods  usually 
resorted  to  for  the  solution  of  equations  of  this  description. 

154.  First  Method.  When  there  are  two  equations  in- 
volving two  unknown  symbols,  which  are  supposed  to  be 
identical  in  both,  it  is  evident  that  if  either  symbol  be  expressed 
in  terms  of  the  other  by  means  of  both  equations,  and  its  values 
be  then  equated  to  eadi  other,  the  equation  resulting  will  com- 
prise only  one  unknown  quantity,  and  may  be  solved  by  the 
principles  above  explained. 

Ex.  1.  Given  ^  +  y  »  9^  and  3^  +  5y  =  S5^  to  find  w 
and  y. 

Bepresenting  these  equations  in  order  by  (l)  and  (2),  we 

S5  --  5y 
have  from  (l),  a;  =  9  -  y :  from  (2),  us  = :    whence, 

9  .  y  a. ? ,   an  equation  with  one  unknown  quantity : 

m 

.'.   27  -  Sy  =  35  -  5y,    2y  =  8,    and  y  =  4 : 

••.  . from    (l),  we  find   a?  =  9  —  y  =  9-4=r5: 

that  iBf  /v  B  5,  and  y  «  4  fulfil  simultaneously  both  the  equa- 
tions proposed. 

Ex.  2.     Find  the  values  of  w  and  y  in  the  equations: 

0^  +  2     y-/p  ,  2y-  3^ 

+  ' =2^-8,  and  — +  2y  =  3^  +  4. 

7  4  3 

Clearing  of  fractions  and  reducing  as  much  as  possible, 
we  have 

232  +  7y 


^m  (1),  69^-7y  =  232,  and  .•.  a?  = 


59 
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from  (2),     Sa?  -  2y  =5  -  3,  and  .*.  w  = : 

o 

232  +  7t/      2t/  —  3 
whence,  ^  «  -^^ ,  or  696  +  2Jy  =  118y  -  177: 

873 
••.  97y  =  873,  and  y  =  —  =  9  = 

.•.  from  (2),  a?  =  — =5 ss  —  =  5: 

^  ^  3  3  3 

that  is,  ^  s  5  and  y  » 9  are  the  values  required. 

Ex.  3.     Given   ^  +  y  =  34,  and  a?  -!S/wy  «  10,  to  find 
cV  and  y. 

From  (1),  y  =  S4-af:  from  (2),  y«  | — ^=-J  : 

/^-10\«      «^-.20af  +  100 
.'.  34  -  Of  =  I — 7=-)    = : 

whence,  34^7  ^aF^of  ^  20^  +  100,  or  9.0^  -  54^  =-  100: 

.'.  0^  -  27^  =  —  50,  an  equation  of  one  unknown  quantity: 

and  completing  the  square,  &c.,  we  have 


^-27.+(fy=(fy-5o 


529 

4  ' 


27         23  ,  23       27       50  4 

.•.  X =± — ,  and  ^==fc —  +  —  3  —  =  25,  or  =-  =  2: 

2  2  2         2        2  2 

also,  from  (1),  y  =  34  -  a?  =  34  -  25  «  9?  or  y  =  34  -  2  =  32: 
.-.  (B  =  25,  when  y  ==  9?  and  ^  =  2,  when  y  =  32: 


-        .      ^  =  251  _  07=    2l 

that  IS,  >,  and  >, 

y  =    9j  y  =  32  j' 


are 


simultaneous  solutions  of  the  equations  proposed,  the  latter 

being  symbolical^  because  y/wy  must  be  supposed  to  be  nega- 
tive, before  these  numbers  will  satisfy  them. 
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In  examples  of  this  description,  it  is  absolutely  necessary 
to  keep  the  -values  of  the  symbols  distinct  from  each  other:  for 
it  is  readily  seen  that  ^==25  and  y  =  32f  do  not  satisfy  the  pro- 
posed equations,  and  therefore  do  not  express  simultaneaus  or 
carrespandinff  values  of  the  unknown  symbols. 

155.  Second  Method,  When  there  are  two  equations  in- 
volving two  unknown  symbols,  if  the  value  of  one  symbol  be 
expressed  in  terms  of  the  other  by  means  of  either  equation^ 
this  value  substituted  in  the  other  equation,  will  manifestly 
reduce  it  so  as  to  involve  only  one  unknown  quantity,  to. 
which  the  usual  methods  may  be  applied. 

Ex.  1.  Given  7^  +  lOy  =  41,  and  ISw  -  lly  «  17,  to 
find  a  and  y. 

From  (1),  w  = :  and  by  substituting  this  for  w 

in  (2),  we  have 

/41  -  10y\ 
13  (^ ^j  -lly  =  17: 

.•.  533  -  207y  =  119,  by  reduction: 

414 
whence,  207f/  =  414,  and  .•.  y  ==  —  =  2:     • 
^  ^207 


and  from  (l)«  we  have 

41  -  lOy      41  -  20      21 
7  7  7 

that  isy  w^3  and  y - 2,  satisfy  both  the  equations. 

Ex.  2.     Given  uf  -{-ay^  66^   and  a?  -  y*»  11,  to  find  ar 
and  y. 

From  (1),  y- ,   and   .-.  j^=    )  : 

w  \     m     I 

.\  by  substitution  in  (2),  we  obtain 


^ 
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whence,  121^«  4356,  a^taSGy  and  ^=±6: 
also,  from  (2),  y*=  a?*- 11  «=  S6- 11  =  25,  and  .*.  ^=±5: 

and  here,  >,  >,  are  the  simultaneous  solutions, 

as  may  easily  be  verified. 

Ex.  3.     Given  Qaf-Sy,  and  af^j^^lQi  to  find  w  andy. 

2 
From  (l),  y^-wi  and  by  substitution  in  (2),  we  have 

27 
that  is,  Zlsf  -  8a?*=  19  x  27,  or  Ip***  19  x  27: 

2         2 
•%  z»*=5  27,  and  a;  =  3:  also,  y  =  -^  =  -(3)  =  2. 

whence,  ^s3,  and  Sfa2  satisfy  both  equations. 

156.  Third  Method.  When  two  equations  involving 
two  unknown  quantities,  are  reduced  to  their  simplest  forms, 
and  the  coe£Scients  of  either  symbol  are  rendered,  if  necessary, 
identical  in  both,  this  sjrmbol  may  evidently  be  exterminated 
by  addition  or  subtraction  of  the  corresponding  members  of 
the  equations,  according  as  it  has  different  or  the  same  alge- 
braical signs  in  both. 

Ex.  1.  Given  2/p  +  9y==20,  and  Ila7-3ys5,  to  find 
w  and  y. 

From      (1),    2^  +  9y  =  20: 

fipom  (2),  33^ -9ys=  15,  by  multiplying  by  3: 

.*.  by  addition,  SBos  =  S5j  and  w  ^li 

from  (l),  22^  +  99ya220,  by  multiplying  by  11: 

from  (2),  22^7-   6y  ^    10,  by  multiplying  by    2- 

.'•  by  subtraction,  105^^210,  and  y^Zi 
whence,  ^  s  i,  and  y  s?  2  are  the  required  answers. 


I 

\ 

i 
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Ex.  2.     Find  the  values  of  w  and  y  from  the  equations: 

4      5      9  ,5473 

-  +  -  =  -  -  1,  and  -+-=»-  +  -. 
x      y      y  w      y      X      ^ 

4       4  2       4      3 

From  (l),      -  =  —  1,  and  from  (2),  -  = : 

Of      y  ^  ^    a/      y      2 

4       4 

.*.  -  = 1,  from   (l)  : 

a?      y 

4       8 
and  -  x=  —  3,  from  (2)  : 
<a?      y 

whence,  by  subtracting  the  upper  from  the  lower,  we  have 

4  4 

0  =3 2,  -  =  2,   4  =  2v,  and  y  =  2 : 

y       y 

4       4  4 

also,  -  = 1= 1=2-1  =  1,  and  w  =  4. 

w      y  2 

In  such  instances  as  this,  when  we  have  found  the  values 
(tf  the  reciprocals  of  w  and  y,  those  of  oo  and  y  immediately 
become  known. 

Ex.  3.     Given    aiV  +  6v  =  c^,    and =  0,    to 

0  +  y      a  +  £e 

iBod  w  and  y. 

From     (2),   a^  +  aa:  -  b^  -  by  =  0: 
from     (l),  aa?         +  6y  =  c^: 

and  adding  together  the  corresponding  members,  we  obtain 

a^  +  2aa?  -  6^=  c^5  or  a?= : 

2o 

also,  subtracting  the  upper  from  the  lower,  we  have 

—  o*  +  6'+2oy  =  c^,  or  y  = r : 

2& 

and  it  may  be  worth  while  to  verify  these  results. 

T 
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157.  In  a  great  variety  of  equations  that  are  met  with 
involving  two  unknown  quantities,  the  ordinary  processes 
hitherto  described  may  frequently  be  dispensed  with,  and  re- 
course be  had  to  expedients  which  will  in  most  cases  abridge 
the  labour  of  solution.  The  discovery  of  such  expedients  must 
however  be  left  to  the  student^s  ingenuity,  and  some  of  the 
most  general  are  resorted  to  in  the  following  examples. 

Ex.  1.  Given  a?^  +  ^  =  52,  and  xy  =  24,  to  find  a? 
and  y. 

Here,  by  addition,  subtraction,  &c.  we  have 

a^  +  2a?y  +  y^  =  100,  a^  -  2wy  +  y*  =  4: 

.•.   0?  +  y  =  =*=  10,   and   «r  — y  =  ±2: 

whence,  we  find  20?  =  =fc  12,  and  ^  =  ±  6: 

also,  2y  =  =fc  8,   and  y  =  =fc  4: 

that   is,  >,  >,  are  the  corresponding  solutions. 

if  J  if  3 

Ex.  2.  Given  a^  ^  wy  ^  a^,  and  a?y  -  y*  =  6%  to  find  x 
and  y. 

From  (1),  w(x  -y)  =  a^:  from  (2),  y (a?  - y)  =  6^: . 
whence,  dividing  the  latter  by  the  former,  we  obtain 

y      ^         .  6' 

^  =  --,    and   y  =  ~  a?: 

w      a^  or 

.•.  by  substituting  this  value  of  y  in  (l),  we  find 

a^  — lO^  ''^  a®,  or  {cf  —  6*) a?*  =  o*: 
a 

whence,  ^  =  ±  —  ,  and  y  =  — -  a?  =  db 


Ex.  3.     Given  OT^y*  +  a?y*  =  156,  and  9.0^ \j^  -of^^  144) 
to  find  (js  and  y. 

Here,  .2?y*  +  t^•^y'  -  ^y^  «  12,  by  subtraction: 
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that  is,  a7y*(^  +  a?y-a?«)  =  12  =  — a?y*(ct^  +  J/*): 

13 

13a        7 
and  12y*  +  lSa?y  =  14«r%  or  y^  + y=--a^: 

JL<v  O 

whence,  completing  the  square  in  y^  we  obtain 

^         12  ^         576  6  576  576 

IS  29  .  2  7 

••.  v  +  —  a?=± — a?,  and  y  =  -  w.  or ti?: 

^24  24  ^3  4 

2 
assuming  ^  =  -  a?,  and  substituting  in  (1),  we  have 

3 

(4       1 6\  52 

-  +  — 1  =  156,  or  —  af"  =  156,  and  .-.  cc  =  3: 
9      81/  81 

2 
whence  is  obtained  y  =  -  a?  =  2: 

^      3 

7  • 

again,  if  we  take  y  =  —  a?,  the  same  operation  gives 

^  /49       2401\  ^  3185     , 

a^\—-\-  — -    =  156,  or  — --  a?  =  156: 
\16       256  7  256 


whence,  w  =  \/ ,  and  /.  y  =  —  a?  =  —  \/  - 


3072 
245  '  "  4  4     "      245 


Ex,  4.     Given  3<»*  -  4<t?y  +  y^  =  20,  and  2a;^  -  7^^  =  4,  to 
find  ^  and  y. 

Here,  3^  -  4a?y  +  y^  =  20  =  4x5  =  10.2?^  -  S5y^ : 

1  7 

.•.  S6j^  —  4a7y  =  7^5  and  y^  -  -  ii?y  = -— .x-^ : 

1                 7 
ccmipleting  the  square,  &c.  we  obtain  y  =  -  ct?,  or w: 

Z  lo 
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substituting  these  values  in  (2),  we  have 

7 
2a? — a?^  =  4,  A'*  =  l6,  a?  =±4,  and  .•.  y=±2: 
4 

o      3^3    ^  36  ,  14 

also,  9,ar or  =  4,  .*.  a?  =  =t  — t=  ,  and  ^  ==f 


324  V305  \/305 

Ex.  5.     Given  a?  +  y  +  —  =  20,  and  a?-  +  ^  +  ^.  =  140,  to 

find  .r  and  y. 

Dividing  the  members  of  the  latter  equation  by  the  cor- 
responding members  of  the  former,  we  have 

•^  -  y  +  -  =  7  : 

f 
also,  .2?  +  y  +  —  =  20 : 

w 
.*.  by  subtraction,  2y  =  13,  and  y  =  6^: 

^.        ij.  .  2y2  169 

also,  by  addition,  ^o?  +  — '  =  27,  or  2a?  + =  27: 

•^  a?  2a? 

.-.  40?-  -  5407  =  -  169,  and  a?  =  ^  (27  =t  \/^^)  : 

so  that,  0?  =  ^  (27  +  y/^)\     ^  =  ^  (27  -  \/53)l 

are  the  solutions  of  the  equations. 

Ex.  6.     Find  the  values  of  x  and  y  from  the  equations: 
(po-\-y)~^''(oB-yY^=a~^-h~^^  and  a'^{w -{-yy^ -{-h'^^w  —yY^h 
Multiplying  together  the  corresponding  members,  we  have 

1     1     1  /a?  +  yy    w«a?-yy    1     1 

^  "  6^  "  a^  U-y/    "^  6^  U  +  y/    ^a'^'h^' 


i  (f^y  =  1  f^^V,  or  -  {'^'^y\  =  iff^)  : 
d?\x-y)        l?\w  +  yl^         a  Kw-yj       b\x  +  y)' 

,..  (x' -  y)^  =  -  (t?  +  y)' :   and  by  substitution  in  (2), 
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we  find  5^ f^  +  ^ — f^  =  1,  or  {x  +  yf  = 


o*  o6  a  +  6 

whence,  a?  +  y  =  =*=     .  ,  and  ^  -  y  =  ±      .  : 

a  vfe  +  6  va         y/  ab  {y/ a  +  \/6) 
/.  X  ^^ y  —  =  =t ; 

2va+6  2va+6 

2va+6  2va+6 

irhich  are  both  real,  whatever  be  the  relative  values  of  a  and  6. 

If  —  I 1  =  -  T  ( 1 5  we  have  (x-yY  = (x+  yY: 

a\x-y}  b\x  +  yj'  ^      ^^         a^      ^' 

and  by  substitution  in  (2)  as  before,  we  obtain 

{x  +  yY      (x  +  yY  r         N^       «'^ 

a  ao  0 " a 

a  y/  —  b  _  6  V  a 

.•.  tP  +  y  =  =fc      ,  and  ti?  -  y  =  =t  — ,_^r^  : 

V  a  —  6  V  a  —  6 

,                       ay/^-b  +  b\/a         \/ab  (\/—  a  +  \/o) 
whence,  a?  ==*=  — ^^^ =  ±  -^- ^      ,  —^ : 

2  va - 6  2  V a  - 6 

a\/  —b  —  by/a         \/ab(^\/ —  a —y/b) 
2  v^a  -6  2  \/o  -  6 

which  are  both  imaginary,  whether  a  be  greater  or  less  than  6. 
Ex.  7.     Find  the  values  of  x  and  y,  in  the  equations: 

»  +  \/8y*  -  11  +20?  =  7  +  2y-y^  and  \/sy  "X-\-  7= ^. 

a?-y 

From  (1),  y^  +  a?  -  7  +  \/3y^  +  2a?-  11  =  2y : 
.-.  2y^  +  2tV- 14  + 2  V^3y"  + 2<i7  -  11  =  4y: 
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.   .-.  (3y^+ 20?- 11) +2\/32^-  +  2a7- 11  =y-  +  4.y  +  3: 

whence,  completing  the  square  according  to  article  (14«9)>  and 
extracting  the  root,  we  have 

y/sy^  +  2a?-  11  +  1  =±(2^  +  2): 

using  the  upper  sign,  we  obtain 

3y^  +  2a?  -  11  =  y^  +  2y  +  1 :  and  a?  =  6  +  y  -  y' : 

whence,  3y  -  ci?  +  7  =  3y  -  6  -  y  +  y^  +  7  =  y^  +  2y  +  1 : 

a?  +  y        J 

.-.  «=  y/Sy  -  a?  +  7  =  y  +  1  : 

.*.  xy  =  y^  +  2y,  and  a?  =  y  +  2 : 
and  equating  the  two  expressions  for  a?,  we  have 

y4-2  =  6  +  y—  y^,  y^  =  4,  y  =  2,  and  .-.  a?  =  4. 

There  are  evidently  many  other  simultaneous  values  of 
w  and  y  which  will  satisfy  the  equations,  but  it  would  be 
no  easy  matter  to  find  them  all. 

158.  When  there  are  three  independent  equations  sub- 
sisting among  three  algebraical  symbols,  the  preceding  prin- 
ciples shew  that  by  means  of  two  of  them,  any  two  of  the 
unknown  quantities  may  be  expressed  in  terms  of  the  re- 
maining one ;  and  if  these  values  be  substituted  in  the  third 
equation,  it  will  manifestly  be  reduced  to  an  equation  with 
only  one  unknown  symbol,  which  may  be  treated  as  before : 
and  thus  it  follows  that  in  general,  three  independent  equa- 
tions will  be  both  necessary  and  sufficient  for  the  deter- 
mination of  three  unknown  quantities. 

Ex.  1.     Given  w  -^  ^y  +  S%  =  14,  2a?  -  3y  +  4iJf  =  8, 
and  3a?  +  4y  —  5sf  =—  4,  to  find  a?,  y  and  %. 

^  ,  X  i.         /  X  8  +  3y  -  4i2f 

From  (1),  a?  =  14  -  2y  -  3i2f :  from  (2),  a?  = : 

2 

8  +  3y-4^ 
.-.   U-'2y-3«= ,  and  28-4y-6^  =  8  +  3y-4;jr : 
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,                     20-2sf           ,                 58 -17sf 
whence,  y  =  ,  and  .•.  ob  = : 

^7  7 

.*.  by  substitution  in  (3),  we  obtain 

3  4 

-  {5S  -  17«f)  +  -  (20  -  2af)  -  5i^  =  -  4, 

which  being  reduced  and  solved,  gives  %  ^S: 

,  58 -17af  ,  20 -2;?? 

whence,  w  = «=  1 ,  and  y  = =  2 : 

7^7 

that  is,  ^r  =  1,  y  =  2  and  j?f  =  3,  satisfy  the  equation. 

This  method  of  solution  has  been  here  adopted  in  order  to 
evince  the  truth  of  the  principle  asserted  in  the  article,  but 
other  methods  will  be  more  convenient  in  particular  cases. 

Ex.  2.  Find  a?,  y  and'  z  by  means  of  the  following 
equations : 

OB  —  ay  -\-  a^x  —  a^ «  o ; 
07  -  6y  +  b^x  -  6^  _,  0 . 

w  —  cy  -^  (^%  —  c^  =  0. 
From  (l),     w  -  ay  —  a^z  +  a^ : 
(2),     w^hy  -Wz  -\-W: 
(3),     X  ^  cy  —  (?z  +  <?  ' 
.*.  ay  —  d^z  +  a^  rziby  —  b'z  +  b^ :  from  (l)  and  (2)  : 
ay  -  a^z  -^  a^  =  cy  —  <?z  +  & :  from  (l)  and  (3)  : 

and  y  =  (a  +  6)  «  —  (a^  +  a6  +  fe^)  :     (a) 
.'.  (a  "  c)y  =  (a^ '-  c^)z  "  (a^  —  c^)  : 

and  y  =  (a  +  c)  z  -  (a^  +  ac  +  (^)  :     (/3) 
whence,  equating  the  values  of  y  in  (a)  and  (j3),  we  have 
(a-\-b)z  —  (a^  +  ab  +  b^)  =  (a  +  c)  z  -  {a^  ■\-  ac  +  c^)  : 
.*.  (b  —  c)z  =  a(b  "  c)  +  {b^  —  c^),  and  z  =  a  +  b  +  c: 
also,  from  (a),  we  obtain 

y  =  (a  +  h)  (a  '\-  b  -{■  c)  -  {a'^  +  ah  +  h")  =  afc  +  ar  +  6c : 
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and  from  (l),  we  find 

a?  =  o  (ab  +  ac  -\-  be)  -  a*  (a  +  6  +  c)  +  a'  =  abc. 

Ex.3.     Given  bz  +  cy:=a,  az-^-cw^b^  and  ay-{-b,v  =  c, 
to  find  <r,  y  and  z. 

From  (l),     abz  +  acy  =  a^ : 
(2),     abz  +  fcco?  =  6*: 
(S),     acy  +  6ci»  «=  c^: 
.•.  by  adding  together  the  corresponding  members,  we  have 

2abz  +  2acy  +  9,bcx  =  a^  +  6^  +  c^ : 
from  (l),    2abz  +  2acy  =2a^: 

.'.  by  subtraction  of  the  corresponding  members,  we  find 

62  +  c^  -  a2 


^bcof  -  b^ -\- c^  "  a%  and  .•.  a?  = 


2bc 


similarly,  y  «= ,  and  z  = ; . 

2ac  2ab 

159.  It  has  been  seen  above  that  two  independent  equar 
tions  are  necessary  and  sufficient  for  the  determination  of  two 
unknown  quantities,  and  three  equations  for  three  unknown 
quantities:  and  the  kind  of  reasoning  employed  jjrill  prove 
that  n  independent  equations  involving  n  unknown  quantities 
are  necessary  and  sufficient  for  assigning  all  their  values. 

If  there  be  more  equations  than  unknown  quantities,  some 
of  them  will  evidently  be  redundant,  and  may  be  inconsistent: 
but  if  there  be  fewer,  the  values  of  all  the  symbols  will  be 
indeterminate,  or  be  assignable  only  by  assuming  the  values 
of  the  requisite  number  of  them  to  be  already  known. 

160.  Before  quitting  this  part  of  the  subject,  we  will 
explain  a  principle  much  used  in  the  higher  applications  o( 
Algebra,  and  shew  that  Elimination  in  all  cases  amounts  to 
Partial  Solution, 

From  the  nature  of  the  arithmetical  operations  employed> 
it  is  evident  that  no  symbol  can  be  got  rid  of  from  an  equation) 
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without  replacing  it  by  its  value,  ascertained  by  means  of  others 
with  which  it  is  supposed  to  be  connected. 

Ex.  1.     If  we  have  y  =»  a^x  +  6p  and  y  =  a^oi  +  6« : 

by  subtraction,  we  obtain 

(oj  -  aj)  a?  +  (62  -  61)  =»  0 : 

and  in  this,  y  has  virtually  been  replaced  by  its  value  in  terms 
of  x^  ascertained  by  means  of  the  two  equations  combined : 
and  moreover,  the  value  of  y  becomes  known,  when  that  of  w 
is  found,  which  may  be  done  by  means  of  the  equation  above : 
for, 

^  «  — = 

Also,       a^y  ^  aiO^x -\- d^bi'. 
u^y  a  aiO^x  +  ai&2 ' 

to  which  similar  observations  may  be  applied:  and  x  is  thus 

_  ,  I.       1    .  ^2  ^1 ""  ®i  ^2 

expressed  m  terms  of  y,  the  value  of  y  being  — . 

Ex.  S.     If  we  have  given  the  three  following  equations : 

a^w  +  62^  +  ^2^  "=  ^ 

then,    0102^7  + 0261  y  +  OsCiJ^TsOsd,,  from  (1): 
and  UiO^w -k- ttxh^y -{-aiCzX^a^dz^  from  (2): 

^^ce,  by  subtraction,  we  obtain 

(othi  —  ax  b^y  +  (^2^1  -  aiC^  z  =  a^d^  —  a^d^: 

VI  equation  involving  only  two  unknown  quantities:  and  the 
^  which  has  disappeared,  must  evidently  have  been  replaced 
"fits  proper  value  in  terms  of  them. 

Snnilarly,  (0,61  -Oi6s)y  +  {(hc^  '-  aic^)  %  ^  ti^di  --  aid^. 

V 


'** 
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Representing  these  two  equations,  for  brevity's  sake,  by 
B\y  -¥  CiX  =  Dj^  and  B^y  -^  C^x  =  D29 
and  proceeding  as  above :  we  shall  have 

B,B^y  +  B,C2X^B,Dt: 

whence,  by  subtraction,  we  find 

(^2  C^i  "  Bi  C2)  X  ^  B2  D\  —  Bi  D2 , 

an  equation  involving  only  one  unknown  quantity,  so  that  the 
two  others  have  in  reality  been  expressed  in  terms  of  the  one 
which  remains. 


Finally,    we  have  « 


B^Di'B.D^ 


B2  C 1  —  Bi  C2 

and  thence  the  values  of  w  and  y  may  be  found  in  similar 
forms. 
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161.  Any  two  or  more  of  the  letters  a?,  y,  «f,  &c.  being 
assumed  to  represent  the  magnitudes  that  are  required,  and 
the  question  being  translated  into  algebraical  language  as  be- 
fore directed,  the  number  of  independent  equations  thence 
arising  will  be  the  same  as  the  number  of  unknown  quantities, 
if  the  problem  be  determinate  in  its  nature :  and  consequently, 
by  the  methods  of  resolving  equations  just  given,  we  shall  arrive 
at  known  values  for  these  quantities,  and  thereby  at  the  solu- 
tion required. 

Ex.  1.  In  a  certain  employment,  nine  men  and  seven 
women  receive  together  £3.  11«.  2d.  for  their  wages;  and  it  is 
found  that  seven  men  receive  19«.  8d.  more  than  five  women: 
required  the  wages  of  each. 

Let  o)  and  y  represent  the  wages  of  a  man  and  a  woman 
in  pence: 
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£.     8*     d,  d. 


\  ,  by  the  question  : 


then,   9w  -^-ly  ^  S.  11.  2.  «  854 
7  Of  "By  =  0.  19.  8,  =  236 

from  (1),    63w -^  4^9y  =  ^97S  : 
from  (2),    63w  -  45y  =  2124 : 

.*.   by  subtraction,   94^  =  3854,  and  y  =  41d.  =  Sa.  5d  ' 
.'.    from  (2),    7a?  «=  236  +  5y  =  441,  and  w  «=  63d.  =  58.  3d. : 
that  is,  each  man  receives  58.  3d. ,  and  each  woman  38.  5d. 

Ex.  2.  A  wishes  to  pay  B  the  sum  of  £l2.,  but  has 
nothing  but  moidores,  and  B  has  nothing  but  guineas:  and 
the  total  number  of  pieces  which  pass  between  them  is  16: 
£nd  the  number  of  each. 

Let  w  =  the  number  of  moidores  A  pays  to  B : 
y  =  the  number  of  guineas  B  repays  to  A  : 

then,   ^  +  y  =  l6,  and  27a?  -  21y  =  240 : 

.'.    from  (2),    9a?  -  7y  =  80  : 

from    (1),    9a?  +  9y  =  144: 

/.   l6y  =  64,  and  y  =  4 :    and  therefore  a?  =  12 : 

that  is,  A  pays  to  B  twelve  moidores,  and  receives  back  four 
guineas,  which  evidently  discharges  the  debt. 

Ex.  3.  A  person  distributes  a  shillings  among  n  persons, 
pyiDg  p  pence  each  to  some,  and  q  pence  each  to  others : 
required  the  number  of  each. 

Let  w  and  y  denote  the  numbers  receiving  p  and  q  pence 
respectively :  then,  by  the  question, 

07  +  y  s  n,  and  pw  +  qy  =  12a : 
from  (1),     pop  -^  py  =  np 
(2),     jpa?  +  gy  =  12  a 


,  wo -12a 

•••    (P  -  fl')  y  =  ^P  -  12  a,  and  y  = 

*         '  p  —  q 
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from  (1),     qof  +  qy  ^  nq 
(2),     pof  -\-qy  ^  12a 

12a  —  nq 
•*•   (p  -  9)  ^  =  12a  -  wa,  and  x  = : 

that  \Sy  the  two  numbers  required  are  expressed  by 

12a  — wg           np  —  12a 
and   . 

p-q  P-9 

In  the  first  place,  it  is  evident,  that  in  order  to  be  con- 
sistent with  the  natural  conditions  of  the  problem,  both  these 
quantities  must  be  positive  whole  numbers :  that  is,  if  p  be 
greater  than  g,  both  I2a  ^  nq  and  np-  12a  must  be  exactly 
divisible  by  p  —  q,  at  the  same  time  that  they  are  both  positive 
quantities  :  and  to  ensure  this  last  condition,  we  must  have 

12a  ^nq  >  Of  and  np  —  12a  >  0 : 

12  a         ,                                    12  a 
.'.  nq  <  12a,  or  w  < ,  and  np  >  12a,  or  n> : 

q  P 

12a  12fl 

that  is,  n  must  be  intermediate  in  maffnitode  to and : 

q  p 

and  unless  this  is  the  case,  the  solution  is  merely  symbolicaly 
and  of  no  manner  of  use. 

Itp  be  less  than  g,  or  jp  -  9  be  negative,  we  must  have 

12a  —  wgr <  0,  and  np  -12a<0: 

12a  12a 

.-.  nq  >  12a,  or  n  > ,  and  np  <  12a,  or  n  <  —  : 

q  p 

12a  12a 

that  is,  n  must  still  lie  between  and  . 

q  p 

Ex.  4<.  Required  two  numbers  whose  product  is  equal  to 
the  difference  of  their  squares,  and  the  sum  of  whose  squares  is 
equal  to  the  difference  of  their  cubes. 

Let  <r  and  wy  represent  the  two  numbers : 

then,  ai^y  =  al^y^  -  ^,  or  y  «=  y*  —  1 : 

tT^y^H-  «!P*  =  a^y^  -  tP^,  or  y*  +  1  «s  wy^  -  of : 
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from  (l),  we  have  y  =  -J  (1  ±  \/5  )  : 

from  (2),  we  have  a?  =  -r = =  ;=-  =  sfc  i  v/  5 : 

^  y^-l         2y         2(1  ±xA)        ^ 

that  is,  a7=±-]^\/5,  and  a^y  =  =t  ^  (\/5  ±  5),  are  the  magni- 
tudes required:  and  these  results  shew  that  there  are  no 
nwnbera  properly  so  called,  which  satisfy  the  conditions  of  the 
question,  though  real  magnitudes  have  been  found  which  an- 
swer the  purpose. 

Ex.  5.     Find  two  magnitudes,  whose  sum,  product,  and 
the  sum  of  whose  squares  are  equal  to  each  other. 

Let  X  and  y  represent  the  required  magnitudes: 
then,  we  have  a?  +  y  =  a?y  =  tX*^  +  y* : 

from    (l),    X  =  — — ,  and  from  (2),  a?  =  ^y  (l  =t  \/  -  3)  : 

!  J- ,  which  gives  y  =  ^(3=F\/-S): 


y-1 

.\  a^  =  — ^=i(S±v^-3): 

and  these  imaginary  values  of  x  and  y,  which  will  be  found  to 
latiafy  both  the  equations  expressing  the  specified  properties, 
prove  that  there  exist  no  magnitudes  whatever,  which,  con- 
■tttently  with  any  view  of  Arithmetic,  can  answer  the  question 
proposed. 

Ex.  6.  A  tradesman,  in  purchasing  a  piece  of  stuiF,  finds 
^t  if  he  had  bought  a  yards  more,  at  h  pence  a  yard  less,  he 
Would  have  paid  the  same  sum :  but  if  he  had  bought  c  yards 
^liQre  at  d  pence  a  yard  less,  his  payment  would  have  been 
'  pence  less :  required  the  number  of  yards,  and  the  price  per 
yard. 

Let  w  B  the  number  of  yards,  and  y  =  the  price  per  yard  : 

then,  xy  =  (x  +  a)  (y  -  fe),  or  ay  -  bx  =  ab: 

also,   (x  +  c)  (y -  d)  =  A-y  -  e,  or  cy  -  dx  =  cd  -  e: 
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from   (l),     acy  ^bcx  =  abc: 
from    (2),     acy  —  adw  =  acd  —  ae : 

a  (be  "  cd  +  e) 


(ad  —  be)  w  =  abc  —  acd  4-  ae^  and  ^  = 


ad  —  be 


whence,  y= -:    and  thus,  both  the  number  of 

ad  —  be 

yards,  and  the  price  per  yard,  are  found. 

In  order  that  this  solution  may  accord  with  the  enun- 
ciation of  the  problem,  it  is  manifest  that  be  —  cd  +  e  and 
ad-ed^  e  must  be  both  positive,  or  both  negative,  according 
as  ad  is  greater  or  less  than  be. 

(a)  If  the  value  of  w  be  negative,  whilst  that  of  y  is  posi- 
tive, and   —  ^  be  put  for  ^,  the  two  equations  become 

(-  a?  H-  a)  (y  -  fe)  =  -  wy^  and  (-  a?  +  c)  (y  —  d)  =  —  ^y  -  c, 

which  are  respectively  equivalent  to 

(iT  -  a)  (y  -  fe)  =  a?y,  and  (a?  —  c)  (y  —  d)  =  a?^  -h  e : 

and  these  translated  into  common  language  give  the  following 
problem,  involving  ineonsistent  conditions. 

^^  A  tradesman,  in  purchasing  a  piece  of  stuiF,  finds  that 
if  he  had  bought  a  yards  fewer  at  b  pence  a  yard  less,  he 
would  have  paid  the  same  sum:  but  if  he  had  bought  c 
yards  fewer  at  d  pence  a  yard  less^  his  payment  would  have 
been  e  pence  more:  required  the  number  of  yards,  and  the 
price  per  yard.^' 

(/3)  If  the  value  of  w  be  positive,  whilst  that  of  y  is 
negative,  and  -  y  be  substituted  for  y,  the  two  equations 
become 

(a?  -f-  a)  (-  y  -  6)  =  -  a?y,  and  (a?  -h  c)  (-  y  -  d)  =  -  a?y  -  « : 

or,  (a?  +  a)  (y  +  b)  =  wy^  and  (a?  +  c)  (y  +  d)  =  a?y  +  e  : 

to  which  corresponds  the  following  problem  similar  to  the  last: 

^^  A  tradesman,  in  purchasing  a  piece  of  stuff,  finds  that 
if  he  had  bought  a  yards  more^  at  b  pence  a  yard  more^  he 
would  have  paid  the  same  sum :  but  if  he  had  bought  e  yards 


i 
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more^  at  d  pence  a  yard  more^  his  payment  would  have  been  e 
pence  more :  required  the  number  of  yards,  and  the  price 
per  yard." 

(y)  If  the  values  of  w  and  y  be  both  negative,  and  —  a? 
and  —  y  be  put  in  their  places,  the  equations  become 

(-  0?  +  a)  (-  y  -  fe)  =  (-  w)  (-  y), 
and    (-  a^  +  c)  (-  y  -  d)  =  (-  ^)  (-  y)  -  ^ : 
or   (47  —  o)  (jf  +  fe)  =  wy,    and  (w  —  c)  (y  +  d)  =  opy  —  e, 
which  express  the  conditions  of  the  following  problem  : 

"  A  tradesman,  in  purchasing  a  piece  of  stuiF,  finds  that 
if  he  had  bought  a  yards  fewer^  at  b  pence  a  yard  more^  he 
would  have  paid  the  same  sum  :  but  if  he  had  bought  e  yards 
fewer^  at  d  pence  a  yard  morey  his  payment  would  have  been 
e  pence  less:  required  the  number  of  yards,  and  the  price 
per  yard." 

Finally,  if  it  happen  that  ad^hc^  or  ad  -  be  =  0:  the 
reduced  equations  ay  —  bat  ^^  ab^  and  cy—dw  =  cd—  e,  become 

ay  ^bof  =  aby  and  cy oo  -  ed  —  e^    •••  d  =  —  : 

a  a 

.*.  aoy  —  bcac  =^abe^  and  acy  —  bcx  =  acd  —  ae\ 

the  former  members  of  which  being  identieal^  independently 
of  the  values  of  w  and  y,  the  latter  must  manifestly  be  equal 
to  each  other :  so  that  the  number  of  independent  equations 
il  insufficient  to  render  the  problem  determinate. 

In  this  case,  when  ad  =  bcy  and  abc  =  acd  —  ae,  we  have 

be  1 

he  —  cd  +  e  =  bc  - c k-e  =  -  (abc  -  bc^  +  ae)  : 

a  a 

1       .        ,  be        be  1  ,   ,        ,  « 

and  ad-cd  +  ets  a c —  +  e=  -  (abe -bcr -^  ae): 

a  a  a 

be 

also,  abc  =  acd  —  ae  —  ae ae^bc?  -  oe, 

a 

or  abc  —  fee*  +  ac  =  0 : 
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whence  it  follows  that  the  values  of  x  and  y  are  expressed 

in  the  form  - ,  from  which  no  conclusion  can  be  drawn :  and 
0 

in  fact,  this  very  form  is  a  general  indication  of  the  indeter- 
minate character  of  the  question  proposed,  under  such  cir- 
cumstances. 

Ex.  7*  A^  Bj  C  possess  certain  sums  of  money,  such  that 
if  A  receive  half  the  sums  of  B  and  C,  he  will  possess  £a: 
if  B  receive  a  third  of  the  sums  of  A  and  C,  he  will  possess 
£h :  and  if  C  receive  a  fourth  of  the  sums  of  A  and  J5,  he 
will  be  possessed  of  £c :  required  the  original  sums  of  each. 

Let  <r,  y^  z  denote  the  required  sums :  then  will 

^  +  -]^(y+»)  =  «»     or  2<r  +  2^  +  i^  =  2a: 
2^  +  -J  (^  +  iif)  =  fe,      or  3y  +  ^p  H-  »  =  3ft  : 
^  +  i  (^  +  y)  *=  ^9     or  4  J8f  H-  .t?  +  jf  «=  4c : 
from  which  we  immediately  find 

a?  =  —  (22a  -  pft  -  8c)  : 
17 

j^  =  —  (21ft  -4c-  6a): 

;jf  =  —  (20c  -  3ft  -  4a). 
17 

The  interpretation  of  the  results  obtained  in^  the  last 
example,  was  so  fully  dwelt  upon,  that  it  will  suggest  to  the 
student  how  to  modify  the  enunciation  of  this  problem,  so 
as  to  be  accordant  with  the  positive  and  negative  values  of 
^9  y^  ^9  which  may  arise  from  the  relative  magnitudes  of  the 
quantities  a,  ft,  c. 

For  some  additional  information  upon  the  subjects  of  this 
chapter,  see  the  first  Appendix:  and  the  student  is  further 
referred  to  Bland"^  Algebraical  Problems. 


CHAPTER  VII. 

EATIO,     PROPORTION     AND     VARIATION. 


RATIO. 

162.  Def.  Ratio  is  the  relation  which  subsists  be- 
tween two  quantities  of  the  same  kind,  the  comparison  being 
made  by  considering  what  multiple,  part  or  parts,  one  of 
them  is  of  the  other :  or,  it  is  the  arithmetical  value  of  one 
of  them,  when  the  other  is  regarded  as  the  unit. 

Thus,  if  a  and  b  be  any  two  quantities  whatever  of  the 

same  kind,  the  ratio  of  a  to  6,  will  be  represented  by  the 

a         ,      ,     , 
fraction  — ,  which  indicates  what  multiple,  part  or  parts,  a  is 
b 

of  6 :   or  it  is  the  Arithmetical  value  of  a  with  reference  to 

b  considered  as  the  unit. 

The  fraction  -  is  frequently  written  in  the  form  a  :  6, 

ID  which  a  is  termed  the  Antecedent^  and  b  the  Consequent  of 
the  ratio :  also,  a  :  6  is  said  to  be  a  ratio  of  Equality  when 
0^6:  and  to  be  a  ratio  of  Greater  or  Less  Inequality ^  ac- 
cording as  a  is  greater  or  less  than  b. 

163.  CoE.  1.  Hence,  the  magnitudes  of  ratios  may  be 
compared,  by  comparing  the  vulgar  fractions  which  express 
their  values. 

Thus,  the  ratio  of  a  to  6  is  greater   than,   equal  to,  or 

a 
less  than  the  ratio  of  e  to  d,  according  as  -  is  greater  than, 

b 

c 
equal   to,  or  less  than  —:  and  therefore  according  as  ad  is 

greater  than,  equal  to,  or  less  than  be. 

X 
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164.  CoE.  2.  Of  two  ratios,  if  the  antecedents  be  equal, 
the  ratio  is  the  greater  which  has  the  less  consequent :  and 
if  the  consequents  be  equal,  the  ratio  is  the  greater  which 
has  the  greater  antecedent. 

165.  A  ratio  of  greater  inequality  is  diminished^  and 
a  ratio  of  less  inequality  is  increased^  by  adding  the  same 
quantity  to  both  its  terms. 

Let  a  :  b  he  a  ratio  of  inequality,  and  suppose  w  to  be 
added  to  both  its  terms,  so  that  it  becomes  a  +  w:  6  -I-  a? ;  then, 
the  ratio  a  :  b  is  greater  or  less  than  the  ratio  a  +  w  :  6  +  ^S 

a   ,                                          (Z  +  tT 
according  as  -  is  greater  or  less  than , 

according  as  ab  +  aw  is  greater  or  less  than  ab  +  bw^ 

according  as  aw  is  greater  or  less  than  bw^ 

according  as  a  is  greater  or  less  than  b: 

that  is,  if  a  be  greater  than  6,  the  original  ratio  is  greater 
than  the  new  ratio,  or  the  ratio  has  been  diminished  :  and 
if  a  be  less  than  6,  the  original  ratio  is  less  than  the  new 
ratio,  or  the  ratio  has  been  increased. 

166.  A  ratio  of  greater  inequality  is  increased^  and 
a  ratio  of  less  inequality  is  diminished^  by  subtracting  a 
quantity  less  than  either  of  th&m  from  both  its  terms. 

Let  a^  00  :  b  -\-  w  be  the  proposed  ratio ;  and  suppose 
tV  to  be  subtracted  from  both  its  terms  so  that  it  becomes 
a  :  b:    then,    a  +  w  :  b  +  w    is  greater   or  less    than  a  :  i, 

according  as   - — —   is  greater  or  less  than  — , 

6+>  b 

according  as  ab  +  bw  is  greater  or  less  than  ab  -^  aWy 

according  as  bw  +  (x?  is  greater  or  less  than  aw  +  a?*, 

according  as  b  +  w  is  greater  or  less  than  a  +  w. 

This  proposition  might  have  been  established  in  the 
same  manner  k     "^^e  last :    and   if  the  quantity  subtracted 

I 

\ 
\ 

\ 
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firom  the  terms  be  greater  thaq  ^tf^r  of  them,  or  the  resulting 
ratio  be  of  a  symbolical,  form,  the  enunciated  p^perty  no 
longer  holds  good.  *  '^    '*  -"^A  "*        \ 

167.  Dbf.     If  tne^anttcedents  of  two  or   more  ratios 
be  multiplied  toglther^for^a  new  anteccddnr,"  ilnd  their  con-  * 
sequents    be   miHtmlied   togethW  for,^-a  new  consequent,  the 
resulting  ratio 'is  md  19^  compounded  of\][he  others,  and 
is  sometimes  termed  their  sum,        ^^^  <>»    v  '».     ^  ^ 

any  ratios  :    their  . 
compound  ratio  will  be  ace  &c.  :  bdf  &c.,  \ 

ace  &c. 
h  df  &c. 

168.  Cor.  1.  If  the  antecedent  of  the  succeeding  ratio 
be  always  the  consequent  of  the  preceding  one,  so  that  a  :  6, 
&  :  e,  c  :  d,  &c.  a?  :  y  are  the  ratios ;  then  the  compound 
ratio  will  be 

ahc  &c.  w      d 

abc  &c.  Of  :  bed  &c.  y  =  ; — r— ; =  -  =  a  :  y: 

bed  &c.  y      y 

or  the  ratio  of  the  first  antecedent  to  the  last  consequent. 

169.  Cob.  2.     If  the  ratio  a  :  b  he  compounded  with 

a  V 
the  ratio   w  :  y,    there    results    the    ratio    aw  :  by  =i  -— , 

by 

vbich  is  greater  or  less  than  a  :  ^  ==  -7 «   according  as  w  is 

pester  or  less  than  y. 

Kwssy^  the  ratio  is  not  altered,  as  also  appears  from  (l) 
of  article  (10). 

170.  Cob.  3.  If  there  be  m  ratios  each  equal  to  a  :  6, 
the  compound  ratio  will  be 

aaa  8ec.  to  m  factors  :  bbb  &c.  to  m  factors  =*  a*"  :  6"* : 

^  if  m  be  assumed  equal  to  1,2,  3,  &c.  in  succession,  the 
'ttulting  ratio  is  styled  the  simple,  duplicate^  triplicate,  &c. 
Mio  of  a  :  6 ;  and  sometimes,  its  single,  double,  treble,  &c. 


164  RATIO. 

By  an  extension  of  this  kind  of  notation  and  nomenclature, 
the  ratios  expressed  by  ai  :  bi,  ai  :  bi^  &c.  are  termed  the 
subdtiplicatey  subtriplicatey  &c.  ratio  of  a  :  6,  and  in  some 
cases  the  halfy  third,  &c.  of  it. 

The  ratio  ai  :  bi  is  called  the  sesquiplicate  ratio  of  a  :  6. 

lyi-     Cob.  4.    Hence  the  indices,  2,  3,  &c.  m:  ^9  ^9  &c. 

— ,  are  sometimes  called  the  measures  of  the  corresponding 

ratios. 

172.  If  ^  :  a  be  any  ratio,  wherein  w  is  small  compared 
to  a :   then,  since 

a      aw      aa^ 

it  follows  that  x^  is  small  compared  with  aw:  a^  compared 
with  aa?'.  and  so  on. 

a^       (w\^      w      w 
Also,  since  --=(-)    =-x-,we  have 

a        \al        a      a 

a?       w  •  w  sf      w      w 

T"  -r"i,    ur— ;.         —         •*» 

a'^       a      a  cr      a      a 

and   because  w  is  small  compared   with  a,   and  therefore    — 

a 

small  compared  with  1,  it  follows  that  -r  is  small  compared 

a 

1? 
with  -  ,  and  a  fortwri,  much  smaller  compared  with  1. 
a 

Similarly,  it  may   be  shewn   that  —  is   small  compared 

with  — : ,  and  much  more  so  compared  with  -    and  1 :    and 
d^  a 

so  on. 

w     a?     dfi 
In  cases  of  this  kind,  the  quantities  - ,  -7,  -75  &c.  are 

a     €r    c^ 

sometimes  termed  small  quantities  of  the  firsts  secandy  third} 
&c.  orders. 
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173.  If  the  difference  between  the  antecedent  and  con- 
sequent of  a  ratio  be  small  compared  to  either  of  them,  useful 
practical  approximations  to  the  ratios  of  their  squares  and 
cubeSf  may  be  readily  obtained. 

Let  a  +  ^  :  a  be  a  ratio,  wherein  ai  is  very  small  com- 
pared to  a;  then  we  have 


+  W)     '    Or  = =   ; 


(a  +  o?) 


OB  +  a^ 


a*  a^ 

=  1  +  2-  +-- 
a      a* 

=  1  +  2  -  ,  nearly,  by  the  last  article, 
a 

a  +  2<»  , 

= ,  nearly  =  a  +  2^p  :  a,  nearly  : 

a 

that  is,  the  ratio  of  the  squares  is  nearly  obtained  by  doubling 
the  difference. 

Again,  {a  +  aif  :  a^  = — ^ 

a^ 

€^  ^-Sa'w -\'Saa^  ^- a^  w        a^      a^ 

= r =1  +  3-  +3-  +- 

a'  ^    a        or      a^ 

w 
=  1  +  S  - ,  nearly,  by  the  last  article, 
a 

a  ■\-  3w 
a» ,  nearly  =  a  +  3ti?  :  a,  nearly : 

^i  the  ratio  of  the  cubes  is  found  nearly  by  trebling  the 
Terence. 

Ex.  The  value  of  (1002)^  :  (lOOO)*  is  1004  :  1000  nearly : 
^  actual  ratio  being  1004004  :  1000000  «  1004.004  :  1000, 
V  dividing  its  terms  by  1000. 

Similarly,  (7399)^  :  (7398)^  is  very  nearly  expressed  by 
'  ^^  :  7398 :  and  this  is  much  more  distinct  and  manageable 
fW  the  true  ratio,  which  would  arise  from  performing  the 
^'^dicated  operations. 
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In  the  same  manner,  good  approximations  to  the  square 
and  cube  roots,  may  be  obtained  by  dividing  the  difference 
by  2  and  3  respectively. 

PROPORTION. 

174.  Def.  Proportion  is  the  relation  of  equality  sub- 
sisting between  two  ratios :  thus, 

if  a  :  6  and  c  :  d  he  two  ratios, 

a      c 
^  the   equality  a  :  h  =  c  :  d^    or    "  =  ":  constitutes  a  propor- 
tion, which  is  frequently  written  a  i  h  ::  c  :  d\    and    read, 
as  a  is  to  6  so  is  c  to  d. 

The  terms  a,  d  are  called  the  ewtremes,  and  the  terms 
6,  c  the  means. 

CI        c 

175.  Cob.  1.     From  the  equality  expressed  by  -«-, 

a  c  1       •      • 

we  have  -  x  6d  =  --  x  6d,  or  ad^hci  that  is,  in  every  pro- 
0  d 

portion,  the  product  of  the  extremes  is  equal  to  the  product 

of  the  means. 

This  equation  enables  us  to  find  the  value  of  any  one  of 
the  terms,  when  the  rest  are  given  :  thus, 

he  ad  ad  be 

d  c  0  a 

Also,  conversely  the  equality  ad  ^he^  is  easily  made  to 
assume  the  form  of  a  proportion,  whereof  the  extremes  are 
the  factors  of  one  of  its  members,  and  the  means  those  ot 
the  other:  thus, 

ad      he  .  a      e 

smce  Ti  -  7~i  5  w®   udLye  7  =  j  • 
hd      bd  b      d 

and  therefore  a  :  b  ^  e  :  d. 

176.  Cor.  2.  If  three  quantities  a,  ft,  c  form  what  is 
called  a  eontinued  proportion,  so  that  a  :  ft  =  6  :  0 :  we  shall 
have  ac  =  ft* ;  or  the  product  of  the  extremes  is  equal  to  the 
-^imre  of  the  mean. 
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177'  From  what  has  been  ahready  said,  it  appears  that 
the  doctrine  of  Proportion,  is  merely  the  determination  of  the 
relations  of  fractions,  whose  numerators  are  the  antecedents, 
and  denominators  the  consequents  of  the  ratios  which  con- 
stitute them :  therefore,  of  the  four  quantities  a,  6,  e,  d  which 
form  a  Proportion,  there  may  be  made  various  other  arrange- 
ments and  modifications,  in  which  proportionality  will  still  be 
preserved,  and  of  these  the  most  useful  are  the  following. 

i-.x     o-        «       c  a      b      c      b  ah 

(1)  Smce  -7'"-;5     .*.  -x-=-;x-,  or-=-: 

ha  b      c      a      c  c      a 

that  is,  a  :  c  =  6  :  d.     (Mtemando.) 

,  ^     o*        ^      c  «  c  h      d 

(2)  Since  T  =  -,      'l-^r^^-^^*     ^'^-  =  "- 

h      d  h  d  a      c 

that  is,  6  :  a  =  d  :  c.     {Invertendo.) 

,.      -^.        a      c  a  c  a  +  h      c  -¥  d 

(3)  Since---,     ...  -  +  i  =  -  +  i,    or-^=-^: 

that  is,  a  +  6  :  fe  =  c  +  d  :  d.     (Componendo.) 

.  .      t>'         a      c  a  c  a  —  h      c—d 

(4)  S,nce-  =  -,.-.   --!  =  --!,  or  -^ -: 

that  is,  a  —  b  :  b  ^  c  —  d  :  d.     (Dividendo,) 

a  —  b      c  —  d  b      d  a  —  b      c  —  d 

(5)  Since  — - —  =  — — -  and  -  =  -,  .'.  = : 

b  d  a      c  a  c 

that  is,  a  —  6  :  a  =  c  —  d  :  c.     {Convertendo.) 

//.v     r..        ®  +  ^      ^"♦"^        1   ^~^      ^"^         ^+^      ^+d 

(6)  Since  — —  =  — -  and  -—  =  — -,  .-.  — -  =  — -: 

b  d  b  d  a-h      c-d 

that  is,  a+b  :  a—h^c-^-d  :  c-d,     (Componendo  4*  Dividendo,) 

^,         a      c  ,  ma      nc        .  _ 

(7)  Since    r  =  - »    we    have   — -  =  — - :   whence  we  ob- 
^  b      d  mb      nd 

tain  ma  :  mb  =  nc  :  nd,  where  m  and  n  are  either  integral  or 

fractional,  or  indeed  general  symbols. 
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,  N     «.         a      c  .  ma      mc      ^  ,  .  , 

(8)  Since   r-  =  ■; »    ^^   "^^e   — -  =  — - :    from  which  we 

ha  no      nd 

obtain  ma  :  nh  =  mc  :  nd,  where  m  and  n  may  be  either  in- 
tegral or  fractional,  or  general  symbols. 

,  ,      ^.        a      c  ,  fa\'^       fc\"'  a"*      c"* 

(9)  Since  -  =  - ,  we  have     -       =-:>or7-  =  -— : 
^^  b      d  \b)         \dj  6"*      d« 

whence,  a^   :  b*^  =  (f^  :  d"*^  where   m   may  be  of  any  form 

whatever. 

178.  CoE.    Since = ,  or =  - :  if  o  be 

a  c  c  -^  d      c 

the  greatest  term  of  the  proportion,  and  consequently  d  the 
least,  we  shall  have 

a  —  b  >  c  -  d: 

also,  6  +  d  =  6  +  d: 

whence,  a  +  d>fe  +  c:  or  the  greatest  and  least  terms  together, 
are  greater  than  the  other  two  together. 

179.  Similar  considerations  lead  to  the  determination  of 
the  relations  subsisting  between  different  proportions,  as  will 
appear  in  the  following  instances. 

(1)  If  a  :  b  =  c  :  d,  and  c  :  d  =  e  if^  be  two  proportions: 

a      c  c       e 

then,  since  r  =  ";   and   -  =  - :  we  have 
b      d  d      f 

-  =  -,  or  a  :  fe  =  e  :  /:   similarly  of  more. 

(2)  If  a  :  6  =  c  :  d,   and    e  :  b  =/  :   d: 

1  a      c  ,    ^      / 

then,    r  =  35    and    -  =  -: 
b      d  b      d 

a^e      c  ^f 

whence,  =  — 7-  :  or  a  ^e  :  b  —  c^fi  d. 

b  d 

(3)  If  anynumber  of  magnitudes  a,  fe,  c,  d,  e, /,  &c.  be 
so  circumstanced,  that  a  :  6  =  c  :  d  =  e  •/=  &c. : 
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.        a      G      a     c      a      e 
then*  —  =  -,    -x=  —  ,    -aB  —  ,  &c. : 
'  6      b'    b      d     b      /' 

.*.  ab  ts  bay  admbc,  af^be^  &c.. 

.••  a6  +  a(i{  + a/+ &c.  «  &a  +  &c  +  &e  + &c.: 

or,  0(6  +  d  +/+  &c.)  =  b{a  +  c  +  e  +  &c.): 

.    ,  a      a  +  c  +  e  +  &c. 

whence,  -  «  •; ; — r : 

6      6  +  d+/+&c. 

that  is,  as  oiie  antecedent  is  to  its  consequent,  so  is  the  sum  of 
all  the  antecedents  to  the  sum  of  all  the  consequents. 

Similarly,  it  a  :  b  =i  b  :  c  ^  c  :  d  ^  &c.,  we  shall  have 

a      a  +  fr  +  c  +  &c. 
6      ft  +  c  +  d  +  &c.  * 


(4)     From  7  =s  -,  and  -;;  =  r-  >  we  have 
^  ^  fed  /A 


a      e      c      ^  ae      eg 

b     f     d      h'         bf     dh' 

and  the  proportion  ae  :  bf=eg  :  dh^  is  said  to  be  compounded 
of  the  two  proportions, 

a  :  b  =  c  :  d^  and  c  '*  f  ^  g  :  A, 

by  multiplying  together  their  corresponding  terms :  also,  the 
same  holds  good,  whatever  be  the  number  of  component  pro- 
portions. 

Most  of  the  results  contained  in  the  last  three  articles  are 
of  great  practical  utility,  and  are  frequently  enunciated  at 
length,  so  as  to  assume  the  form  of  Rules, 

180.  If  three  magnitudes  a,  h^  c  be  in  continued  pro- 
portion, so  that  7  =  - :  then,  we  shall  have 


ft      c 

a      a      h      a      a      a 

c'^h''c^b''b"b' 


2 
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that  is,  a  :  c  =  a*  :  ft* : 

or,  the  first  has  to  the  third,  the  same  ratio  as  the  square  of  the 
first  has  to  the  square  of  the  second. 

Again,  if  four  magnitudes  be  in  continued  proportion,  so 

,       a      ft      c       , 
that  -  =  -  =  -:  then   will 
oca 


3 


a      a      b      c      a      a      a      a 
d"ft''c''d"ft''ft'^ft"ft^' 

that  is,  a  :  d  =  a'  :  ft': 

or,  the  first  has  to  the  fourth,  the  same  ratio  as  the  cube  of  the 
first  has  to  the  cube  of  the  second. 

The  two  results  here  obtained  include  the  geometrical  de- 
finitions of  duplicate  and  triplicate  ratio. 

Similarly,  if  there  be  m  quantities  a,  ft,  c,  &c.  I  circum- 
stanced as  in  the  preceding  cases:  it  will  readily  appear  that 

a  :  I  ^  a""*  :  ft*""*. 

181.     In  (8)  of  article  (177),  we  have  seen  that 

ma      mc 

nb       nd' 

wherefore,  if  ma  be  greater  than,  equal  to,  or  less  than  »6, 
it  follows  that  mc  will  be  greater  than,  equal  to,  or  less 
than  nd. 

Hence,  of  the  terms  of  a  proportion  there  being  taken  any 
equimultiples  whatever  of  the  first  and  third,  and  any  equi- 
multiples whatever  of  the  second  and  fourth :  if  the  multiple  of 
the  first  be  greater  than  the  multiple  of  the  second,  the  multi- 
ple of  the  third  will  be  greater  than  that  of  the  fourth:  if 
equal,  equal,  and  if  less,  less. 

Also  conversely,  if  a,  ft,  c,  d  be  four  magnitudes  so  circum- 
stanced that  ma  is  always  greater  than,  equal  to,  or  less  than 
72ft,  according  as  me  is  greater  than,  equal  to,  or  less  than  nd, 
whatever  whole  numbers  m  and  n  may  be :  then  will  a,  ft,  c,  d 
taken  in  order,  be  the  terms  of  a  proportion. 
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For,  if  not,  let  a,  6,  c,  e  form  a  proportion,  so  that 

a      c         ,        fna      mc 
-  =»  -,    and  .*.  — -  =  — : 
be  no      ne 

then  ma  will  be  greater  than,  equal  to,  or  less  than  nb^  accord- 
ing as  mc  is  greater  than,  equal  to,  or  less  than  ne^  for  all 
Talues  of  m  and  n:  that  is,  ne  and  nd  possess  the  same  pro- 
perties, and  must  therefore  be  equal  to  each  other,  or  c  =  d : 
and  consequently  a,  6,  c,  d  are  the  terms  of  a  proportion. 

182.  Cob.  The  characteristic  of  proportionality  which 
has  just  been  deduced  from  the  arithmetical  or  algebraical  view 
of  the  subject,  is  manifestly  applicable  to  all  kinds  of  magni- 
tudes whatever,  inasmuch  as  it  will  always  be  possible  to  repeat 
them  as  often  as  we  please:  and  it  is  found  to  agree  with  the 
Geometrical  definition  of  proportion  as  laid  down  in  the  fifth 
definition  of  the  fifth  book  of  EtcclicTs  Elements. 

Since  the  principles  of  Geometry  furnish  us  with  no  means 

a 
of  expressing  the  value  of  the  fraction  - ,  where  a  and  b  are 

b 

geometrical  magnitudes,  it  is  evident  that  we  can  have  no  geo- 
metrical definition  of  Ratio  at  all  in  accordance  with  the  view 
of  article  (162) :  and  consequently  the  definition  of  proportion 
adopted  in  article  (174<)  will  at  once  become  useless,  when  ap- 
plied to  magnitudes  of  this  description.  But,  from  the  last 
article,  it  appears  that  the  algebraical  definition  of  proportion, 
as  above  considered,  includes  also  the  geometrical  definition,  so 
that  whenever  a  proportion  exists  among  four  arithmetical 
magnitudes,  the  same  will  subsist  among  four  geometrical  mag- 
nitudes, of  which  they  may  have  been  assumed  to  be  the  nu- 
merical representatives. 

Many  geometrical  magnitudes  being  arithmetically  repre- 
sented by  surds  or  incommensurable  quantities,  it  would  be 
impossible  to  ascertain  what  multiple,  part  or  parts  one  may 
be  of  another :  that  is,  number  being  a  discrete  and  extension 
a  continuous  magnitude,  it  is  evident  that  though  the  parts 
of  number  are  always  easily  and  distinctly  assigned,  the  parts 
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of  extension  incapable  of  exact  numerical  representation,  can 
not  be  determined  in  the  same  manner:  and  accordingly,  re- 
course is  had  to  multiples  instead  of  aliquot  parts:  and  the 
.  geometrical  definition  of  proportion  is  a  necessary  consequence 
of  that  adopted  in  Arithmetic  and  Algebra. 

183.  We  will  conclude  this  subdivision  with  the  follow- 
ing additional  definitions,  and  some  consequences  resulting 
immediately  from  them. 

(1)     Three  quantities  a,  6,  c  are  in  Arithmetical  pro^ 

portion^  when =  l,  or  o  -  6  =  ft  -  c. 

ft  -  c 


(2) 


Three  quantities  a,  ft,  c  are  in  Geometrical  propor- 
a      b 


C*  If 

tiofhy  when  -«-,  ora:ft»ft:c. 
ft      c 


(3)     Three  quantities  o,  ft,  c  are  in  Harmonical  propor-- 

a      a  ^h 

tiorij  when  -  = ,oro:c=a  —  ft:ft  —  c. 

c      b  ^  c 

184.  Cob.     Hence  these  three  proportions  are  connecte«3 
with  each  other  by  the  following  forms. 

a  :  a^  a  -b  :  b  -^c^  for  Arithmetical  Proportion : 
o  :  ft  »  a  -  ft  :  6  -  c,  for  Geometrical  Proportion  : 
a  :  c  =  a  -  ft  :  ft  -  c,  for  Harmonical  Proportion : 

in  which  the  consequents  of  the  former  ratios  are  the  three 
quantities  a,  ft  c,  and  all  the  other  terms  are  the  same. 

185.  To   find    an    arithmetic,   geometric   and   harmoDX^ 
mean  between  two  quantities  a  and  ft. 

Let  X  3=  the  arithmetic  mean,  so  that  a,  <r,  ft  are  in 
metical  proportion :  then, 

a-  Of  =  iV  -by  and  .a?  =  ^  (a  +  ft)>  the  arithmetic  mean : 

let  y  »  the  geometric  mean,  so  that  a  :  y  »  y  :  ft ; 

then,  ab  =  fy  and  y^yjab^  the  geometric  mean: 
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let  «  s  the  harmonic  mean,  so  that  a  :  b  —  a-z  :  «r-6; 

then,  ax^  abmmab^  bzj  and  «  « -,  the  harmonic  mean. 

a  4-0 

186.     Cob.     From  these  results,  we  obtain 

wz^^ifl-^-b)  X =  a6  =  y* : 

w     y 
.".-  =  -,  or  a?  :  y  =  y  :» ; 

y     « 

that  is,  the  three  means  are  in  continued  proportion,  as  might 
liaye  been  expected  from  the  forms  exhibited  in  the  last 
article. 

Also, 

.  nnce  ^(o+6)-\/oft=^(a --2\/a6  +  6)=^(\/a-\/6)* 
^  a  f09iHve  quantity,  when  a  is  not  equal  to  6,  it  follows 
^at  9  is  greater  than  y,  and  consequently  y  greater  than  z. 

VARIATION. 

187*  DsF.  A  quantity  is  said  to  vary  as  one  or  more 
'  otliers,  when  it  is  so  dependent  upon  them,  that  every  change 
^liich  they  undergo,  produces  a  corresponding  and  propor- 
^^onal  change  in  its  magnitude :  and  it  is  consequently  con- 
liected  with  them,  by  some  multiplier  either  integral  or  frac- 
^CKial,  which  remains  the  same  in  the  whole  of  any  operation 
^herein  they  are  concerned. 

The  different  kinds  of  Variation  are  distinguished  as  follows, 
^c  sign  oc  expressing  this  connection,  and  p  being  a  factor 
'^hich  undergoes  no  change  however  the  magnitudes  denoted 
^  -4,  jB,  C  may  vary. 

(1)  It  A^pBj  A  varies  directly  as  B,  or  A  oc  B : 

(2)  It  A  ^—9  A  varies  inversely  as  S,  or  -4  oc  -—  : 
(8)     If  A^pBCj  A  varies  as  B  and  C  jointly ^  or  AccBC: 
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(4)     1{  A=p-^i  A  varies  as  B  directly  and  C  inversely 9 

or  Ace-- I 

and  the  same  may  be  extended  to  any  number  of  magnitudes 
whatever. 

It  is  obvious  that  the  Variation  here  intended,  is  merely 

an   abbreviation    of  the   method   of  expressing  proportions: 

thus,  if 

a 
A  :  S  «  a  :  6,  we  have  A  =  -S, 

o 

in  which  -  may  be  replaced   by  the  invariable  quantity  p 

above  used : 

again,   if-4:-— •=o:---,we  have  A  =  — ,  whereof  ab 

JB  b  JB 

may  be  represented  by  the  symbol  p  as  before :  and  similarly 

of  the  rest. 

188.  The  fundamental  rules  as  laid  down  in  thepre-^ 
ceding  pages,  will  lead  immediately  to  all  the  consequences 
which  the  view  of  variation  above  adopted  presents. 

(1)  If  A  ocB  and  B  oc  C  :  then  will  A  oc  C. 

For,  if  A  =pB    and  S  =  qC, 
we  have  A  =  pB  =  pqC;  that  is,  A  oc  C. 

Hence  also,  if  -4  oc  ■—  and  JB  oc  C,  we  have 

B 

J  P  y-k  ^  1  J         P    ^  J  ^ 

A  =^  rjT,  B  ^qCf  and  .-.  A  =  -77,  or  A  oc  —  . 
B  q  C  C 

(2)  If  A  oc  —  and  B  oc  — -:  then  will  A  oc  C. 

B  C 

For,  if  ^=  §  and  -B  =  ~,  then  ^  = -C,  or  ^  cc  C. 

B  C  q 
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In  the  same  manner,  whatever  be  the  number  of  mag- 
nitudes, when  each  varies  inversely  as  the  following,  the  first 
will  vary  directly  or  inversely  as  the  last,  according  as  the 
number  of  intermediate  magnitudes  is  odd  or  even. 

(S)  If  A  ocC  and  B  oc  C  ;  then  will  A  ±  B  oc  C,  and 
\/ABocC. 

For, 
if  A^pC  and  B^qC^  then  A^B  =  (p^q)C,  or  A^BccC: 

also,   AB  ^pq(?y  and  .*.  \/ AB  =  y/pqC,  or  y/ AB  «  C : 

and  similar  conclusions  may  be  drawn  whatever  be  the  num- 
ber of  quantities  employed. 

A     B 

(4)  Tjf  AocB,   then  will  AP  oc  BP,  and  p«p»  where 

P  may  be  either  variable  or  invariable, 

A        B 
For,  if  A^pBi  we  have  AP^pBP,  and   p  =  p— : 

A      B 
whence  it  follows  that  APoc  BP,  and   p  «  -^• 

Hence  also,  A^^p^B^  and  A^ozB^,  where  m  may  be 
either  integral  or  fractional. 

A  A 

(5)  If  Aoi  BC,  ^A^n  irtW  B  oc  — ,  awd  C  oc  —  . 

C  B 

\  A      A  I  A      A 

For,  if  A^'pBCj  then  JB=-  t;  «  -,  and  C=-  ^  «  -- . 

p  C      C  pB      B 

Hence  also,  if  ^  be  invariable  and  equal  to  g,  we  have 

^  =  ?  — cc— ,  and  C  =  ---oc---. 
pC       C  pB      B 

(6)  Tjf  A  oc  B   and   C  oc  D,    then   will   AC  oc  BD,   and 
A       B 

—     oc  —  • 

C       D 

For,  i{  A^pB  and  C  =  q^Z),  then  AC  =  pqSZ)  a  SZ): 

,       A     pB      B 

also.  —  = oc  —  , 

'  C      qD      D 


i 


t        I 
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Similar  results  will  be  obtained  whatever  be  the  number 
of  quantities  concerned. 

(7)  If  A  ocB  when  C  is'  invariable,  and  A  oc  C  when 
B  is  invariable^  then  will  A  oc  BC,  when  both  B  and  C 
are  variable. 

For,  we  may  manifestly  assume  A  ^^pCB,  and  A^  qBC: 
whence,  A^  =  pq  {BCy^  or  ^  oc  BC. 

(8)  From  the  proportion  ^  :  S  =  C  :  2>»  we  have 

BC 

A  =  -—  :  whence  A  cc  BC,  when  D  is  given : 

B  1 

-4  oc—  ,  when  C  is  given,  and  -4 oc  — ,  when  B  and  C  are  given. 

(9)  When  the  change  in  a  quantity  depends  upon  the 
changes  in  several  others,  and  it  appears  that  the  former 
quantity  is  always  proportional  to  each  of  the  latter  when 
the  rest  are  invariable,  then  shall  the  former  vary  as  the 
continued  product  of  the  latter,  when  they  are  all  variable. 

Let  A  vary  as  each  of  the  quantities  B,  C,  D,  &c.  L  when 
the  rest  are  invariable :  and  instead  of  the  changes  taking  place 
simultaneously,  let  them  take  place  separately,  and  be  such 
that  when  B  is  changed  to  b,  A  is  changed  to  Ai :  when  C  is 
changed  to  c.  Ay  is  changed  to  Afti  when  D  is  changed  to 
d,  Az  is  changed  to  A^ ,  &c. :  and  finally  when  L  is  changed 
to  /,  An  is  changed  to  a :  then  we  shall  have  the  following 
proportions : 

A    :  Ai  =  B  I  b 

-aj   I   ^2  ^  c»    I   c 

8z;c.  =  &c. 

An  •     a  ^  Lj    •  ^  5 

and  these  being  compounded,  and  the  common  factors  rejected 
from  the  terms  of  the  former  resulting  ratio,  we  shall  have 

A  :  a  =  BCD  &c.  L  f  bed  he  I; 

and  therefore  A  *x  BCD  &c.  L, 


\ 
\ 


4 
"Jt. 
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This  comprises  tfie  purport  of  (7)  established  by  a  some- 
what different  process,  though  dependent  upon  the  same 
principles. 

The  proportion  J  :  a  =  BCD  &c.  L  :  bed  &c.  /,  includes 
the  Arithmetical  Rules  of  simple  and  eompimnd  Proportion, 
where  A  and  a  are  the  effects  produced,  and  B,  C,  Z),  &c.  L, 
hy  Cf  d,  &c.  /,  the  agents  employed  for  that  purpose. 

For  examples,  the  student  is  referred  to  articles  (130)  and 
(l3l),  of  the  Author^s  Arithmetic. 

We  will  conclude  this  chapter  with  the  application  of  its 
principles  to  a  few  simple  instances. 

(l)  To  find  two  magnitudes  in  the  ratio  of  m  :  n,  such 
that  if  a  be  added  to  each,  the  sums  shall  be  in  the  ratio  of 

P  '  q- 

Let  mw  and  nw,  having  the  given  ratio,  denote  the  quan- 
tities required :  then, 

mw  +  a      p    y       y  . 

=  —    by  the  question : 

nw  -{-  a       q 

(p  -  9)  a  _ 


from  which  we  obtain  w  = 


mq  -  \^p  'Ti 


and    .-.  fci>i^   and  ^IZjl^ , 
mq  —  np  mq  —  np 

will  answer  the  conditions  of  the  problem. 

(2)  Required  two  numbers  in  the  ratio  of  4  :  5,  from 
which,  if  two  other  required  numbers  in  the  ratio  of  6  :  7,  be 
respectively  subtracted,  the  remainders  shall  be  in  the  ratio 
of  2  :  3,  and  their  sum   equal  to  20. 

Let  4a?  and  5.v  denote  the  first  two  numbers,  and  6y 
and  7y  the  other  two : 

4^F  —  6^^      2 

then,    =  - ,    and  9^7  -  iSy  =  20,  by  the  question  : 

o  ci7  ~*  /  y      o 

vhence,  y  =  4  and  t-r  =  8 :   so  that  the  first  two  numbers  are 
32  and  40,  and  the  other  two  24  and  28. 

z 
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(3)  Of  two  vessels  one  contains  water  and  the  other 
brandy:  half  the  water  is  poured  into  the  brandy,  and  an 
equal  quantity  of  the  mixture  is  poured  back  into  the  water, 
when  the  vessel  is  found  to  contain  m  times  as  much  water 
as  brandy ;  compare  the  water  and  the  brandy. 

Let  <r  and  y  denote  the  quantities  of  water  and  brandy 
respectively :  then 

y  +  ^0?  of  mixture  contains  y  of  brandy  : 
.'.  y  +  ^0?  :  ^0?  ::  y  :  =  brandy  poured  back : 

if 

whence, =  —  <a? >,  by  the  question: 

2y  +  w      my       2y  +  ^j 

that  is,    mwy  ^  wy  •¥  a^,    or  (r»  —  l)y  =  j? : 
and    .*.  0?  :  y  =  m  -  1  :  1,  the  required  ratio. 

(4)  Resolve  the  number  24  into  two  factors,  so  that  th& 
sum  of  their  cubes  may  be  to  the  difference  of  their  cubes  ^ 
as  35  :  19. 

Let  X  and  y  denote  the  required  factors :  then,  wy  s  24, 

and  aP  '\-  y^  :  a^  ~y^  =  35  :  19: 

.*.  componendo  and  dividendo^  we  have 

2ar^  :   2y^  =  54  :    16,    or  a^  :  y^^27  :   8: 

/24\^ 
whence,  8 cr^  =  27y^  =  27  ( —  I  ,    or  8a^  =  27  (24)' : 

.-.  2a?2  =  3  X  24  =  72,    a?2  =^36,  and  <»  =  ±  6  : 

24        24 

that  is,  6  and  4  are  the  factors  required :   the  values  —  6  am^ 
-  4  of  «!i?  and  y  giving  merely  a  symbolical  solution. 

(5)  If  y  =  p  +  ^  +  r,  where  p  is  invariable,  q  varies  as 
J?,  and  r  varies  as  ai^ ;   find  the   relation   between  y  and  ^9 
supposing  that  when  a?  =  1,  y  ==  6 :  when  a?  ;=  2,  y «»  11 :  an^ 
when  0?  =  3,  y  =  18.  * 


RATIO,    VARIATION,    AND    PROPORTION.  170 

Let  y^a  +  (iiV  -i-yj^^  be  the  required  relation  :   then,  by 
the  conditions  of  the  question,  we  have  given 

6  =  a  +  )3  +  7: 
11  *a  +  2j3  +  47: 

18  =  a  +  3)8  +  97: 
to  find  the  values  of  a,  (i  and  7 : 

from  (1)  and  (2),      5  =  /3  +  87  :  (4) 

from  (1)  and  (3),    12  =  2)3  +  87  :        (5) 

from  (4),    10  =  2)8  +  67: 

from  (5),    12  =  2/3  +  87: 

whence,  27  =  2  and  7=1;     .\  (i  =  5  -  3y  -  5  -  3  =  2  : 

and  a  =  6-)3-7  =  6-2-l  =  3: 

that  is,  y=3  +  2^  +  a?*,  is  the  relation  sought. 

For  additional    problems    upon  these   subjects,    sec    the 
Appendices  at  the  end  of  the  work. 


I 
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193.  Cor.  3.  In  an  arithmetical  progression,  the  sum 
of  any  two  terms,  equidistant  from  the  extremes,  is  always 
equal  to  the  sum  of  the  extremes. 

For,  if  a  and  /  be  the  first  and  last  terms : 

then,  the  p^  term  from  the  beginning  =  a  +  (ji  -  1)  d: 

and  the  p^  term  from  the  end   =  /  —  (j»  -  1)  d : 

whence,  the  sum  of  these  =  a  -f  / 

=  the  sum  of  the  extremes. 

Ex.  1.  Find  the  w'*"  term,  and  also  the  sum  of  n  terms 
of  the  series  of  odd  natural  numbers,  1,  3,  5,  7j  8ic. 

■.'     Generally,  /  =  o  +  (»  -  1)  d,  and  8  =  {2a  +  (n  -  l)  d}  -  : 

and  here  a=  1,  d  =  2;   whence,  by  substitution,  we  find 

/=  1  +  (w-  1)2  =  2^-  1  : 

«  =  {2  +  (/*  -  1)  2  }  -  =  7i^ : 

that  is,  the  w'**  of  the  odd  natural  numbers  beginning  with  1, 
is  expressed  by  2n  —  1,  and  the  sum  of  the  first  n  of  them 
by  n^ :  as  may  easily  be  verified. 

Ex.  2.  Find  the  w*^  term,  and  the  sum  of  n  terms  of 
the  series  of  even  natural  numbers,  2,  4,  6,  8,  &c. 

Here,  a  =  2,  and  d  =  2 :  and  the  formula?  give 

/  =  2w,  and  s  =  w  (w  +  1)  : 

that  is,  the  n}-^  even  natural  number  is  expressed  by  2n,  and 
the  sum  of  the  first  n  such  numbers  hy  n  {n  +  \). 

Ex.  3.  Required  the  n^  term,  and  the  sum  of  n  terms  of 
the  series,  {h  +  oif^  b'^  +  «^S  (b  -  x)\  &c. 

Here,  a  =  (6  +  a;)\  and  d  =  (6^  +  ar^)  -  (6  +  a;)'  =  -  2b.v : 
whence,  Z  =  (6  +  <r)^  -  (w  -  1)260? 
=  62  +  ,i?2  _  2  (n  -  2)  6cr : 


J 


A' 4)'- 


2 


rnx      7  /  X  J      25  s       (7i-l)rf 


n  n  ^ 


I  -  a      2(s  -  na)      2  {nl  -  s)         P  -  a" 


w-l       w(n-l)        w(n-l)       2«-a-/ 


^-.  /-a  +  d        2«         1      a  //a      1\*      2« 

1     I         JTi     iv     27 

c    ,      .  V   ,  1  ^  nin-  i)d 

n{n-  \)d      I  -\-  a      l^  -  a^ 

—  nl = -f '      ■       . 

2  2  2(/ 


^" 
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«  a  {2  (6  +  a?)*  -  (n  -  1)  260?}  - 

#  -    ;i  .        .  /'J 

«  n  (6'  +  ^•)  -  «  (n  -  3)  ft/».     ^ 

194.     By  means  of  the  two  fundamental  equations  : 
(1),       /  =  a  +  (n-l)d: 

(2),       8^  {2a  4-  (n  -  l)  d}  -  : 

if  any  three  of  the  quantities  involved  be  given,  the  remaining 
one  may  be  found  by  the  solution  of  the  equations  with  re- 
spect to  it :  and  from  the  two  equations  combined,  it  will  not 
be  difficult  to  arrive  at  the  following  results. 

(«)     a  =  /-(«-l)d-l'-;  =  i-^-^:iil^ 
^  ^  ^         ^         n  n  2 
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Ex.  1.  Given  5  =  72,  a  =17  and  d=-2:  to  find  the 
series. 

From  the  general  formula  (l),  we  have  immediately, 

72=  {S4-(w-  1)2}  -: 

.-.    72=18n-w^    or    w^-18»=-72: 
and  this  solved,  gives   n  =  6,    and    w  =  12  • 

whence,  the  series  corresponding  will  be 

17,  15,  13,  11,  9,  7 : 
17,  15,   13,   11,  9,  7,  5,  3,   1,    -1,    -3,   -5. 

The  first  of  these  series  is  the  direct  arithmetical  answer  to 
the  question  proposed :  but  the  second  arises  from  the  qualities 
assumed  to  be  attached  to  the  symbols  by  means  of  their 
algebraical  signs,  the  last  six  terms  of  which  having  no  arith- 
metical effect  upon  any  of  the  quantities  which  are  given. 

Ex.  2.  Given  s  =  143,  d  =  2  and  n  =  11 :  to  find  the 
series. 

Here,    143  =  {  2a  +  (11  -1)2}  —  =  llo  +  110: 

.*.    11  a  =  143  -  110  =  33,   and   a  =  3: 
whence,  the  series  is 

3,   5,   7,   9,   11,    13,    15,   17,   19,   21,  9,^  : 
which  will  be  found  to  satisfy  the  condition. 

Ex.  3.  Given  8  =  136,  a  =  31  and  d  =  -  4 :  to  find  the 
series. 

Here,  136  =  { 62  -  (n  -  1)  4  }  -  =  33/1  -  2w* : 

and  1^31  -  (n  -  l)  4  =  35  -  4w : 

35-1 


from  (l),  2^^|H||ii^=:  -  136:  from  (2),  n=^ 


1 
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whence,  by  substitution,  we  obtain 

which,  after  the  proper  reductions,  becomes  /*  —  4i  =  —  3  : 

...   Z«  -  4/  +  4  =  -  3  +  4  =  1 : 
and  Z-2=±i,  or  l-S  and  1. 

Since  when  i  =  S,  »  =  8,  and  when  Z=»l,  9>«8-|,  it  is 
evident  that  the  latter  value  of  I  is  not  accordant  with  the 
nature  of  the  case,  because  n  is  necessarily  a  whole  number : 
and  therefore  the  required  series  is 

31,  27,  23,   19,    15,    11,  7,  3. 

195.     To  insert  m  arithmetic  means  between  a  and  b. 

Let  d  be  the  common  difference :  then,  since  the  number 
of  terms  «*  the  number  of  means  +  the  number  of  extremes,  we 
dudl  have  n^m  -^-^^  using  the  preceding  notation : 

.'.    6  a=  a  4-  (w  -  1)  d  s=  a  +  (f»  +  1)  d  : 

h  —  a 

whence,  the  common  difference  d  = ,  is  found : 

w  +  1 

and  the  successive  means  are  thence  immediately  obtained. 
Ex.     Find  two  arithmetic  means  between  -  3  and  3. 
Here,  a  =  —  3,  6=3,  and  w  =  2 : 

from  which,  by  the  formula,  we  have  d  = =  2  : 

.\   the  first  mean  =:-3+2  =  -l: 

the  second  mean  =-l  +  2=+l: 

■*^4  it  is  evident  that  -  3,  -  1,  +1  and  +  3,  form  an  arith- 
'''^cal  progression  in  symbolical  algebra.  ' 

196.     Cor.     This    proposition    amounts  to   finding  the 
^dunetical  aeries,  when  the  two  extremes  and  the  number  of 
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Thus,  since  d  = ,  the  series  will  be 

(w  -  2)  o  +  6       (w  -  3)  o  +  26 

Oy  J         ———————'     •     ^j      QIC*, 

W-    1  t^   -     1 

2a  4- (w- 3)  6      o-i-(n-2)6 

n-  1  w  -  1 

Also,  the  m  arithmetic  means,  inserted  between  a  and  6, 
will  be  expressed  generally  by 

ma  +  b     (m-l)o  +  26  2o4-(i»-l)6     a  +  mb 

_.     _ ^  gje,,    «^ ,   -— : 

W14-1  m  +  l  m+1  m+1 

the  symbols  a  and  6  being  similarly  employed  in  the  terms 
reckoned  from  the  beginning  and  the  end,  as  they  manifestly 
ought  to  be. 

GEOMETRICAL  PROGRESSION. 

197*  Def.  a  Geometrical  Progression  is  a  series  of 
quantities  in  continued  geometrical  proportion,  and  therefore 
increasing  or  decreasing  throughout  by  a  Common  Ratio  or 
Factor. 

Thus,  a,  2a,  4a,  Sa,  &c.  * 

a,  ah,  ab^j  ab^^   &c. 

a^     a^         a* 

a^, ,    --,    -3,   &c. 

X      or         ar 

are  all  geometrical  progressions,  the  first  and  second  increasing 
by  the  common  ratios  9,}^  and  b  respectively,  and  the  third  de- 
creasing by  the  common  ratio  —  aos^^, 

198.  In  a  geometrical  progression,  given  the  first  term 
and  the  common  ratio,  to  find  the  n^  term:  and  also  the  sum^ 
of  n  termrS. 

Let  a  denote  the  first  term,  r  the  common  ratio,  I  tlx^ 
n^  term,  and  s  the  sum  of  n  terms :   then,  the  series  will  be 

a,  ar,  at^,  ar^,  &c. : 

and  since  r  is  not  found  in  the  first  term,  and  its  index  in- 
creases by  1  in  each  term  from  the  second,  we  shall  have 

I  =  ar""-'. 
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Also,  «  =  a  +  ar  -I-  ai^  +  &c.  +  or*"*  +  ar^'^ : 
.«.  ra  ^  ar  +  ar^  +  ar^  +  &c.  +  or""^  +  ar*: 

whence,  subtracting  the  former  from  the  latter,  we  obtain 

(r  -  1)  *  =  or"  -  o  =  a  (r"  -  l)  : 

o(r--l) 


and  .*.  8  = 


r-  1 


To  these  formulae,  the  remarks  made  in  article  (ipo),  are 
immediately  applicable. 

199*  Cor.  l.  Hence  it  follows  that  the  terms  of  a 
geometrical  progression,  taken  at  equal  intervals,  are  also 
in  geometrical  progression. 

200.  Cor.  2.  The  terms  of  the  series,  taken  in  the 
reverse  order,  will  evidently  be 

,     Z       Z       Z  I 

^      I       I       I  I 

•••  *  =  *-^;  +  ;5  +  ;3  +  &^--^;;;m 


^  +  ;  +  ^  +  s^^-  +  7="«) 


whence,  ra  ^^rl  ■{-  8  —  a,  and  .*.  s 


rl  -  a 
r-l 


▼Wch  formula  gives  a  practical  rule. 

SN)1.  Cor.  3.  In  a  geometrical  progression,  the  product 
rf  any  two  terms,  equidistant  from  the  extremes,  is  always 
fiqual  to  the  product  of  the  extremes. 

For,  if  a  and  I  be  the  first  and  last  terms: 
then,  the  p^  term  from  the  beginning  =  ar^'^i 

and,  the  p^  term  from  the  end  = 


rP 


-1 


iriience,  their  product  =  oZ «  the  product  of  the  extremes. 
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Ex.  1.     Required  the  n^  term,  and  the  sum  of  n  terms  of 
the  progression,  1,  2,  4,  8,  &c. 

_  „       ^  ,         _  a(r"-l) 

Generally,  I  «=  or""  ,   and  s  = : 

I*  —  1 

and  here,  a=l,  r  =  2:  .'.  /=2*""S  and  «as2*— 1: 

which  may  easily  be  verified  for  any  particular  value  of  n. 

Ex.  2.     Find  the  n^  term,  and  the  sum  of  n  terms  of  the 
aeries,  8,  20,  50,  125,  &c. 

Here,  0  =  8.  r  =  —  =  -:  and  the  formulas  irive 

8       2  ^ 


n— 1      «    5*""* 

/=  8  X  (-1        = -:  s  = 


2/  2*-*  5 

1 

2 


si  2—*  j" 


Ex.  3.     Determine  the  n    term,  and  the  sum  of  n  terms  of 

1  2        4  „ 

-, ,    — ,  —  &c. 

5  15       45 

Here,  a=-,  r  = ?--=  — :    and  we  have 

5'  15      5         3 

5  \3"-V  '  25  V    3"-^   )  ' 

where  the  upper  or  lower  sign  is  applicable,  according  as  n  i^ 
odd  or  even. 

202.     By  means  of  two  fundamental  equations, 

o(r"—  1) 
(1)        Z=ar^-^:  (2)       8  =  ^ ^: 

we  shall  readily  arrive  at  the  following  results: 

I        (r-l)«        ,      , 

(a)     a  = r  =  ^^ —  ^rl-^ir--  1)8: 

^  ^  ^-1        r"  —  1 

(/3)     /=!— -^ ^8 : 
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<v)  "(r-H^ 


n  n 


The  values  of  n  cannot  be  exhibited  in  terms  of  the  rest, 
without  the  aid  of  logarithms:  but  in  addition  to  these,  we 
may  easily  deduce  the  following  formulae: 


8 

r  + 1=0: 

a 


I 

+ r=0: 

s  -I 


1  1 

(8  -  a)  a«-i  =  («-/)  /»-i : 

from  the  two  former  of  which,  r  may  be  found  in  terms  of  the 
rest  involved  with  it,  by  the  solutions  of  equations  of  n  di- 
mensions. 

203.      To  insert  m  geometric  means  between  a  and  b. 
Retaining  the  preceding  notation,  we  have 

»  =  7»4-2,  and  .*.  n-*l=w*+l: 

1  1 

whence,  r  =  I  -  j       =  ( ""  I       >  ^^  found : 

and  thus,  the  means  ar,  ar^,  &c.,  ar^  will  be  immediately 
determined. 

Ex.     Insert  three  geometric  means  between  1  and  l6. 
Here,  we  have  r  =  (l6)i  =  4^  =  2: 

.-.  the  required  means  are  2,  4,  and  8  : 
and  the  completed  series  is  1,  2y  4,  8  and  l6, 
which  form  a  regular  geometrical  progression. 

In  cases  of  this  kind,  all  the  symbolical  values  of  r  are 
rejected  as  of  no  use,  though  they  would  also  answer  the 
question. 
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204.  Cor.  This  evidently  finds  the  series,  from  having 
given  the  two  extremes  and  the  number  of  terms :  the  terms  of 
which  will  be 

1  1  _i_  _i_ 

also,  the  m  geometric  means  between  a  and  6,  will  be 


205.  To  find  an  eoppression  for  the  sum  of  an  infinite 
geometrical  progression. 

When  r  is  a  proper  fraction,  it  is  evident  that  each  of  the 
terms  ar,  aii^^  &c.,  ar**"^,  is  less  than  that  which  immediately 
precedes  it,  but  that  no  term  can  ever  become  =  0,  so  long  as 
n  remains  finite :  if,  however,  n  be  supposed  to  become  in- 
definitely great,  the  terms  at  length  become  of  unassignable 
magnitude,  and  the  sum  of  the  series  will  admit  of  a  limit 
beyond  which  it  cannot  pass .  in  other  words,  what  is  usually 
termed  the  sum  of  the  series  continued  in  in/inittim  will  be 
finite :  for,  since 

ar'^  -  o      o  —  ar**         a  ar^ 

s  = 


r-1  1-r        I-r      1— r 

and   when  r  is   a  proper  fraction  and   n  indefinitely  great, 
r"  becomes  indefinitely  small,  or  small  compared  to  any  finite 

quantity  whatever:  and  the  latter  term may  be  neglected 

1  —  r 

in  comparison  with  the  former  :    whence,  if  or  denote 

1  —  t* 

the  limit  of  the  sum  of  the  series,  we  shall  have 

a 


0"  = 


1-r 
Ex.  1.     Find  the  sum  of  I  +  ^  +  J  +  &c.  in  infinitum. 

Here,  a  =  1,   and  ^  =  ^  :    .*.  cr  = y  «=  2. 
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In  this  instance,  2  is  the  number  to  which  the  sum  of 
the  series  continually  approaches,  by  the  increase  of  the 
number  of  its  terms;  towards  which  it  may  come  nearer  than 
by  any  assignable  difference;  and  beyond  which  it  cah  never 
pass:   thus,  by  actual  addition,  we  shall  find, 

,  .  13  1 

the  sum  of  two    terms  =   I   +-=   -=2 : 

2        2  2 

_  3         17  1 

three  ■=—   4.-  =  -=2--: 

2        4        4  4 

■  ^  7         1        15  1 

four  =  —  +-=  —  =  2--: 

4         8         8  8 

^  15        1        31  1 

five  =  —  +  —  =  — =2 -. 

8       16      16  16 

31        1       63  1 

six  =  —  +  —  =  —  =2 : 

16       32       32  32 

&c.  =      &c.       =    &c.    =    &c. : 

and  it  will  be  observed :  that  the  sum  becomes  at  each  step 
more  and  more  nearly  equal  to  2,  as  determined  by  the 
formula;  that  no  finite  number  of  terms  can  ever  amount 
to  2 ;  and  that  the  sum  of  the  series  at  length  differs  from  2, 
by  less  than  any  assignable  quantity ;  whence  it  follows  that, 
in  all  computations  conducted  under  such  circumstances,  2  may 
be  regarded  as  equivalent  to  the  sum  of  l  -f  ^  +  ^  +  &c.  in 
infinitum. 

Ex.  2.     Required  the  limit  of  the  sum  of  the  series, 

1  ^  1  1  o 

+  7, ^   +    &C. 

3       3.2       3.2-^       3.2^ 

1  12 

Here,    a  =  -  and  r  =  — :     .\  c  «=  - : 

3  2  9 

and  the  conditions  of  the  last  example  will  be  found  to  hold 
good  in  this. 
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206.  Cor.  Whenever  it  may  be  necessary  to  use  them, 
we  shall  have  the  following  equalities : 

,         V              1          o"  —  a 
fl  =  (1  -  r)  (T,    and  r  = . 

(T 

207.  In  an  infinite  geometrical  series^  find  under  what 
circumstances  any  term  is  greater  than^  equal  to^  or  less 
than  the  sum  of  all  the  terms  that  succeed  it. 

Let  the  series  be  a,  ar^  ai^^  &c.,  ar"~S  ar^^  &c. :  then, 

if  af^~^  >  =  <  ar"  +  ar"+^  +  ar^"^^  +  &c.  in  infinitum 

>  =  <  ar"  (1  4-  r  +  r*  +  &c.  in  infinitum) 

ar^ 


>:=r<:ar 


>  =  < 


1  -r 

r 


we  shall  have    1  >  =  < 


1  -r 

(1)  If  any  term  of  the  series  be  greater  than  the  sum 

r 
of  all  that  follow  it,  1  is  greater  than : 

.-.   l-r>r,     1   >2r,  and  ■^>r: 
that  is,  r  is  less  than  ^ :    and  conversely. 

(2)  If  any  term  of  the  series  be  equal  to  the  sum  of  all 

r 

the  terms  that  follow  it,  we  have  1=  :  and  .*.  r  =  i: 

1  -r  * 

and  conversely. 

(3)  If  any  term  of  the  series  be  less  than  the  sum  of  all 

r 
that  follow  it,   1  is  less  than 


1  -r 

.-.   l-r<r,     l<2r,     and  ^<r: 
that  is,  r  is  greater  than  ^  :  and  conversely. 
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S06.  CoE.  1*  Hence  also  in  any  other  series  not  geome- 
tricaly  the  same  conclusions  will  hold  good,  where  r  is  not  less 
than  the  inverse  ratio  of  any  two  consecutive  terms. 

209.  CoR.  2.  Whenever  the  inverse  ratio  of  any  two 
consecutive  coefficients  of  a^  in  the  series 

00  +  Oi^  +  Os^  +  «8^  +  fee- 
is  a  finite  quantity,  it  will  always  be  possible  to  assume  a  so 
small,  that  any  one  term  of  the  series  may  exceed  the  sum 
of  all  those  which  follow  it. 

For,  if  ^  be  the  greatest  of  these  ratios,  then 

Oi^  +  (h^  +  &c.  aai(a^+  — J7*+  — J7*  +  &c.) 

<  OiW  (1  +  pa?  +  pa^  +  &c.)  : 
*whence,  if  we  have 

o,a?  +  ««»*  +  &c»  <  aiw  (1  -^pw-^  ffar  +  &c.) 

Vl  -  px) 

it  is  evident  that  the  first  term  will  be  greater  than  the  sum  of 
all  that  follow  it, 

axOD 
when  ao  =  or  > 


1  -  /t)«r 

when  Uq  —  aQpw  =  or  >  Oj j? : 
when  flo  =  or  >  {a^p  +  a^)  w  : 

when  «r  «  or  <  - 


Oo 


Oof)  +  0| 

when  ^   ae  or  <  — ^—  =  or  <  —  . 

a,  2p 

Oo 

A  similar  proof  will  be  Applicable,  whatever  term  may  be 
assumed  as  the  first. 

BB 
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210.  To  find  the  sum  of  a  series  of  quantities  in  geo- 
metrical progression^  having  their  coefficients  in  arithmetical 
progression. 

Assume, 

a  +  (a  +  6)  r  +  &c.  +  {o  +  (w  -  2)  6}  r""* 

+  {a  +  (n  -  1)  h\  r""^  «  s  : 

.'.  ar  +  (a  +  6)  r*  +  &c.  +  {o  +  (w  -  2)  6}  r""* 

+  {a  +  (w  -  1)  6}  r«  «=  r« : 

whence,  by  subtraction,  we  obtain 

o+  6r +  6r^  +  &c.  +  ftr""^  -  {o  +  (ti  -  1)6}  r"=  -  (r  -  1)«: 

hr  Cr""^  -  1) 
.-.  a  +  — ^^ '-  -  {a+  (w  -  1)6}  r"  =  -  (r-l)«: 

{a  +  (71  -  1)  6}  r"  -  a 3^— ^ 

and  «  s  ' 


r-  1 

_  {o  +  (t^-l)6}  r"-a      6y(r*-^-  l) 
r~^l  (r  -  1)* 

When  r  is  a  fraction,  the  sum  of  a  series  of  fractions, 
whose  numerators  are  in  arithmetical,  and  denominators  io 
geometrical  progression,  may  be  obtained  by  this  formula. 

211.  Cor.  If  r  be  a  proper  fraction,  and  the  numbe^^ 
of  terms  be  supposed  indefinitely  great,  the  sum  will  admit  o* 
a  limit  expressed  by 

a  hr  a  —  (a  —  b)  r 

^  "  1  -  r  "^  (1  -  r)^  ""      (l-rf      ' 

the  terms  involving  r"  being  neglected,  as  in  article  (205^' 

Ex.  1.  Required  the  sum  of  the  series  1  +2a?  +  S^  +  &C' 
to  n  terms,  and  in  infinitum  when  possible. 

Here,  1  +  2.r  +  3a^  +  &c.  +  (t*  -  l)  ^"*  +  naf""^  =  s : 

.-.  a? +  2tr^  +  SOJ^  +  &c.  +  (w  -  1)0?**"'* +Ma?*=ad?«: 
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whence,  by  subtraction,  we  obtain 

1  +  ^  +  J7*  +  &C.  -H  ^"*  -  WiT"  =  «  (l  -  ^)  : 

na?^        ^-1       wa?"+' -  (wi  +  l)tr"+ 1 

When  ^  is  a  proper  fraction,  and  n  indefinitely  great,  a?"+^ 
and  ^  become  indefinitely  small,  so  that  o* « 


(1  -  aif  • 

Ex.  2.     Find  the  sum  of  the  series  1   -+2.—  +  3.  —  +  &c. 

to  n  terms. 

11  ,        V      1  1 

Here,  1.-  +  2.—  +  &c.  +  (n-l).  — :  +  w .  —  =  * : 

2  2«  .        2"-^  2» 

11  ,  '    1  11 

g2  23  ^  ^   2»  2"+^        2 

whence,  by  subtraction,  we  find  immediately 

1111  \        n 

-«  =  -  +  —  +  --  +  &C.  + — : 

2         2       2*       2^  2"       2"+^ 

1        n    _  2"+*  -  (71  +  2) 

•""  2"       2""*"^  "~  2""*"^ 

2»+i  -.  (^  4-  2) 

and  therefore  s  = • 

2" 

If  n  be  infinite,  we  shall  have  o*  =  2. 

HARMONICAL  PROGRESSION. 

212.  Def.  An  Harmonical  Progression  is  a  series  of 
quantities  in  continued  harmonical  proportion :  or  such  that  if 
^y  three  consecutive  terms  be  taken,  the  first  has  to  the 
^d  the  same  ratio,  which  the  difference  of  the  first  and 
*®cond  has  to  the  difierence  of  the  second  and  third,  as  ap- 
pears from  article  (184). 

Thus,  if  cr,  6,  c,  d,  &c.  be  the  consecutive  terms  of  an 
narmonical  progression,  we  shall  have 
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a:es3a  —  &:&  —  e: 
6:da=6  —  c:c— d:  &c* 

213.     The  reciprocals  of  the  terms  of  an   harmonical 
progression^  are  in  arithmetical  progression. 

Let  a,  hj  c,  dj  e^  &c.  be  the  terms  of  the  series: 

then,  a:c«a  —  ft:ft  —  c: 

ah        ac        ac        he 


r.  ah  —  ac^ac  —  hcj  and 


ahc      ahc      ahc      ahc 


.      1111  ,         1111^ 

that  IS, 7  =  7 »  and  .•. 7  *=  7 •    ^ 

c      b      h      a  a      h      b      c 

similarly, =» -: -;■=-, •  &c. 

'^hccdcdde 

11111111 

whence, 7  =  7 = j=j *  occ 

a      0      0      c     c      a      a     e 

11111^ 
or  -,    -,    -,    -,    -,  &c. 
a      h      c      d      e 

are  equidifferent,  and  therefore  in  arithmetical  progression.. 

The  converse  is  easily  proved:  and  it  hence  appears 
that  the  terms  of  an  harmonical  progression,  taken  at  equ^ 
intervals,  are  also  in  harmonical  progression. 

214.  Cob.  If  /r,  y  be  any  two  adjacent  terms  of  tbe 
harmonical  series  a,  6,  e,  &c.,    ^,  y,  &c. : 

,         1       1       1       1  a  —  h      w  ^  y 

then,  7 = ,   or    — --  = : 

h      a      y      w  ah  wy    . 

that  is,  ah  :  a^y  ^  a  —  h  :  a?  —  y : 

or,  the  product  of  the  first  two  terms  is  to  the  product  of  ao/ 
two  adjacent  terms,  as  the  difference  between  the  first  two  is 
to  the  difference  between  the  other  two. 

215.  Given  the  first  two  terms  of  an  harmonical  pt^ 
gression^  to  find  the  n^  term. 
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ft 

Let  a  and  b  be  the  first  two  terms,  /  the  n^  term; 

» 

then  y  is  the  n^  term  of  an  arithmetical  progression,  whose 

first  two  terms  are  ~  and  -: 

a  0 

••.  the  common  diflTerence  ^7 =  — — : 

0      a        ah 

whence,  -  =>  -  +  (»  —  1)  — -—  ■= : 

la  ah  ah 

ah 


and  therefore  I 


(»  -  1)  a  -  (n  -  2)  6 

Making  n  equal  to  1,  2,  S,  4,  &c.  in  succession,  we  shall 
be  able  to  continue  the  series  as  far  as  we  please :  also,  if  h  be 
considered  the  first  term  and  a  the  second,  the  series  may  be 
continued  backwards  by  the  same  formula. 

Ex.  If  the  first  two  terms  be  1  and  ^,  the  series  con- 
tinued forward  will  be  found  to  be 

1111 

2       S       4*     5 
and  continued  the  other  way,  it  will  be 

-,    1,    CO,    -1,     --,     --,  &c. 

The  sum  of  an  harmonical  series  cannot  be  expressed  by 
means  of  a  simple  algebraical  formula,  like  those  found  in 
arithmetical  and  geometrical  progression. 

216.     To  insert  m  harmonic  means  between  a  and  b. 

Here,  if  d  be  the  common  difference  of  the  reciprocals  of 
the  terms,  we  have 

11.  ^,  _  ,  a-h  a -h 

-  =  -  +  (n  -  1)  a,    and   .*.  d 


ha  (w-l)a6      (m+l)afe 

whence,  the  arithmetical  progression  is  found :  and  by  invert- 
ing its  terms,  the  harmonical  means  will  be  ascertained. 


198  PB06RESSI0NS. 

This  process  determines  the  harmonical  series,  when  the 
two  extremes  and  the  number  of  terms  are  given. 

Ex.     Insert  two  harmonic  means  between  3  and  12. 

Here,    —  =  -  +  3d,    and    .*.  d  ■= : 

12       3  12 

,  .  ,         .  111.111 

••.  the  arithmetic  means  are =  -,  and =»  - : 

3       12       4  4       12       6 

whence,  the  harmonic  means  are  4  and  6 :  and  3,  4,  6,  12  form 
an  harmonical  progression. 

217.  The  formulae  investigated  in  this  chapter  will  be 
now  applied  and  illustrated  in  the  following  miscellaneous 
questions. 

(1)  If  100  stones  be  placed  in  a  straight  line,  exactljr 
a  yard  asunder,  the  first  being  one  yard  from  a  basket :  what 
distance  will  a  person  go,  who  gathers  them  up  singly,  return- 
ing with  each  to  the  basket  ? 

Since  he  goes  2  yards  for  the  first  stone,  4  for  the  secoad, 
6  for  the  third,  8z:c.,  the  distances  travelled  form  an  arith- 
metical progression  whose  first  term  =  2,  common  difference 
=  2,  and  number  of  terms  =  100 :  whence,  we  have 

the  required  space  =  (4  +  198)  50  =  202  x  50 

=  10100  yards  =  5  miles  1300  yards 

(2)  If  a  number  of  workmen  be  two  days  in  raising  the 
tenth  foot  of  a  tower  which  is  to  be  a  hundred  feet  high :  how 
long  will  they  be  in  building  the  tower,  the  time  of  raising  any 
foot  being  in  proportion  to  its  height  ? 

P 
Here,  10  :  j^  =  2  :  -  =  the  time  of  raising  the  p*foot: 

whence,  assigning  to  p,  the  values  1,  2,  3,  &c.  100,  we  have  the 

whole  time  =  -  (l  +  2  +  3  +  &c.  to  100  terms) 

=  -  (101  X  50)  =  1010  days. 
5 
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(3)     To  find  the  sum  of  n  terms  of  the  series 

a\    {a  +  d)S    (a  +  2d)%  &c. 

Taking  a,  /3,  7,  5,  &c.  ic,  X  to  represent  the  terms  of  the 
series  a,  a-\-dj  a  -¥  2d,  Sec,  we  have 

/3»  -  a'  «  (a  +  dy  -  a»  =  3a*  d  +  3ad*  +  d' 

7'-/3'-(/3  +  d)'»-)3'  =  3j3«d  +  3/3d«  +  cP 
5»  -78  =  (7  +  dy  -  7»  =  37^d  +  37d^  +  d' 

&c.    SB  &c.  es  Sacc. 

X'  -  K»  -  (<c  +  d)»  -  /c^  =  3/c'd  +  SKdr  +  d? : 
(X  +  df  -  X'  =  3X'd  +  SXd^  +  d' : 
whence,  adding  together  the  vertical  rows,  we  find 

(X  +  d)«-a'* 
-Sd  (a"  + /3*  +  7*+ &c.  +  X*)  +  3d^  (a  +  )3  +  7  +  &C.  +  X)  +  wd^ 

«■  3d  (the  required  sum)  +  Sd^  {2a  +  (?i  -  l)  dj  -  +  nd^ : 
/.  the  required  sum 

«  {6a*  +  6  (»  -  1)  ad  +  (n  -  1)  (2w  -  1)  d*} . 

1  •  2  •  o 

If  a  B  1  «=  d,  we  have  the  sum  of  n  terms  of  the  series 

1*  +  2^  +  3*  +  &c.  +  w* 

(/.     ^        ^     y         V,  vi      ^         w(n+l)(2w  +  l) 

*{6+6«-6+(n-.l)(2w-l)J  =     ^  ^^ — ^. 

*  V  /  V  73  J  2.3  1.2.3 

This  principle  might  be  extended  to  higher  powers,  but 
^^der  methods  will  be  given  in  the  first  Appendix. 

/.v     -Ti.  «  +  *^      ^  +  cx      c  +  dof      ^         ,  .,_ 

^*)  ^^  r'TZ  ^  h~::z  =  r~7;:  =  ^^•-  ^'^^^  ^^^^  ^'  *» 

a  —  0^      o  —  cw      c  —  a<j? 
^>  <^  &€.,  be  in  geometrical  progression. 
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From,  =- ,  we  find  6«voc: 

a  "  bw      b--  coo 

from,   ; = ^ ,  we  find  c  «  \/bd\  &c. 

b  —cat      c  —  dos 

therefore  each  of  them  being  a  geometric  mean  between  the 
two  adjacent  to  it,  the  quantities  will  form  a  geometrical 
progression. 

(5)     If  p  be  the  product,  8  the  sum,  and  «'  the  sum  of 
the  reciprocals  of  n  quantities,  in  geometrical  progression: 

then  will 


M  f  -  (J)  . 


Let  0?,  4?y,  a?y^,  &c.,  <ry"~^  represent  the  quantities :  then, 


<) 


p^w  X  ay  X  zpy*  x  &c.  x  a?y""^  ■=  ay^yi"^**"^^ :  * 

*"    y-i    '   *°      i_j  aift-'  \y-tl' 

y 

whence,    l-\   =  (a?*y»-')»  =Vy"(»-*>=.p*. 

(6)  If  r,  /  be  the  ratios  of  two  geometrical  progressions 
whose  first  terms  are  equal :  the  difference  of  the  sums  of  9S 
terms  will  be  divisible  by  r  —  r'. 

Here,  «  _,  =a|_— -_^_| 


a 


which  by  article  {S5)y  is  divisible  by  r  —  r'. 

This  will  immediately  appear  by  taking  the  differences  oi 
the  corresponding  terms  of  the  two  series,  inasmuch  as  eadi  of 
these  differences  will  be  of  the  form  r"*  —  /"*,  which  is  always 
divisible  by  r  -  /,  when  w  is  a  whole  number. 
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(7)  The  sums  of  two  infinite  geometrical  progressions 
beginning  from  1,  are  o-j  and  a^  -  it  is  required  to  prove  that 
the  sum  of  the  series,  formed  by  multiplying  together  their 

corresponding  terms,  is  . 

<7l  -r  0*2  —  1 

If  r^  and  r^  be  the  common  ratios,  we  have 

1 
<7i  =  1  +  ri  +  ri*  +  &c.  in  infinitum  = • 

o-j  «=  1  +  rjj  +  rg*  +  &c.  in  infinitum  =  : 

and  the  sum  of  the  series,  resulting  from  the  multiplication  of 
the  corresponding  terms  of  these  two, 

=  1  +  r,rj  +  (rir,)-  +  &c.  in  infinitum 
= =r ^— —  ,  by  substitution. 

1  —  riTj        <7i  +  0*2  —  1 

(8)  Find  the  value  of  the  recurring  decimal  .2525  &c. 

25         25         25 
The  decimal  =  —  +  — -  +  — -  +  &c.  in  infinitum  : 

10=*        10*        10»  ^ 

,  a  25        /         1  \  ,  X      25 

whence,  a =—;-:-     1 z]  =25-=-  (100  -  i)  =  — . 

'  1-r      10«       V       10^/  99 

Similarly,  if  aft  represent  the  period  of  the  decimal: 
•  a5  ab  ab  &c.  =  —  +  — 3  +  — |j  +  — j  +  &c.  in  infinitum 


IO0  +  b 
99 


:    and  so  of  others. 


cc 
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VARIATIONS  AND   PERMUTATIONS. 

218-  Def.  The  Variations  and  Permutations  of  any 
number  of  things,  are  the  difiPerent  orders  which  can  be  formed 
out  of  them  with  regard  to  position,  when  a  certain  number 
and  the  whole  are  respectively  taken  at  a  time. 

Thus,  of  the  three  things  represented  by  o,  6,  c,  the  varia- 
tions formed  by  taking  one  at  a  time  are 

a,     6,     e : 

and  when  taken  two  and  two  together,  the  variations  are 

a&,   6a,   ac,   cd,   6c,   c6: 

whereas,  the  permutations  formed  by  taking  them  all  together, 
will  be 

a6c,    ac6,    6ac,   bca,   cab^   cba. 

Without  attending  to  the  distinction  above  noticed,  the 
words  Variationsj  Permutations^  Alternations^  and  ChangeSy 
are  often  used  promiscuously,  whether  the  whole  or  part  be 
taken  at  a  time:  but  we  shall  at  present  adhere  to  the  de- 
finitions just  laid  down. 

219.  CoE.  If  we  have  four  things  a,  6,  c,  d :  their  varia- 
tions, taken  one  at  a  time,  are  a,  6,  c,  d:  also,  of  the  three 
things  6,  e,  d,  the  variations,  taken  one  at  a  time,  are  6,  c,  d: 
wherefore,  if  a  be  placed  before  each  of  these,  we  shall  have 
the  variations 

abj     aCy     adj 
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hfo  being  taken  at  a  time,  in  which  a  stands  first:  similarly, 
we  have  the  variations 

taken  two  together,  in  which  6  stands  first: 

ca^     cbf     cdf 
taken  two  together,  in  which  c  stands  first: 

da,     dbj     dCf 

taken  two  together,  in  which  d  stands  first:  and  thus  the 
whole  of  the  variations  of  four  things,  taken  two  together,  is 
obtained :  the  number  of  which  is  evidently  4  x  3  or  12. 

By  similar  reasoning,  the  variaticTns,  when  three  are  taken 
tc^ether,  may  be  exhibited,  and  their  number  found:  and  so 
on,  as  in  the  following  article. 

SiSO.  To  find  the  number  of  variations  of  m  things^ 
fvhen  r  of  them  are  always  taken  together. 

Let  the  m  things  be  represented  by  o,  6,  c,  d,  &c.:  then, 
the  number  of  their  variations,  when  taken  singly,  will  mani- 
festly be  m: 

■nd,  if  we  leave  out  a,  there  will  be  m  - 1  things  remaining, 
I     the  number  of  whose  variations,  taken  singly,  will  be  wi  —  1 :     / 

therefore,  if  a  be  placed  before  each  of  these  m  -  1  things,  the 
inunber  of  variations,  taken  two  together,  in  which  a  stands 
fc«t,  will  be  i»-  1:      t 

■nularly,  the  number  of  variations,  taken  two  together,  in 
wkich  each  of  the  things  6,  c,  d,  &c.  stands  first,  will  be 

woefore,  upon  the  whole,  there  will  be  w(m-l)  variations  of 
A  fhingg,  taken  two  together.    ^ 

Again,  if  a  be  left  out,  there  will  be  m  -  1  things  remain- 
%(the  number  of  whose  variations,  tak^i  two  together,  is 
{« - 1) (m - 2),  by  what  precedes: 
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whence,  if  a  be  placed  before  each  of  these  variations,  there  will 
evidently  be  (m-  l)(m-2)  variations,  taken  three  together,  iii 
which  a  stands  first:  and  the  same  may  be  said  of  6,  c,  d,  &c. : 

therefore,  upon  the  whole,  there  will  be  fw(m-l)(m-2)  varia- 
tions of  m  things,  taken  three  together. 

Similarly,  it  may  be  shewn  from  what  is  done  above,  that 
the  number  of  variations  of  m  things,  taken  four  together,  is 

m  (wi  —  1)  (m  —  2)  (m  -  3). 

In  order  to  prove  that  the  law  observed  in  the  preceding 
cases  is  general,  let  us  suppose  that  the  number  of  variations 
of  m  things  taken  r  —  1  together  is 

m  (m  -  1)  (w  -  2)  &c. "  (m  -  r  +  2)  . 

then,  leaving  out  a,  we  have  m—  \  things  remaining,  so  that 
substituting  m—l  for  m  in  this  formula,  the  number  of  varia- 
tions of  m  —  1  things  taken  r  -  1  together,  will  be 

{m  -  1)  (m  -  2)  (m  -  S)  &c.   (m  -  1  -  r  +  2) 
=  (m  -  1)  (m  -  2)  (m  -  3)   &c.  («i  -  r  +  l)  : 

and  placing  a  before  each  of  these  variations  of  (m  —  1)  things, 
taken  (r-  1)  together,  we  shall  evidently  have 

(m  -  1)  (m  -  2)  (m  -  3)   &c.  (m  -  r  +  l) 

variations  of  m  things,  taken  r  together,  in  which  a  stands  first: 
and  the  same  being  true  when  fc,  c,  d,  85c.  stand  first,  the 
number  of  variations  of  m  things  taken  r  together  will  be  ex- 
pressed by 

m{m-\)  {m  -  2)  &c.  (w  -  r  +  l), 

which  is  the  formula  above  assumed,  with  r  in  the  place  of 
r  -1. 

Whence  we  infer,  that  if  the  assumed  formula  hold  good  fo*^ 
any  one  value  of  r,  it  will  be  true  for  the  next  superior  value: 
and  it  having  been  demonstrated  to  be  true,  when  the  values  of 
r  are  1,  2,  3,  it  must  be  true  when  r  =  4;  therefore  when 
r  =  5\  therefore  when  r  ^6^  &c. ;  and  by  successive. induc- 
tions, when  r  is  any  number  whatever  not  greater  than  m. 
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Denoting  the  number  of  variations  of  m  things  taken  r  to- 
gether by  Vfj  we  shall  have 

r,  =  W2  (m  -  1)  (m  -  2)  &c.   (m  -  r  +  1), 

which  is  sometimes  termed  the  number  of  variations  of  m  things 
without  repetitions^  of  the  r*^  class. 

Ex.     If  there  be  six  things,  we  shall  have 

Vi^Gy    r^^  6.5  =  30,   F3=:  6.5.4=  120, 
r4  =  6.5.4.3  =  360,    r6=  6.5.4.3.2  =  720. 

221.     When  r  ^m,  or  all  the  things  are  taken   together 
each  time,  we  shall  have 

F«  =  m  (m  -  1)  (m  -  2)  &c.  3  . 2 . 1 

=  1.2.3.   &c.  .m: 

which  is  the  number  of  Permutations  of  m  things,  agreeably  to 
the  Definition  at  the  head  of  the  Chapter :  and  it  is,  in  fact, 
the  greatest  number  of  variations  the  things  admit  of. 

Ex.  Find  the  number  of  changes  which  may  be  rung 
upon  seven  bells,  taken  all  together. 

The  number  of  changes  required  is  evidently  the  same  as 
the  number  of  permutations  formed  out  of  seven  things,  and 
is  therefore 

=  1x2x3x4x5x6x7  =  5040. 

COMBINATIONS. 

222.  Dkf.  The  Combinations  of  any  number  of  things, 
We  the  different  collections  that  can  be  formed  out  of  them,  by 
liking  a  certain  number  at  a  time,  without  regard  to  the  order 
^^  which  they  are  arranged. 

Thus,  of  a,  6,  c  there  will  be  three  things,  a,  fc,  c,  formed 
^J  taking  one  at  a  time:  three  combinations,  ah,  ac,  hc^  formed 
°y  taking  two  at  a  time,  and  one  combination  ahc  made  by 
teking  all  the  three  together. 

223.  To  find  the  number  of  combinations  that  can  be 
J^ed.out  of  m  things,   by  always  taking  r  of  them  to- 
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Let  Cr  denote  the  number  of  combinations  that  can  be 
formed  out  of  m  things  taken  r  together :  F,  the  corresponding 
number  of  variations : 

then,  since  every  combination  of  r  things  taken  all  together, 
admits  of  1.2.3.  &c.  r  permutations,  by  article  (221),  we 
shall  manifestly  have  1.2.3.  &c.  r  x  the  number  of  combina- 
tions equal  to  the  corresponding  number  of  variations :  that  is, 

(1.2.3.  &c.  r)  C,  =  w  (w  -  1)  (w—  2)  &c.  {m-  T  -^  1) : 

whence,    g^,  «*("*- 0  ("^ -^)  &c.  (m-r  +  l) 

1 .  2 .  3.  &c.  r 

This  is  sometimes  called  the  number  of  combinations 
without  repetitions^  of  the  r^^  class. 

I  V  224.     Cor.     The  reasoning  of  the  last  article  may  be 

made  more  clear  by  means  of  particular  cases. 

For,  if  two  things  be  always  taken  together,  the  number 
of  variations  of  m  things  has  been  shewn  to  be  m  (j»  —  1)  : 

but  every  combination  as  a6,  admits  of  two  variations  ah  and 
ha :  and  therefore  there  are  twice  as  many  variations  as  com- 
binations of  this  class. 

Similarly,  out  of  one  combination  of  three  things,  as  ahc^ 
it  is  possible  to  form  3.2.1  variations,  by  article  (221) :  andL 
therefore  the  number  of  variations  of  any  number  of  things^ 
taken  three  together,  will  manifestly  be  1 . 2 . 3  or  aiw  times,  si-s 
great  as  the  corresponding  number  of  combinations:  and  so  on. 

Ex.     If  we  make  r  equal  to  the  numbers  1,  2,  3,  &c.,  i»,  ^n 
order,  we  shall  have 

Ci  =  w: 

m{m  —  i) 


a  = 


1  .2 


^^(^-1)(^^2)^    &e. 
1.2.3 
m  (w  -  1)  (w  -  2)  &c.  3 . 2 . 1 
'^"'  1  .  2  .  3.  &c.  m  " 
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225.      If  in  the  general  formula  established  in  article  (223), 
we  substitute  m  —r  for  r,  we  shall  have 

m  (m  -  1)  (m  -  2)  &c.  (r  +  1) 
""'"^  1  .  2  .  3  .  &c.  (m  -  r) 

w  (f?^-  1)  (m  -  2)  Sec,  (r  +  1)  r  >  See. .  3 . 2  . 1 
1 .  2 . 3  .  &c.  r .  1 .  2 .  3  .  &c.  (w  -  r) 

f»  (i»  -  1)  (w  -  2)  &c.  (m-r  +  l)      (m  -  r)  &c.  3 . 2 . 1 
"  1  .  2  .  3 .  &c.  r  1 .2.3.&c.(m-r) 

w  (i»  -  1)  (m  -  2)  &c.  (w  -  r  +  1) 
1 . 2  .  3  .  &c.  r 

The  combinations  belonging  to  the  respective  sets  denoted 
by  Cr  and  C«i_r,  are  said  to  be  supplementary  to  each  other. 

Ex.     If  m  =s  7,  it  will  be  seen  immediately  that 
Ci  ^  7  ^  C5 1   C2  ^  21  !=  C5 1    C3  ^  35  ^  C4 . 

226.     Tojind  how  many  things  must  be  taken  together ^ 
that  the  number  of  combinations  may  be  the  greatest  possible. 

Let  Cr  denote  the  number  of  combinations  required : 

then,  it  is  evident  from  the  nature  of  the  case,  that  Cr  must 
not  be  less  than  either  Cr-i  or  Cr+i :  and  consequently  that 

and 


must  neither  of  them  be  less  than  1 : 

,         Cr        w-r+1  ,     Cr        r  +  1 

but  -f; —  = ,   and 


Cr-i  r  Cr+i      m  -  r 

m -r  +  1  ,  ,r+l. 

.*.  is  not  <  1,  and  is  not  <  1 : 

r  m  "  r 

.*.  m  —  r  +  1  is  not  <  r,  and  r  +  I  is  not  <m  —r: 

.-.  m+  1  is  not  <2r,  and  2r  is  not  <m  -  1  : 

that  is,  2r  is  not  >m+  1,  nor  <m-l: 
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and  .-.  T  is  not  >^(w+l),  nor  <^(w-l). 

If  m  be  odd  and  =  2j9  +  1,  r  is  not  >p  +  1  nor  <p ; 

and  r  may  therefore  sp  +  1,  or  p, 

or  ==  ^  (m  +  1),  or  ^  (m  -  l). 

If  m  be  even  and  =  2jp,  r  is  not  > j^  +  -^  nor  < j^  -  ^ ; 

and  r  must  therefore  =:p  =  -^w. 

227.  Cor.  From  this  investigation  it  appears  that,  when 
the  number  of  things  is  odd,  the  greatest  number  of  copibina^ 
tions  may  be  obtained  in  two  ways,  which  give  the  same  result: 
but  that  when  it  is  even,  there  is  only  one  set  of  combinations 
which  will  answer  the  purpose. 

When  m  is  odd,  we  shall  have 

_  ^  (^  -  I)  (m  -  2)  8gc.  ^  (m  +  1) 
'  1  .  2  .  3  .  &c.  ^  (m  +  1)  * 

m{m  "  i)(m  "  2)  &c.  ^  (m  '\-  3) 

or,  = = : 

1  .  2  .  3  .  &c.  -^  (m  -  1) 

and  when  m  is  even,  we  shall  have 


m  (m  -  1)  (m  -  2)  &c.  (1  m  +  1) 


1  .  2  .  3  .  &c.  ^  m 

Ex.  Of  five  things,  find  how  many  must  be  taken  to- 
gether, that  the  number  of  combinations  may  be  the  greatest 
possible. 

Here,  m  =  5^  and  therefore  the  required  number 

=  1  (m  +  1)  =  3,  or  =  1  (w  -  1)  =  2  : 

and  the  corresponding  number  of  combinations  =  10. 

228.  To  Jind  the  number  of  different  permutationSf 
which  can  be  formed  out  of  m  things  taken  all  togeth^f 
when  p  are  of  one  sort,  q  of  another ;  Sfc. 

Let  P  denote  the  number  of  permutations  required:  sjoi 
first  suppose  that  of  the  m  things,  p  only  arQ  identical :  tbco> 
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if  the  p  things  were  all  different,  they  would  admit  of  1 . 2 . 3 . 
&€•  y{ permutations  instead  of  1,  as  they  actually  do:  whence, 
(l  .2.3.  Sacc.  j9)  P  =  the  number  of  permutations  formed  out  of 
m  things  all  different 

=  1.2.3.  &c.  m : 

.        -  ^      1  .  2  .  3  .  &c.  v* 

therefore,  P  = ^=—  . 

1  .  2  .  3  .  &c.  j9  ^ 

Again,  if  in  addition  to  this,  q  things  are  also  identical,  and  f 
P  denote  the  required  number  of  permutations,  we  shall  have »/ 
by  the  same  mode,  of  reasoning,  ♦ 

(l^.  2 .  3 .  &c.  /))  (1 . 2  .  3  .  &c.  9)  P 

=  the  number  of  permutations  of  in  things  all  cWFereSt 

=  1.2.3.  &c.  m : 

,  ^  1.2.3.  See.  m 

wiieilce    P  ^  — _—^_— ___—__— ^^————— —  I 

'  (1  .  2  .  3.  &c.  jp)  (1 .  2  .  3  .  &c.  q)  ' 

and  a  similar  formula  will  matiifestly  be  correct,  whatever  be 
the  number  of  quantities  p^  g,  &c. 

Ex.  1.     Required  the  numl^  of  different,  permutations, 
that  can  be  formed  out  of  jjre  IcIms  of  the  word  Difference. 

Here,  m  =  10:  also,  there  afld./'s,  or'p_^.  and  3  e\ 
or  9  =  3: 

,  ^      1.2.3.4**5. 6. 7. 8. 9.  10      ^^,^^ 

whence,   P  =  ; — ; =  302400. 

(1  .  2)  (1  .  2  .  3)     ^ 

Ex.  2.     Find  the  number  of  different  permutations  that 
can  be  formed  out  of  o"*"'6%  when  written  at  length. 

Here  are  m  quantities,  and  a  and  h  being  repeated  m  —  r 
and  r  times  respectively,  we  have 

1.2.3.  &c.  m 
"  {l  .2  .3.  &c.  (w-  r)}  {l  .2  .3.  &c.  r( 

m{m  -\)  &c.  (m  -  r  +  1) 
1.2.3.  &c.  r 

by  rejecting  from  the  numerator  and  denominator,  the  factors 
common  to  both. 

1)D 
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229.  Cor.    From  the  formula, 

^  ^  1 ,2.3  .kc.m 

P  = . -, 

(1  .  2  .  3  .  &C.  jp)  (1  .  2  .  3  .  &C.  9)  &C. 

it  is  manifest  that  if  p  and  q  change  places,  the  number  of 
permutations  will  remain  the  same :  as  for  instance,  in  the  last 
example,  the  result  will  be  the  same,  whether  p  represent  the 
number  of  a'*s,  and  q  the  number  of  Vs :  or  vice  versd. 

230.  To  determine  the  form  of  the  continued  product  of 
the  m  simple  factors^  x +a,  x  +  b,  x  +  c,  &c. 

Here,  (a?  +  a)  («r  +  6)  =  a?^  +  (a  +  6)  a?  +  a6: 
(a?  +  o)(a?  +  6)(a?  +  c)  =  ^+  (a  +  6  +  c)a^+  (ab'^ac  +  bc)w  +  abc: 

(a?  +  a)  (a?  +  fc)  (a?  +  c)  (/r  +  d)  =  «»*  4-  (a  +  6  +  c  +  d)a^ 
■^(ah-\'ac-\-ad'^bc-\'bd+cd)a^+(abc+ahd+acd+bcd)a!+abcd: 

whence,  if  this  kind  of  form  be  assumed  to  be  true  for  m  - 1 
factors,  and  the  remaining  factor  be  introduced  into  both  its 
members,  it  will  immediately  appear  to  hold  good  for  m 
factors. 

Wherefore,  in  the  required  product,  the^r^^  term  will  be  <r": 
the  second  term  will  be  a?*""^,  having  for  its  coefficient,  the  sum 
of  the  m  quantities  o,  6,  c,  &c.:  the  third  term  will  be  w^'^ 
having  its  coefficient  equal  to  the  sum  of  the  combinations  of 
the  m  quantities  o,  b,  c,  &c.  taken  two  together,  the  number  of 

which  will  be -:  and  so  on:   and  the  r*^  term  will  be 

1.2 

^m-r+i^  with  a  coefficient  equal  to  the  sum  of  the  combinations 
of  the  m  quantities  o,  6,  c,  &c.,  formed  by  taking  r-I  at  a 
time,  the  number  of  which  will  therefore  be 

m(m-  I)  (m  -  2)  &c.  (w  -  r  +  2) 
1 .  2  . 3  .  &c.  (r  -  1) 

and  the  last  term  will  be  the  continued  product  of  the  m  quan- 
tities a,  6,  c,  &c. 
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231.  CoE.  If  the  m  quantities  a,  6,  c,  &c.  be  all  equal 
to  one  another,  we  shall  have 

^  1.2 

which  is  the  Binomial  Theorem^  in  the  case  where  the  index  is 
a  positive  whole  number. 

232.  To  ascertain  the  nature  and  form  of  the  continued 
prodtcct, 

(xi  +  a,)  (x2  +  ag)  (xg  +  ag)  &c.  to  m  factors. 

Here,  we  observe,  that  every  term  of  the  result  must 
necessarily  consist  of  m  factors,  and  therefore  all  the  tenos 
will  be  homogeneous : 

also,  when  tn— 1  of  the  aPs  are  found  in  any  term,  one  of  the  a*s 
must  be  involved  with  them:  when  m-2  of  the  ^"'s  are  involved, 
two  of  the  a'^s  will  also  be  found  there :  and  so  on :  in  other 
words,  the  ai*s  and  a^s  are  complementary  to  each  other,  the 
number  of  both  together  being  in  every  term  equal  to  m: 

now,  from  the  formula, 

1  . 2  .  3 .  &c.  m 
~  (1 . 2  . 3  .  &c.  jp)  (1  .  2  .  3  .  &c.  ^)  &c.  ' 

the  number  of  terms  which  are  made  up  of  (m  —  1)  w^s  and 
one  a,  will  be 

1 .  2  .  3  .  &c.  m 
|l.2.3.&c.  (m  "  l)}{l} 

the  number  of  terms  involving  (m  -  2)  aPs  and  two  a\  will  be 

1.2.3.  &c.  m  m(m  —  l) 

{1.2.3.&C.  (w-2)}  \l  .2}  "        1T2 

the  number  of  terms  involving  (m  -  3)  /v's  and  three  a\  will  be 
1.2.3.  &c.  m  m(m  -  1)  (m  -  2) 


|l.2.S.  &C.  (m-  3)}{l  .2.3}  1.2.3 


&c. 
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whence  both  the  form,  and  the  number  of  terms,  of  the  product 
are  determined. 

233.  Cob.  If  it  be  required  to  find  the  nature,  and 
the  number  of  the  terms,  of  the  continued  product  of  m  multi- 
nomial factors  of  the  same  kind,  we  observe  as  before  that  all 
the  terms  will  be  homogeneous  :  and  the  sum  of  the  indices  in 
every  term  being  wi,  the  magnitudes  and  number  of  such  terms 
will  be  determined  in  the  same  manner,  from  the  formula, 

1.2.3.  &c.  m 
""  (1  . 2  .  3  .  &c.  jp)  (1  ,  2  .  3  .  &C.  9)  (1  . 2  .  S  .  &c.  r)  &c.  * 

the  values  of  jp,  q^  r,  &c.  being  always  such  as  to  satisfy  the 
equation  of  condition^ 

jp  +  ^  +  r  +  &c.  =  m. 

This  amounts  to  what  is  generally  called  the  Multinomial^ 
or  Polynomial  Theorem.  \ 


f 


CHAPTER   X. 

INDETERMINATE     COEFFICIENTS,      AND     THE      BINOMIAL 

THEOREM. 


INDETERMINATE    COEFFICIENTS. 

234.  Def.  The  method  of  Indeterminate  Coefficients  is 
a  process  by  which  the  Expansion  or  Developement  of  alge- 
braical expressions  may  be  effected,  by  assuming  for  them  a 
series  of  powers  of  one  of  the  letters  involved,  combined  with 
coefficients  that  are  subsequently  to  be  assigned  in  terms  of 
the  rest :  and  it  is  of  the  most  extensive  utility  in  algebraical 
Analysis^  as  will  be  seen  in  the  following  pages. 

235.  If  the  equation, 

A  +  Ba:  +  Car^  +  Dai^  +  &c.  =  a  +  b.v  +  car  -f  rfct^  -h  &c. 

wherein  both  members  are  continued  at  pleasure,  be  true  for 
all  values  that  can  possibly  be  assigned  to  .r:  then  will  the 
coefficients  of  the  same  powers  of  a?  in  both  members  be  equal 
to  one  another  : 

that  is,   A  -  a^  B  =  b^  C  =  c^  D  =  d^  &c. 

For,  since  independently  of  any  particular  value  of  w, 

A  +  B/c  4-  Cai^  +  Dar^  +  &c.  =  a  +  ha;  +  car^  +  daP  +  &c. : 
if  .V  =  0,   wc  have  A  =  a:  and  there  remains 

/?.?•  +  C<v^  +  D.v^  +  &c.  =  Ihv  +  (uv'"^  4-  dai'  +  ;kc. : 
or,   B   +  Cv  +  Dar  +  &c.  =   ft    +  cv  +  d^v'  +  &c.  : 
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if  a?  =  0,  we  have  B  =  b:  and  by  a  continuation  of  this  mode 
of  reasoning,  it  may  be  similarly  demonstrated  that 

C  =  c,  D=^d,  &c. 

The  truth  of  this  proposition  is  further  manifest  from  the 
circumstance,  that  if  we  transpose  all  the  terms  of  the  second 
side  of  the  equation,  we  shall  have 

(^  -  a)  +  (J5  -  6)0?  +  (C  -  c)  ,a?2  +  (Z>  -  d)  J?^  +  &c.  =  0  : 

which,  if  the  coefficients  ^  —  a,  i?  —  6,  C  —  c,  &c.  of  the 
different  powers  of  <r  were  finite,  could  be  satisfied  only  by 
the  roots  of  the  equation :  and  thus,  the  generality  essential 
to  the  expression  would  be  destroyed. 

236.  Cob.  1.  If  the  equation  A  -^  Bw^a  +  hos^  hold 
good  for  any  two  different  values  of  ob  :  then  will  A^  a  and 
5  =  6. 

For,  let  a,  /3  be  the  two  values  of  «r,  so  that 

A  +  Ba  =  a  +  6a,  and  A  +  jB/3  =  a  4-  6/3  : 

.-.    jff  (a  -  j3)  =  6  (a  -  /3)  :    whence,  B  -h  and  A  =  a, 

Similarly,  if  ^  +  Boa  +  Cai^  =  a  +  bw  +  car^^  be  true  for 
any  three  different  values  of  w,  it  may  be  shewn  that  A^a, 
B  —  b^  C  =  c:  and  so  on,  for  any  number  of  terms  and  cor- 
respondent values  of  w :  and  this  will  manifestly  lead  to  the 
conclusion  in  the  last  article. 

237.  Cor.  2.  It  A  +  Ba?  +  Cw^  ^  Dw^  +  &c.  =  0,  the 
values  of  a,  6,  c,  d,  &c.  being  each  =  0,  we  shall  have 

^  =  0,   i?  =  0,  C  =  0,  Z)  =  0,  &c. 

238.  Division  and  Evolution  may  be  effected  by  meaas 
of  indeterminate  coefficients,  as  in  the  following  examples. 

Ex.  1.     To  divide  a  +  w  by  1  -  6^,  let  us  assume 

a  +  Of 


\  -bo) 


=  u4  +  Bw  +  Ca^  +  Da^  -}-  &c. : 
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.•.  multiplying  both  sides  by  1  -  6^,  we  have 

a  +  w  =  A  +  Bw  +  Co^  +  Da^  +  &c. 

-  Ahw  -  Bhaf"  -  Cha^  -  &c. 
^  A  ^-  {B  ^  Ah)w  ^  {C  -  Bh)  of  ^  {D  -  Ch)a^  -^  &c. : 

whence,  equating  the  coefficients  of  the  same  powers  of  w  in 
both  members,  we  have  A^  a: 

.   J?  -  Jfe  =  1,     .\  B=l  +  Ab=:l  +ab: 


Sec. 


C^Bb  =  (l  +ab)b: 
D  =  Cb=^(l+ab)b': 
&c. 


.  a  +^ 
1  -  6a? 


=  a  +  (1  +  a6)  0?  -h  (l  +  aft)  6a?^  +  (l  +  a6)  b^ai^  +  &c. : 


which  is  the  same  as  would  be  obtained  by  actual  division : 
and  the  law  by  which  the  coefficients  are  connected  is 
manifest. 

Ex.  2.     To  extract  the  square  root  of  1  +  a?^ 

Assume  \/l  +  {c^  =  A  +  Bx  +  Cx^  +  Dx^  +  jB^*  +  &c. : 
.-.  1+  a?»  =  u4^  +  ABx  +  ACal'  +  ADx^  +  JUa?*  +  &c. 

+  ABx  +  i?2,»  ^+  BCa^  +  JJDo?*  +  &c. 

-\-ACa»-vBCar'^  Cm''  +  &c. 

+  ^Z>a?3  +  BDx'  +  &c. 

+  AEx^  +  &c. 

whence,  equating  coefficients,  we  have 

-4^  =  1,  or  u4  =  1 : 
2^5  =  0,  or  5  =  0: 


+  &c. 


2.4C  +  i?^  =  I,  or  C  = 


1  -jg' 

2-4 


1 

2 


2-4Z>+2BC  =  0,  or   /)  = =0: 

A 
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StAE  +  2BD+C  =  0,  or  £= =s--:  &c. 

2A  8 

.-.  vl  +  J?'*  =  1  +  -cc-ar Of*  -  &c.: 

2     2  8 

and  it  may  be  observed  that,  had  we  known  the  form  of  the 
expansion  beforehand,  the  odd  powers  might  have  been  omitted 
in  the  assumption,  without  altering  the  result. 

P         239.     T6  determine  the  form  of  the  contintied  prodtict 
^  of  the  m  simple  factors^  x  +  a,  x  +  b,  x  +  c,  &c.,  x  +  k,  x  +  I. 

Let  (x  +  a)(w  +  b)  &c.  (a?  +  1)  to  m  factors 

=  .»'"+  Aiof^-^  +  A^cd^'^  +  &c.  : 

and  (po  +  6)  (a?  +  c)  &c.  (a?  +  Z)  to  w  —  1  factors 

=  <r"-^  +  B^ixr'^  +  J?2^-»  +  &c. : 

then,  multiplying  both  members  of  the  latter  assumption  by 
0?  +  a,  we  shall  have 

d^  +  J,a?*"~^  +  Actof^-^  +  &c. 

=  (a?  +  a)  (a?"*-^  +  J5ia?"-«  +  B^ai^-^  +  &c.) 

=  0?'"  +  i?i<r"»-^  +  B^ixT-^  +  &c. 

+  aj?*"-^  +  aB^ai^'^  +  &c. 

=  af^  +  (fii  +  a)  <r"*"^  +  (JJg  +  aJ5?i)  ^'""^  •+■  &c. : 

whence,    -^^  =  i?i  +  «j     -^g  =  JB2  +  ^-Bu  See. : 

that  is,  by  the  introduction  of  the  factor  la?  +  a,  the  coefficient 
of  the  second  term  is  increased  by  a:  and  the  same  being 
true  of  all  the  rest,  it  follows  that  -^j  =  a  +  6  +  c  +  &c.' 
by  the  same  operation,  the  coefficient  of  the  third  term  is 
increased  by  afii,  or  by  the  product  of  a  and  the  preceding 
value  of  -4i  =  a  (6  +  c  +  d  +  &c.)  :  whence,  we  have 

^2  =  a(6  +  c-i-d  +  &c.) 
+  6  (c  -h  <Z  +  &c.) 
+  c  (d  +  &c.)  : 
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similarly,  ^3  =  a6  (c  +  d  +  &c.) 

•+  ac(d  -^  &c.)  +  &c. 

-f  6c  (d  +  &c.)  +  &c. :  and  so  on  : 

from  which,  we  conclude  that 

A^  is  the  sum  of  a,  6,  e,  &c.  taken  singly : 

A2  is  the  sum  of  the  products  of  a,  6,  c,  &c.  taken  two  together: 

As  is  the  sum  of  the  products  of  a,  6,   c,  &c.  taken  three 
together :  and  similarly,  of  the  succeeding  coefficients  in  order 

Hence  also,  the  coefficient  of  the  r^^  term  in  the  required 
product,  will  be  the  sum  of  the  products  of  a,  6,  c,  &c.  taken 
r  —  1  together  :  and  the  coefficient  of  off^  will  be  the  sum  of  the 
products  of  a,  6,  c,  &c.,  taken  m  —  r  at  a  time. 

Ex.  Find  the  continued  product  of  a;  +  2,  ^  +  6,  ,r  +  10 
and  w  +  14. 

Here,  w  =  4,  and  therefore  the  first  term  is  a?*  : 

the  coefficient  of  ^=2-1-6+10+14=32  : 

the  coefficient  of  07^=2.6+2.10+2.14+6.10+6.14+ 10.14«=344  : 

the  coefficient  of  o?^=2.6.10+2.6.14+2.10.l4+6.10.14=1408  : 
the  coefficient  of  a?^=2.6.10.14=l680: 

.-.  the  product  =  o?*+32a;3+344./+1408«2?+l680, 

240.  The  method  of  indeterminate  coefficients  is  applied 
to  the  resolution  of  fractions,  whose  denominators  are  expressed 
by  factors,  into  others  with  simple  denominators. 

2  fl  ^  tP 

Ex.  1.     Resolve  into  two  simple  fractions. 

a^  -  ttr* 

Here,  a*  —  a?^  =  (a  +  a?)  (a  —  0?) :  whence,  assuming 

2a -d?         A  B         {A  +  B)a-{A-B)x 

a*  —  0?^      a-\-  as      a  —  w  a?  —  a^ 

we  have  2a  -  a?  =  (^  +  i?)  a  -  (^  -  i?)  a? : 
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and  equating  coefficients,  we  obtain 

^  +  5=2  and  J  -  «  =  1 : 

whence,  -4  =  |,  and  jB  =  ^ ;   so  that 

2a  -  w   ,  .     ,  3  1 

~r IS  equivalent   to r  + r . 


• into  three  simple 

(w  +  1)  (a?  +  2)  (a?  +  3) 


af" 


ABC 

+  + 


Ex.  2.     Resolve 
fractions. 

Assume -— — -  .  . 

(^  +  1)  (a?  +  2)  (^  +  3)      w  +  1      0?  +  2      a)  -k-S 

{A  +  B  -\-C)aP  +  {5A  +  4^B^3C)w^  6A  +3B  +  2C 

(a?  +  1)  (a?  +  2)  (a?  +  3) 

.-.  a?2=(J  +  jB+  C)c'p2  +  (5il  +  4J5  +  3C)cP  +  6^  +  SJ5  +  2C, 

whatever  values  be  assigned  to  a? :  whence,  we  have 
J  +  J5  +  C=l,    5-4  +  4J5  +  3C  =  0,  6-4  +  3S  +  2C  =  0: 


5^  +  55+  5C  -=  5 
5-4  +4jB  +  3C  =  0 

.-.    j5  +  2C  =  5:  (a) 

6^  +  6J5+6C  =  6 
6^  +  3J5  +  2C  =  0 

.-.    3J5  +  4C  =  6:  ()8) 

35  +  6C  =  15: 
35  +  4C  =  6: 

.-.    2C=9,     and   C  =  |: 
from  (a),     5  =  5-2C  =  5-9=-4.: 
from  (1),      ^  =  l-5-C=l+4-|=^: 


from  (l), 

from  (2), 

from  (l), 

from  (3), 

from  (a), 

from  (/3), 


wherefore, 


a?2  1.4  9 

— ! .| -, 

(a?  +  1)  (o?  +  2)  (a?  +  3)      2  (a?  +  1)       a?  +  2       2  (a?  +  3) 
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Ex.  3.     Decompose 


(a?  -  a)  (a?  -  6)  (a?  -  c)  &c.  (a?  -  I) 

into  simple  fractions,  the  number  of  factors  in  the  denomi- 
nators being  m. 

Let 

1  A         B        C      ^  L 

+ r+ +&C.+ 


(fl?— o)  («a?— 6)  («a?-c)  &c.  (o?-/)     w—a     x—h     x-c  w—l 

then,  multiplying  both  members  by  the  denominator  of  the 
former,  we  have 

1  ^  A(j€  -h)  (x  -  c)   &c.  to  {m  —  1)  factors, 

+  J5(a?  — a)  (a? -c)  &c 

*    +  C(/p  -  a)  (a?- 6)  &c 

+  &C 

+  Z  (a?  —  a)  («»  -  6)  &c 

which  is  true  for  all  values  of  w : 

1 


,\  if  ^  as  a. 

A  = 

if  ^  =  6, 

B  = 

if  J7  =  c, 

1 

C  = 

&c. 

= 

i{ai  =  1, 

L« 

(a  -  6)  (a  -  c)  &c.  to  (m  -  1)  factors 

1 

^ ^  • 

(6  -  a)  (6  -  c)  &c.  to  (m  -  1)  factors 

1 
(c*  —  a)  (c  —  b)  &c.  to  (w  —  1)  factors 

&c. 

1 
(I  -  a)^(Z  -  6)  &c.  to  (m  -  l)  factors 

i 

■    ^d  thus  the  values  of  J,  B^  C,  &c.  L  are  determined. 

I    ^       241.     CoE.      By  effecting   the   multiplications    indicated 
**^  the  last  example,  we  shall  have 

1  =  (J  +  5  +  C  +  &c.  +  Z)  0?'"-'  +  &c.  : 
whence,  is  obtained  A  +  B  ■{■  C  -k-  &c.  +  /,  =  o : 
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that  is,  if  ay  6,  c,  &c.  A?,  /  be  any  unequal   numbers  what- 
ever, then  will 

1  1 

+  &c. 


(a  -6)  (a  -  c)  &c.  (a  -  Z)      (6  -  a)  (h  -  c)  &c.  (6  -  /)  , 

1 


(Z  -  a)  (Z  -  6)  &c.  (Z  -  k) 


=  0. 


242.  This  principle  may  be  rendered  still  more  general, 
and  may  be  extended  to  indeterminate  indices,  as  well  as  in- 
determinate coefficients;  so  that  if  we  have  for  every  value 
of  a?, 

-4<r«  +  Bw^  +  Cxy  +  &c.  =  J'a?«'  +  B'o!^'  +  Cxy'  +  &c. : 

a  similar  process  will  lead  to  the  conclusion  that  r 

a^a\  /3  =  j3',  7  =  y,  &c.:    A  ^  A\  B  ^  B\  C=^C,&c. 

THE   BINOMIAL   THEOREM. 

243.  Def.  The  Binomial  Theorem  is  a  general  Alge- 
braical Formula,  by  means  of  which,  any  power  or  root  of 
a  quantity  consisting  of  two  terms,  may  be  expressed  by  a 
series  of  simple  quantities :  and  in  its  most  general  form  is 

(a  +  a?)"* 

m(m—l)        „  „    m(m-l)(w-2)        ,  ,    „ 
1.2  1.2.3 


=  a"'  +  ma'""*a? 


where  the  quantities  a,  ,v  and  m  may  be  either  positive  or 
negative,  integral  or  fractional. 

We  shall  divide  the  proof  of  this  theorem  into  the  two 
following  propositions. 

(1)  To  determine  the  law  of  the   formation   of  the  in- 
dices, and  the  coefficient  of  the  second  term  : 

(2)  To  investigate  the  law  of  the  formation  of  the  suc- 
ceeding coefficients : 
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and  since    (a  +  cof^  =  |a  ( l  +  -J  >    =  a"  f  1  +  -  J  , 

* 

the  binomial  shall  be  represented  by  1  + !?»  and  its  index 
by  m. 

244.  .  T6  determine  the  law  of  the  formation  of  the 
indices  of  \  in  the  expansion  of  (l  +  v)™ :  and  the  coefficient 
of  the  second  term. 

First,  let  the  index  be  a  positive  whole  number :  then, 
since  by  actual  multiplication,  we  have 

(l  +  t?)^  =  1  +  2v  +  V* : 

(1  + 1?)'*  =  1  -h  3«  -h  Sv^  +  v^  : 

(1  +  t?)*  =  1  +  4v  +  6v^  +  4v^  +  v^ :   &c. 

we  perceive  that  the  indices  of  v  increase  regularly  by  1  in 
each  succeeding  term,  and  that  the  coefficient  of  the  second 
term  is  the  index  of  the  binomial :  whence  assuming,  in 
accordance  with  this  observation,  that 

(1  +  tj)"-*  =  1  +  (m  -  l)v  +  By  +  B.y  +  &c. : 

we  shall  have 

(1  +  «)*  =  (1  +  w)  (1  +  v)'"-* 

=  (1  +  v)  {i  +  (w  - 1)  v  +  By  +  By  +  &c.} 

=  l  +  (m-l)v  +  By  +  BiV^  H-  &c. 

+  v  +  (m-  l)v^  +  By  +  &c. 


=  1  +  mv  +  (jffi  +  w  -  1)  v^ -h  (i?2  +  Bi)v^  +  &c. : 

from  which  we  infer,  that  if  the  indices  in  each  succeeding 
term  increase  by  1,  and  the  coefficient  of  the  second  term  be 
equal  to  the  index  of  the  binomial,  for  any  one  value  of  that 
index,  the  same  will  hold  good  for  the  next  superior  index  : 
but  this  has  been  proved  true  for  the  values  2,  3,  4  of  m : 
therefore,  it  is  true  when  m  =  5  :  hence  also,  when  m  =  6,  and 
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therefore,    when   m  =  7,   and   so  on :    and  consequently  it  is 
generally  true,  that 

(1  +  Tj)"»  =  1  +  tnv  +  Bv^  +  Cv^  +  &c. 

when  the  index  is  a  positive  whole  number. 

P 
Secondly,  let  the  index  be  a  fraction,  and  be  denoted  by  -: 

and  assume, 

(1  +  «)?  =  1  +  ^«  +  &c. :    .-.   (l+vy^{l  +  Av  +  &c.)  «: 
wherefore,  by  the  preceding  case,  we  shall  have 

1  +jp«  +  &c.  =  1  +  qAv  +  &c. : 
and  equating  coefficients,  we  obtain 

qA=p^    and   .-.  il  =  — : 

91 

and  the  indices  of  v  must  obviously  increase  as  before: 
whence,    (l  +  v)?  =  1  +  —  «  +  Bv^  +  Cv^  +  &c. 

Thirdly,  let  the  index  be  a  negative  quantity,  either  inte- 
gral or  fractional,  represented  by  -  r :  then  we  have,  by  actual 
division, 

1  1 

(1  +  vy  = = —  =  1  -  rv  +  &c. : 

^         ^  {\  ^vy      1  +  ru  +  &c. 

and  the  indices  increase  as  before. 

Hence,  whether  the  index  m  be  positive  or  negative,  inte- 
gral or  fractional,  the  coefficient  of  the  second  term  is  m,  and 
the  form  of  the  expansion  will  be 

(l-h  v)*"  =  1  +  mv  +  Bv^  +  Ct)^  H-  &c. 

245.  To  determine  the  law  of  the  formation  of  the 
coefficients  of  the  powers  o/ v,  in  the  expansion  of  (l  -h  v)" . 

Let  (1  +  v)"*  =  1  +  WW  -I-  Bv^  +  Cv^  +  &c.,  and  for  v  put 
y  H-  ^ :  then,   we  shall  have 
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(I  -^'y  +  x)"^  ^  I  +  m(y  +  %)  +  B (y  +  zy  +  C(y  +  xf  +  &c. 
=  l+my  +  Bf  +Cf  +  Dy^  +  &c. 

+  mz  +  2By%  +  sCy^z  +  4iDy^x  +  &c. 

+  &C 

by  the  preceding  article : 

again,  by  separating  it  into  factors,  we  shall  have 

(i+»  +  -r  =  {(i+y)(i  +  ^)}""  =  (i+yr(i+j^^ 

=  1  +  my  +  By^  +  Cy^  +  Dy^  +  &c. 
+  wi!f  {l  +  (w  -  l)y  +  B'y^  +  Cf  +  Z>y  +  &c.} 
+  &C 

where  jB',  C',  i^'j  &c.  are  the  values  of  Jff,  C,  D,  &c.  when  m 
is  changed  into  m  —  1,  by  the  preceding  article: 

whence,  by  reason  of  the  identity  of  these  two  expressions  for 
(l+y +  »)"•,  we  must  have  the  coefficients  of  the  same  symbols 
«qual  to  each  other  in  both  :  that  is, 

2jB  =  w(m-l),    and  i?  =  -   ^  ^ 


hence  also,   li  = 


1  .2 

{m  -  1)  (m  -  2) 
1  .2 


1.2  1.2.3 


hence  likewise,    C'  = 


(m  -  1)  (w  -  2)  (wi  -  3) 


1.2.3 


1.2.3 


and  2>=: 


m  (m  -  1)  (m  -  2)  (m  -  3) 


1.2.3.4 
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and  it  is  evident. that  this  process  may  be  continued  as  far  as 
we  please,  so  that 

(l  +  tj)"»  =  1  +  m«  +  — ^ '-  v^  +  — ^^ — ^v^ 

1.2  1.2.3 

m(m>-l)(m~2)(m-3)  ^.      . 

+ V*  +  &c. 

1.2.3.4 

246.    Cor.  l.     By    substituting  -    in    the    place  of  «, 
we  shall  have 

1  +  -) 

„c  ^     m(wi-l)  /^\8    m(w-l)(m-2)  /^\'     „    > 

=  a«{l+m-  +  -^^ ^    -    +—^ ^ -     +&C. 

^  a  1.2       \aj  1.2.3  \a/  * 

-.  1       m(w-l)       -  ^*  w(m-l)(m-2)   .  -  ,    « 
1.2  •  1.2.3 

If  972  and  <r  be  both  positive, 

(a  -f  ^T  =  a"*  +  moT''^  w  +  — ^^ ^  oT"^ of  ^  &c. 

'^  1.2 

If  m  be  positive  and  <r  negative, 

(a  -  ci?)"'  =  a"»  -  ma*"~^  a?  +  — ^^ a*""*  J?^  -  &c. 

^  ^  1.2 

If  7W  be  negative  and  w  positive, 

vn>  (tn  +  l) 
^  ^  1.2 

1        w/p       m  (»w  +  1)^^      „ 

= 4-  7. —   —  &C. 

or      a'"+^  1.2a"'+^ 

If  m  and  w  be  both  negative, 

m  (m  +  1) 

(a  -  a?)-"*  =  a"*"  +  ma'^^'^x  +  — ^ ^  a'^^-^a?  +  &c. 

^  ^  1.2 

1        Twa?       w  (ti  +  1)  ^ 
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Also,  if  the  index  be  fractional  and  be  denoted  by  ±  - , 
(a±a?)«  =  a^±^o«    ^+^^^     /^qg      o^  ±  &c. : 

247.  Cob.  2.  If  ^1,  ^29  ^9  &c.  represent  the  first,  second, 
third,  &c.  terms  of  the  expansion,  we  may  exhibit  the  theorem 
in  another  form. 

Thus, 

a  2      a  3      a 

by  means  of  which,  any  term  may  easily  be  derived  from  that 
which  immediately  precedes  it. 

Ex.     Required  the  fifth  power  of  2d?  +  3y. 

Here,    (2a;  +  SyY  =  (2<r)'<l  +  — >  :    and  by  substituting 

in  the  general  formula,  5  and  ~  in  the  places  of  m  and  if 
respectively,  we  have  (2a?  +  3y)* 

=--{-e)-»(g)"-°©"-(:-!)'^(:-!n 

=  32cr^  +  24fOaf*y  +  120a?  f  +  lOBOart^  +  810<ry*  +  243y\ 

248.  To  find  an  expression  for  the  r*^  term^  or  the 
general  term  of  the  expansion  of  (l  +  v)™. 

The  first  term  is  always  =  1,  and  the  second  term  =  wiv, 
and  the  general  term  will  be  determined  by  induction :  for  we 
have  seen  that 

1       1.1  W2  (m  -  1 )    _ 

the  third  term  = v^i 

1.2 

1      n       1  w(m-  1)  (w  -  2)    ,     ^ 

the  fourth  term  =  — ^^ — v^ :   &c. 

1.2.3 

FF 


iS6  THE    BINOMIAL    THEOREM. 

whence,  observing  the  connection  subsisting  between  the  index 
of  V  and  the  factors  of  its  coefficient,  we  shall  have 

the  r^  term  =  '»('»- 0  (»» -g)  &«•("»- ^>  g)  „,-. . 

1 .  2 . 3  .  &c.  (r  -  1) 

also,  the  coefficient  of  d*",  or  of  the  (r  +  1)*^  term,  will  be 

m  (m  -  1)  (m  -  2)  &c.  (wi  -  r  +  l) 
1  .  2  .  S  .  &c  r  ' 

which,  by  article  (223),  is  the  number  of  combinations  of  m 
things  taken  r  together,  when  m  is  a  positive  whole  number. 

249.  Cob.  1.  If  m  be  a  positive  whole  number,  and  we 
suppose  m  —  r  +  2  =  0,  or  r  =  m+2:  the  r^  and  every  suc- 
ceeding term,  involving  zero  as  a  factor,  becomes  =  0,  and 
therefore  the  series  terminates  after  the  (r  —  l)*^,  or  (m  +  1)** 
term  :  that  is,  the  expansion  of  a  binomial,  whose  index  is  the 
positive  integer  m,  contains  m  +  1  terms :  and  the  number  of 
terms  of  the  expansion  will  therefore  be  even  or  odd,  according 
as  the  index  is  odd  or  even. 

Also,  if  m  be  either  negative  or  fractional,  it  is  manifest 
that  no  one  of  the  factors  of  the  r^  term  can  ever  become  a  0: 
and  consequently  the  expansion  will  consist  of  an  indefinite 
number  of  terms,  and  the  developement  admits  only  of  a  sym- 
bolical interpretation. 

250.  Cob.  2.     If  m  be  an  even  number,  the  middle  ten 
of  the  expansion  of  (l  +  t?)"  will  be 

^Irr^rS^.  &C.  (w  -  l)    ,       ^5 

1 . 2  . 3 .  &c.  ^  m      ^     ^ 

For,  the  middle  term,  which  is  the  (-^w  +  iy^  will 

m  (m  -  1)  (w  -  2)  &c.  (i  w  +  1)    ?  / 

~"~1.2.3.&c.^m     ^      ^^ 


(which  by  multiplying  both  the  terms  by  1.2.3.  &c.  ^  m 

1 . 2  .  3  .  8ec,  ^  w  (j^  m  +  1)  8ec.  (m  -  2)  (m  -  l)m 
^  (1.2.3.  &c.^m)«  * 
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{l.3.5.&c.(m-l)]  X  {2.4>.6.kc.m]    * 
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(l.2.S.&c.^m)* 


V 


rffv 

|l,S,5.&c.  (w-  1)}  X  |l.2.3.&c.  ^m}2«    m 

(1.2.3. &c.^my  ^ 


1.3.5.  &c.  (m  —  1) 
1.2.3.  &c.  ^  m 


(2t))2 . 


261.  Cob.  3.  If  m  be  an  odd  number,  there  will  mani- 
festly be  two  middle  terms,  the  |  (w+  1)***  and  ^(m  +  S)""  from 
the  beginning:  and  these  will  be  found  to  be  respectively 
equal  to 

m  («i  -  1)  (w  -  2)  &c.  iim-^S)   ^az} 
1 . 2 . 3 .  &c.  ^  (m  -  1)  ' 

,   m  (m  -  1)  (m  -  2)  &c.  i  (m  +  1)    ^^ 

and  — ^^ — \  ,    ^  \ V  ^    : 

1 . 2  . 3 .  &c.  ^  (m  +  1) 

vhieh,  as  in  the  last  corollary,  are  easily  made  to  assume  the 
farms 


1.3.5.&c.m 


m— 1     w— 1 

2  8    «  2     and 


1.3.5.&c.m 


w  — 1     wH 
2    2^2 


l.«.8.&c.^(m+l)  "       "  l.2.3.&c.^(m4-l) 

the  coefficients  of  the  powers  of  v  being  equal,  agreeably  to  the 
purport  of  article  (248). 

Ex.  1.     Required  the  general  term  of  the  expansion  of 

^  or    (l-/!?)""^. 

V  1  -a? 

Here,  m  =  —  -^j   and   «  =  —  tV ;    whence    by   substitution, 
we  have 

the  ,*  term  =  '"("^  -  0  («*  -2)  8^c-  ("^  -  ^  +  2)  ^.-. 

1 . 2  . 3 .  &c.  (r  -  1) 

1 . 2 . 3 .  &c.  (r  -  1) 
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=  (-T)(-i)(-i)&c.{^'^(2r-3)} 

1  . 2  . 3 .  &c.  (r  -  1)  ^       ^ 

_^  1  .  3  .  5  .  &c.  (2r  -  3)  /^V"^ 
"    1  . 2 .  3  .  &c.  (r  -  1)    V2  / 

and  this  being  positive,  leads  us  to  conclude  that  every  term  of 
the  expansion  will  be  positive  also. 

The  first  and  second  terms  are  1   and  -  a?: 

2 

1  .  3  ftV\  ^       3 
if  r  =  3,  the    third    term  =  — —  ( —  l    =  -a^: 

1  .2  V2/         8 

,      i.        1  1.3.5  fx\^        5     , 

if  r  =  4,  the  fourth  term  = —  |    =  —  /ir: 

1.2.3  V2/         l6 

1.3.5.7  fofV        S5     , 

if  r  =  5,  the     fifth    term  = -      = a?*:  &c. 

'  1.2.3.4  V2/         128 

13  5  35 

^  ^  2         8  16  128 

Ex.  2.     Find  the  r***  term  of  the  expansion  of  (a  +  ^)*. 

Here,   (a  +  «r)i  =  ai  { 1  +  —  j  :  and   therefore   the  general 
term  of  the  expansion  of  (a  +  a?)4  =  a*  x  the  general  term  of 

1  +  -I  : 

also,  putting  m  =  -J,  and  v  =  — ,  we  shall  have 
the  r^  term  = 


1.2.3.  &c,(r-  1) 


e) 


THK    BINOMIAL    THSOBEM.  SS9 

1.2.3.  &c.(r-l)  \a) 

1 . 2 .  S .  &c.  (r  -  1)  \a) 

^     '^      \l.2.S.&c.(r-l)j  Vo/ 

1   2.5.&C.  (Sr-7)  /     _f^y~\ 

1 . 2 .  S .  &c  .(r  -  1)   V    ioj      * 

« 

which  will  be  positive  or  negative,  according  as  r  is  even  or 
odd,  and  therefore  the  terms  after  the  second  will  be  alter- 
nately positive 'and  negative. 


a?\* 


1  +  - 
are  1  and  — :  also,  by  means  of  the  general  term, 

if  r=3,  the  third  tenn=-i^(-^V  =  -l^: 

1.2  V     So/  9  a* 

,     ^       ,  1.2.5  /      wY       5    a?' 

if  r  =  4,  the  fourth  term  =  — ■ = r : 

1.2.3  V     Sa)        81   a^ 

'^        .  .1.     cf.1.    .  1.2.5.8/      ay         10  w' 

if  r^5.  the   fifth    term  = 1 =  -  -^ r-  &c. 

1.2.3.4\     SaJ  243  o* 

whence,  the  developement  of  (o  +  a?)*  will  be 

I.        1  w      la^       5  a^       10  an^  . 

^        3a      9 a'*      81a'      243  a*  ' 

1      la?       la?*       5  af^       10  a?* 
=  «*  +  -- ;  + ;-^7^— +Scc. 

3  a*      9  a^      81  o»      ^*^  a^ 
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252.  If  m  he  a  positive  whole  number^  all  the  coefficients 
of  (l  +  v)™,  will  be  integral  quantities. 

Let  Br  denote  the  coefficient  of  the  r*^  term  of  the  ex- 
pansion of  (l  +  v)'""^  Cr  that  of  the  r*  term  of  the  expansion 
of  (1  +  v)^ :  then,  we  have 

(w  -  1)  (w  -  2)  &c.  (m  -  r  +  l) 
'^"  1 .  2 . 3.  &c.  (r  -  1) 

(m  -  1)  (m  -  2)  &c.  (m  -  r 


^{^r'} 


1 . 2 . 3.  &c.  (r  -  2) 

^  w(m-l)  (m-2)  &c.  (m-r  +  2)       (w-1)  (m-2)&c.(w-r  +  2) 
1 . 2  .  3.  &c.  (r  -  1)  1 . 2  . 3.  &c.  (r  -  2) 

whence,    C^  =  -Br-i  +  ^r  • 

if,  therefore,  all  the  coefficients  be  whole  numbers  for  any  one 
positive  integral  value  of  the  index,  all  the  coefficients  will  be 
whole  numbers  for  the  next  superior  value  of  it:  but  when  the 
index  is  2,  3  or  4,  the  coefficients  have  been  shewn  to  be 
integral,  and  therefore,  by  successive  induction,  they  are 
proved  to  be  always  integral. 

This  appears  also  from  the  consideration  that  the  ex- 
pansion of  (a  +  a?)"*  being  the  continued  product  of  m  factors 
each  equal  to  of  +  a,  can  admit  no  fractional  coefficients  into 
its  terms. 

253.  When  the  index  is  a  positive  whole  number^  the 
coefficient  of  any  term  of  the  expansion  reckoned  from  the 
end^  is  the  same  as  the  coefficient  of  the  corresponding  term 
reckoned  from  the  beginning. 

Since  the  number  of  terms  of  the  expansion  is  ^  +  1,  the 
first  term  from  the  end  is  the  {m  + 1)*^  term  from  the  be- 
ginning :  the  second  term  from  the  end  is  the  m*^  term  from 
the  beginning :  the  third  term  from  the  end  is  the  (m  —  l)*** 
erm  from  the  beginning,  &c. :  from  which  we  infer  that  the 
*^  term  from  the  end  is  the  {  (m  +  1)  -  (r  -,l)  ^^  term  from 
e  beginning :   whence,  by  substituting  m  —  r  +  2  in  the  place 
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of  r  in  the  general  term,  we  shall  have  the  coefficient  of  the 
r***  term  from  the  end 

_  m  (m  -  1)  (m  -  2)  &c.  r 
1.2.3.  he.  (m-  r  +  1) 

_        fW  (m  -  1)  (m  -  2)  &c.  r  (r  -  1)  &c.  3  . 2  . 1 
~  {l .  2 . 3.  &c.  (r  -  1) }  {1.2. 3.  &c.  (w  -  r  +  1)  } 

w  (w  -  1)  (wi  -  2)  &c.  (m  -  r  +  2)      (m  -  r  +  1)  &c.  3 . 2  . 1 
^  1.2.3.  &c.  (r- 1)  1 .2.3.  &c.  (m-r+1) 

w  (w  -  1)  (m  -  2)  &c.  (m  -  r  +  2) 
'^  1 .  2  .  3  .  &c.  (r  -  1)  ' 

which  is  the  coefficient  of  the  r*^  term  from  the  beginning: 
that  is,  the  coefficients  of  the  expanded  binomial,  are 

m  (m  -  1)  m(m-  l) 

1>  m,   ,  &c.,  9  wi,   1. 

1.2  1.2 

The  expansions  of  (a  +  a?)*"  and  (a?  +  a)"*  being  equal  to 
each  other,  it  is  evident  that  the  coefficients  which  do  not 
depend  upon  the  powers  of  a  and  zr,  will  be  the  same  in  both 
series,  and  consequently  that  the  coefficients  equidistant  from 
the  ends  will  be  identical. 

254.  To  Jind  ewpressions  for  the  sums  of  the  terms  in 
the  odd  and  even  places,  of  the  expansion  of  (l  +  v)"*,  when 
m  is  a  positive  whole  number. 

Since,    (1  +  «)    =  1  +  mv  +  — ^^ v^  +  &c. 

^         ^  1.2 

,        ,  vm  (/»    —    l)      ^ 

and    (1  -«)"*=  1  -  mv  +  m- -v^  -  &c. : 

^  ^  1.2 

by  addition,  and  division  by  2,  we  obtain 

(1  +  t))*"  +  (1  -  «)"• 


mOm  —  l)   «     m(m- 1)  (m  -  2)  (m  -  3)   , 

=  1  +  — ^ ^v^  +  — ^^ — — -v^  +  &c. 

1.2  1.2.3.4 

=  the  sum  of  the  terms  in  the  odd  places : 
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and  by  subtraction,  and  division  by  2,  we  have 

(1  +  t))»»  -  (1  -  v)"^ 

2 

»»(m-  1)  (m  -2)    , 

=  m«  +  — ^ — '  v^  +  &c. 

1.2.3 

which  is  the  sum  of  the  terms  in  the  even  places. 

255.  Cor.     Making  v^l^  we  shall  have  the  sum  of  the 
coefficients  of  the  terms  in  the  odd  places 

2* 
2 

=  the  sum  of  the  coefficients  of  the  terms  in  the  even  places : 

whence,  the  sum  of  all  the  coefficients  of  an  expanded  bino- 
mial, whose  index  is  the  positive  whole  number  m,  will  be 
equal  to  2  x  2*""*  =  2*". 

These  conclusions  follow  immediately  from  the  expansions: 

,         v-  wi  (m  -  1)      m  (m  -  1)  (m  —  2)      „ 

2«  =  (1  +  i)«  =  1  +  m  +  — ^^ ^  +  — ^^ — '  +  8rc. 

^  1.2  1.2.3 

m  (m  -  1)      m  (m  -  l)  (w  —  2) 

0  =  (1  -  l)"»  =  1  -  iw  +  — ^^ " ^^ — +  &c. 

^         ^  1.2  1.2.3 

256.  To  find  the  greatest   term   of  the  expansion  of    . 
(l  +  v)":  or^  the  term  at  which  the  series  becomes  convergerU' 

Let  r  denote  the  place  of  the  required  term,  and  suppose 
Tr  and  Tr+i  to  represent  the  r*^  and  (r  +  l)*^  terms  of  the 
expansion :   then  , 

Tr  +  i       /m-r+n 

whence,  if  T^+i  be  not  greater  than  T,  for  any  one  value 
of  r,  it  will  manifestly  be  so  for  every  succeeding  value  of  r  • 
and  corresponding  to  the  greatest  term,  we  must  therefore  have 

/m  -  r  +  1\  _ 

f — I   V  not  greater  than  1: 
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.*.  (m  —  r  +  l)v  is  not  greater  than  r : 
.'.  (m  +  1)  t?  is  not  greater  than  (l  +  v)  r : 

.*.  (w*  +  l) is  not  greater  than  r: 

and  r  must  therefore  be  the  whole  number  which  is  equal 
to,  or  next  greater  than  (m  +  1) ,  according  as  this  quan- 
tity is  integral  or  fractional. 

Also,  if  «  =  1,  the  greatest  coefficient  will  correspond  to 
the  value  of  r,  which  is  equal  to,  or  next  greater  than 
^  (w  +  l),  in  the  same  circumstances.     See  article  (226). 

1  +  - )   ,  the  greatest 
term  of  the  expansion  of  (a  +  a?)"*  =  a^  x  the  greatest  term 

1  +  -j    :   and  the  place  of  the  greatest 
will  therefore  be  found  by  taking  r,  equal  to,  or  next  greater 

tV  30 

than    (w  +  l) :  as  appears  from  substituting  -   in  the 

a  +  OD  a 

place  of  V. 

268.  These  two  articles  are  of  the  greatest  importance 
in  approximating  to  the  roots  of  numerical  magnitudes,  by 
means  of  the  binomial  theorem,  inasmuch  as  they  point  out 
the  term  after  which  the  succeeding  terms  become  continually 
less  and  less,  or  the  series  becomes  convergent :  and  the  limit 
of  the  error  occasioned  by  stopping  at  this  term,  may  be  found 
by  means  of  article  (206). 

Ex.  1.     To  approximate  to  the  square  root  of  10. 
The  square  root  of  10  =  y/g  +  1=3  V  1  +  - 

*         2  V9/        2  .  4  V9/         2  .  8   V9/ 

w  S  + 1 &c. : 

2.3       2  .  4 .  27       2  .  8  .  243 

GG 
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also,  (m+l)— =(-+1    — j  =  -x_  =  -, 

which  shews  that  the  series  begins  to  converge  immediatelj, 
and  a  small  number  of  terms  will  give  a  good  approximation. 

Ex.  2.     Approximate  to  the  fifth  root  of  260. 

Here,  260  =  243  +  17  =  3*  +  17 :    .*.   if  a  =  3*,  and  w  =  17, 
we  shall  have 

^        5\aJ       2.5^  \a)        2.3.5^  \a)  ' 

now,  of  the  quantities  included  between  the  brackets, 
the  first  term      =  i  «=  f  j : 

the  second  term  =  -  (- ]  f j  =  .0139917  &c.  «  ^g: 
the  third  term     =  -  (- )  to  =  .0003915  &c.  =  L: 


2  /a?\ 

"5  w 


the  fourth  term  =  -  (-]  ^  =  .0000164 &c.  =  t^: 

5  \aj 

&c.  =3      &c.      =       &c. 

whence,  by  substitution  in  the  expression  above,  we  6nd 

v/i60  =  3  {1.0136166  &c.}  =3.0408498  &c. 

Ex.  3.    Find  at  what  term,  the  expansion  of  (l  +^| 
comes  convergent. 

Here,  we  have  (m  +  l)  — - —  =  24:  and  the  thi 

therefore  the,  greatest :    and   by  actual  developement  it  iriU 

4375 

appear  that  the  fourth  term  is ,  which  is  less  than  the  thiw 

^^  1152 


fVbe. 


third  term  w 
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term  found  to  be  :  that  is,  the  series  begins  to  converge 

,.    ,  .  .         4^375        175       25      . 

after  the  third  term :  also,  since • «  -;;  5  is  greater 

'  1152        32       36         ^ 

175 
than  ^,  it  appears  from  article  (20)5),  that  —  is  less  than  the 

sum  of  all  the  terms  that  follow  it :  and  the  same  article  will 

4375 
prove  that  is  greater  than  the  sum  of  all  the  succeeding 

terms :  and  thus  the  limit  of  the  error  occasioned  by  stopping 
at  this  term  is  ascertained. 

259.     To  approximate  to  the  roots  of  numerical  magni- 
tudes^ without  the  use  of  series. 

Let  a  be  an  approximate  value  of  the  m*^  root  of  N,  such 

that  \/ N  =  a  H-  tT,    a?  being  small : 

.-.  N-^ia^-  wY  =  o"»  +  ma'^'^x  +  — ^ a'^-^a^  +  &c. : 

,           ,              N  -  a"^  . 

whence,  N  —  d^  ^^  ma^'^w  ,  nearly,  and  .*.  oo  = -,  nearly: 

but  N  -d^  =  (ma""' ^  +  — ^^ a^'^co)  a?,  nearly, 

^  1.2  /  ./ 

=  Ima"^-^  ^~ '—^ -\  00^  nearly, 

{{m  +  1)  a*"  +  (wi  -  1)  N\ 
Va }  ^'   "'^'^y  ' 

^a^N-a"^) 

•'•  ^=/ r—;n — 7 rv;>  nearly: 

(m4- l)a"' +  (w  -  1)  JV^  -^ 

whence,  \/ N  =  a  +  a?  =  a  4- t— ^^ — - — r-^r;.,  nearly, 

(m4-  !)«"'  + (m-  l)N  ^ 

f(m+  l)iV+  (m-  l)a'"]  , 

=  \{rn-l)N^(,n^l)a"]  "'  '''^'^^' 

which  is  a  closer  approximation  to  the  true  root :  let  this  be 
called  a  :  and  by  a  repetition  of  the  same  process,  we  shall 
manifestly  have 
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V^=l7 zir? — ; T—r?«>  nearly, 

which  is  still  nearer  to  the  true  value:    and  so  on,  to  any 
required  degree  of  nicety. 

260.     CoE.     If  JV  =  a"*  =t  6,  we  shall  have  by  substitution, 

2ab 
=  a  ± m — 7 TT  9  nearly, 

as  a  first  approximation ;  and  if  this  approximate  value  be 
called  a',  and  the  process  be  repeated,  we  shall  have 


't/ 


Qab 


\/N  =  a  =t t;= — ; r-r, ,  morc  nearly, 

where  N  =0!"^  ^l!  :  and  so  on. 


For  the  square  root,  we  shall  have 


«  =  «  +  —! — ,>  nearly: 


for  the  cube  root,  we  shall  similarly  have 


v^  =  | 


— ?  a  =  o  +  — 7 ,  nearly. 


.—    1 


261.     //*  (a  +  \/b  )m  =  X  +  \/y ,  ^Ae?i  2c;iW 

(a  -  \/b  )m  =  X  -  v^y. 
For,    a  +  \/~b  =  {oD  ■¥  ^y yY 

=  .r'"  +  moD"'-^  V  2/  +  — ^ ^     y  +  &c. : 

whence,   equating  the  rational  and  surd  terms,  we  have 

m  (m  —  1)    ^  2         . 

a  =  a?»»  +  — ^^ L  oT"-^  y  +  &c. : 

1.2 
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/-               ,     y—     m  (m  —  1 )  (m  -  2)        ,       y— 
V  6  =  wa?"*~^  V  y+  — ^^ ^^ -af^'^yv  y  +  &c. : 


1 .2.3 


y 

1.2  ^ 


and  (a  —  \/h  )^  =  w  —  v  y . 


Here,  it  is  understood  that  y/h  and  y/y  involve  the  same 
irrational  factor :  and  in  the  same  manner,  when  m  is  an  odd 
number,  if  y/a  and  \/h  involve  the  same  irrational  factors 
as  \/w  and  \/y  respectively,  and 

(\/a  +  \/h)^  =  y/oo  +  \/y : 

then  will  {y/a  -  \/6 )'^  =  y/^  -  \/y- 


262.     To  eaotract  the  m*^  roo^  o/'  a  binomial^  one  or  both 
of  whose  terms  are  possible  quadratic  surds* 

Let  the  proposed  surd  be  represented  by  a  +  /3,  where  a  is 
greater  than  /3 :  and  assume 

</(a  +  ft)q  =  <r +  y: 
.'.  v^(a  -  fi)q  -  os  —  y^  by  the  last  article: 

whence,   >/(a^  -  jS^)  9^  ^  a^  -  y'' : 

and  if  g  be  assumed   such   that   (a*  -  jS^)  9^   is   a  complete 
^•w***  power  as  p%  we  shall  have  0?  —  y^  —  p'. 


also,  ^(a  +  /3)^g^-  +  v'(a  -  jS^  r 

which  is  evidently  integral : 

whence^  if  r  and  s  be  approximate  values  of  the  quantities 
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\/(a  +  (if  if   and  \/(a-)3)V, 

such  that  one  of  them  is  greater,  and  the  other  less  than  the 
true  value,  we  shall  have 

.r*  +  y*  =  ^  (r  +  «), 
which,  together  with  a?*  —  y*  =  p,  gives 

a?  =  ^  (r  +  «  -f  2p)J,    and  y  =  -^  (r  +  «  -  2p)i : 

and  .-.  \/aT^  =  ^"y={(r  +  «  +  2p)i  +  (r  +  «-- 2p)i|, 

whenever  the  root  can  be  extracted. 

Ex.  1.     Extract  the  cube  root  of  g  +  4  \/5. 
Assume,  V  (9  +  4\/5)  ^  =  ^  +  y : 
.-.  V(9-4\/5)^  =  J?  -  y  : 
whence,  v^(81  -  80)  (f  =  ^p*  -  y*,  g  =  1  and  a;*  -  y*  «=  1 : 

also,  2  (a?*  +  y2)  =  V^(9  +  4  -v/^'  +  V^(9  -  4  v/T)* 
=  \/l6l  +  72  \/l  +  \/i6l  -  72 1/5 

=  \/321 .  992  &c.  +  v^O  .  008  &c. 

=  7-5  +  0+5  =  7: 
.-.  0?*  +  y2  =  ^,    and  a?*  -  j^  =  1  : 

whence,   4?  =  -,  and  «/  = : 

2'  ^        2 

•'.   V  9  +  4  \/5  = ,  as  may  be  verified. 

Ex.  2.     Required  the  fifth  root  of  41  -  29  \/2. 
Assume  V^^(41  -  29  \/2 )  q  =  j?  -  y  : 
•••    \/(41  +  29\/2)5r  =  a?  +  y: 
whence,   V^  -  9"  =  ^  -  y",   ^=-1,  and  a?«-j^«-l: 
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also,  .2  (a?*  -I-  y")  =  V^(4l -29a/2)^  +  V^C^l  +  29  \/2)' 

=  V^3S63  -  2378  \/ 2  +  \/3363  +  2378  \/2 
1  -5+5+5=5  +  5+  1  -5  =  6: 
/.    0?*  -  y^  =  -  1,    and  <r^  +  y*  =  3  : 
whence,   12?  =  1,   and  y  =  v  2  : 

so  that  the  required  root  = =  \/2  "  1- 

In  examples  of  this  kind,  {c?  -  /3^)  ^  will  always  be  made 
a  perfect  m^  power,  by  assuming  5*  =  (a'  -  /3^)"*"^:  but  a  less 
value  may  generally  be  found  to  answer  the  purpose,  by  resolv- 
ing o?  ^  ^  into  its  prime  factors,  and  then  rendering  each  of 
them  a  complete  m*^  power. 

Whenever  an  even  root  is  to  be  extracted,  it  will  be  better 
to  extract  the  square  root  as  often  as  possible  by  means  of 
article  (107)  :  and  then  the  process  of  this  article  will  render  it 
of  no  impQrtance  whether  a  be  greater  or  less  than  /3,  as 
appears  in  the  second  example. 

263.     Whatever  real  value  be  assigned  to  m, 
(a  +  6  \/  -  1  )"•  +  (a  -  6  a/  -  l)*"  is  real, 
and  (0  +  6 y/  "  ly  -  (a  -  b y/  -  l)"*  is  imaginary. 

For,  by  the  binomial  theorem,  (a±6v  —  l)"* 

»aPJ.mo"-^(6^/^)  +  ^^^^— ^o^-'(6v^^)'=t   &c. 

'  the  terms  of  which  are  alternately  real  and  imaginary : 
whence,  (a  +  6  \/-  l)*"  +  (a  -  6  \/-  l)*" 

=  2  Ja" ^ d^-^l?  +  &c.|,  which  is  real  : 

*  1.2  .        ^ 

and,  (a  +  6  ^/TT)*"  -  (a  -  6  \/^)" 

*  1.2.3  ^ 

^hich  is  imaginary. 
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Hence,  the  quantity  \a  +  6  v  -  l}"»  +  {a  -  6  v  -  r}*, 

is  always  a  real  magnitude,  though  it  is  exhibited  symbolically 
as  an  imaginary  quantity. 

264.  To  extract  the  m^^  root  of  a  binomial,  one  of 
whose  terms  is  rational,  and  the  other  either  irrational  or 
imaginary,  by  the  solution  of  an  equation  of  m  dimensions. 

Let  a  +  /3  denote  the  proposed  binomial,  and  assume 

\/{a  +  i3)  g  =  07  +  ^/y :. 

•*•  \/(a  -  /3)  9  =  0?  -  y/y: 

whence,   we  have  \/(«^  ""  i^^)  ^  =  ^^  —  y> 
where  9  must  be  assumed  such  that  (a^  -  /3^)  g^  =  p*  : 

.-.  a?  ^y  =p,  and  y  =  a^  -'  p: 

also,  (a  +  /3)  9  =  0?*"  +  mof"'^\/y  +  — ^^ ^aT-^y  +  fec: 

whence,  equating  the  rational  parts,  we  have  the  equation 

?»(m  —  1)        ^,- 

flfa  =  a?"*  +  — ^^ ^  0?^"^  (^  -  P)  +  &c.  : 

^  1.2  V         ^/ 

from  which  if  the  value  of  x  be  found,  the  value  oi  y^s^-f 
will  become  known. 

Ex.     Find  the  cube  root  of  -  11  -  sV^. 
Here,  a^  -  /3^  =  121  +  4  =  125  =  5^  .-.  qr  =  1  and  p  =  5 : 

whence,  y  =  a?^  —  5 : 

also,   ~  11  =  4a?^  -  15  a?,  which  gives  i2?  =  1 : 

therefore  y  =-  4,  or  \/y  =  2  v-l : 

and  the  required  cube  root  =  1  +  2  v  —  1. 

265.     By  means  of  the  expansion  of  (l  —  u)"*" 

m  (m  -f  1)    « 

=  1  H-  mv  H ^ ^  tr  +  &c., 

1.2 

the  expansion  of  (o  +  a?)"*  may  be  made  to  assume  variw^ 
different  forms. 


r 
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Q,  a  +  a?  o  +  ^  1  1111 

bince,  = =  — — — ,  we  shall  have 

a         a  '\-  X  ^  w  w 

a  +  Of 

(a  +  a?)"  =  a"  1 1 —]      ^oT  \l  ^m  f-^| 

\        a  ^  w)  ^  \a-\-  xj 

mim-itl)  /    w    y      m(wH-l)(m  +  2)  /    '^    V     Rr    I 
1.2       \a-\-x}  1.2.3  \a  +  <r/  '^' 

«.  a  +  a?  0+^  1  iiir 

Mnce,  = =  — — — — « ^  we  shall  have 

00         a  +  X  —  a  a 

a  •\'  ac 

(a  +  a?)"'  =  a"'{l+w    +      ^  \ +&C.   . 

*  \a  +  <r/  1.2        V«  +  ^/  * 

C-  ®  +  ^  ^  +  ^  1  1111 

aince,  — —  = — =  — _— .     we  shall  have 

2a?         (a  +  J?)  -  (a  -  ti?)  a  -  a? 

(a  +  a?)'»=  2'"a?'"{n- w    +  — ^^ ^     +  &c.|. 

^  \a  +  a?/  1  .  2        Va  +  <2?/  ^ 

a  +  x  a  +  x  I  1    11   u 

bince,  = — ; =  — ^-^—  ,   we  shall  have 

2a         (a  -f-  ,1?)  -f-  (a  -  a?)  a  -  w 

1  + 

a  +  cV 

»   «.  c  /a-a7\       m(m  +  1)  /a -a?\2      „     , 

^  \a  +  .x?/  1  .  2        Va  H-  <»?/  ^ 

These  series,  which  are  merely  symbolical  when  w  is  a 
positive  whole  number,  all  immediately  converge,  and  may  be 
used  with  advantage  whenever  the  numerators  of  the  terms 
are  small  compared  with  the  denominators. 

266.     The  expansions  of  trinomials,  quadrinomials,  &c 
may  be  obtained  from  the  Binomial  Theorem,  by  consider 
two  or  more  of  their  terms  as  one:   thus, 

HH 
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(a  +  6  +  c)"  =  {a  +  (6  +  c)}" 

==  a«  +  ma«»-i  (6  +  c)  +  ^  ^*^  ^  ^^  a«-«  (6  +  c)«  +  &c. : 

(a  +  6  +  c  +  d)"*  =  {(a  +  6)  +  (c  +  d)}"  =  (a  +  6)" 

+  m(a  +  6)--^  (c  +  d)  +^^i^^— ^(a  +  ft^-^Cc  +  d)^  +  &c.: 

1.2 

and  so  on :  in  each  of  which  the  developements  indicated,  must 
be  effected,  and  the  terms  collected  and  arranged  according 
to  the  dimensions  of  one  of  the  letters  involved. 

Ex.     To  find  the  coefficient  of  o?^  in  the  expansion  of 
(1  +  a?  H-  w^y. 

Here,  (l  +  a?  +  a?*)"*  =  {l  +  a? (l  +  a?)}"* 

Om  (m  —  l)    o  X         v« 
+  a?)  +  — ^^ or  (1  +  ODY  H-  &c. 
^           1.2 

w  (m  -  1)  &c.  {m-T-^-S) 

+>  — ^^ ^- ^ ~  a?'  *  (1  H-  a?)'  ' 

1 .  2  .  3  .  &c.  (r  -  2) 

m(m-l)&c.(m-r  +  2) 

+   :^ a?        (1  +  iT) 

1.2.3.&C.  (r- 1)  ^ 

m  (m  —  1)  Sec  (m  -  r  +  1) 

+  — ^^ ' \ — ^  00'  (1  +  wY  H-  &c. : 

1  . 2  .  3 .  &c.  r  ^  ^ 

and  since  every  term  beyond  the  (r  +  l)***,  contains  a  higher 
power  of  w  than  oT  as  a  factor,  we  need  only  find  what  parts  of 
the  preceding  terms  comprise  ai' :  and 

the  part  of  the  (r  + 1)*^  term  comprising  a?*" 

w  (m  -  1)  &c.  (w  —  r  +  l) 

= a?*" : 

1.2.3.  &c.  r 

the  part  of  the  r*^  term  comprising  a?*" 

\   t^^      -Ir    _^(^-0&c.(m~r  +  2)    (r-1)^,^ 
\  di^ent  1 .2  .  3  .  &c.  (r  -  1)        '       1 

\ 


\ 
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the  part  of  the  (r  —  1)***  term  comprising  a?*^ 

•»  (z»  -  1)  &c.  {m-r-hS)    (r  -  2)  (r  -  3) 

s . of :  &c. : 

1  . 2 . 3 .  &c.  (r  -  2)  1.2 

and  the  term  required  will  be  the  sum  of  these. 

Thus,  to  find  the  coefiicient  of  a^  in  the  expansion  of 
(1  +  d?  +  a^y,  we  have 

from  the  fifth  term,       — — '- — '—  ^*  =  ^ : 

1    2.3.4 

4.3.2  3 

from  the  fourth  term,  .-a?*  =  12a?^: 

1.2.3  1 

4.3    2.1 
from  the  third  term,     — '— .  — ^  a?*  =  6a?* : 

1.2    1.2 

and  the  entire  term   =  a?*  +  12i»*  +  6tr*  =  19a?*,  as  may  easily 
be  proved  by  actual  multiplication. 

These  processes  may  be  superseded  by  the  use  of  the 
Multinomial  Theorem^  of  which  an  account  will  be  given  in 
the  first  Appendix. 


CHAPTER  XI. 


LOGARITHMS,     INTEREST    AND    ANNUITIES. 


267.  Def.  The  Logarithm  of  a  number  y,  is  such  a 
value  of  the  index  <r,  of  a  fixed  magnitude  a,  as  will  satisfy 
the  equation  y  ^a^ :  that  is,  <r  is  defined  to  be  the  logarithm 
of  ^  in  a  system  of  logarithms  whose  base  is  a:  and  the 
logarithm  of  y  will  therefore  depend  entirely  upon  the  quan- 
tity a,  which  may  be  assumed  of  any  finite  magnitude  what- 
ever, unity  only  excepted,  because  every  arithmetical  powa* 
or  root  of  1  is  1. 

268.  CoR.  Since  1_=  a®,  we  have  0  =  the  logarithm 
of  1,  in  every  system  of  logarithms. 

Also,  because  a  =  a\  it  follows  that  the  logarithm  of  the 
base  of  the  system  is  always  =1. 

Again,  since  0  =  -^  =  a""",  it  appears  that  the  logarithm 
of  0  is  an  infinite  negative  quantity. 

And,  because  the  equation  -y  =^  a'^^  or  y  =  -  a',  cannot 
be  satisfied  by  any  value  of  a?,  whether  positive  or  negative, 
the  logarithms  of  negative  quantities,  in  a  system  of  logarithms 
whose  base  is  a  real  magnitude,  can  have  no  existence,  or  are 
imaginary, 

269.  If  the  number  10,  which  is  the  base  of  the  common 
system  of  notation,  be  adopted  for  the  base  of  the  logarithms 
as  above  defined,  and  the  word  logarithm  be  written  in  the 
abbreviated  form  log.^   we  have 
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1  =  10°,  or  log         1=0 : 

10  =  10^  or  log       10  =      1  : 

100  =  10^  or  log     100  =      2  : 

1000  =  10^  or  log   1000  =      3 :    &c. 

1  ,  ,  1 

—  =  10"^,   or  loff       —  =-1  : 
10  ^10 

—  =  10"%  or  loff     —  =-  2  : 
100  ^100 

10"^  or  log  =-3:    &c. 


1000  °   1000 

Whence,  it  is  easily  seen,  that  the  logarithm  of  any  magni- 
tude between  1  and  10,  will  be  a  fraction,  which  is  usually 
expressed  decimally:  that  of  any  magnitude  between  10  and 
100  will  be  1,  with  a  decimal  fraction  annexed:  that  of  one 
between  100  and  1000,  will  be  2,  with  a  corresponding  decimal 
fraction:  and  so  on.     In  the  same  manner,  the  logarithm  of 

any  magnitude  between  1  and  —  will  be  a  negative  quantity 
between  0  and  —  1,  that  of  any  magnitude  between  —  and 


10  100 

will  be  a  negative  quantity  between  —  1  and  —  2 :  and  so  on. 

270.  Def.  The  integers,  0,  1,  2,  3,  &c.  to  the  left  of  the 
decimal  points  in  the  logarithms  of  magnitudes,  are  called  the 
characteristics  of  those  logarithms,  and  the  fractional  portions, 
expressed  decimally,  are  termed  the  mantissce. 

271.  If  the  values  of  a?  in  the  equation  y=  10*',  calculated 
for  successive  values  oty  from  1  upwards,  be  registered^  qv  put 
in  the  form  of  a  table ^  these  values  arc  called  the  tabular  loga- 
rithms of  the  corresponding  numbers  in  the  common  system  of 
logarithms. 

In  Babbage's  tables,  which  are  the  most  correct,  and  best 
adapted  to  practical  purposes,  the  mantissas  alone  of  all  num- 
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bers  from  1  to  108000,  calculated  to  seven  places  of  decimals, 
are  inserted:  and  the  characteristics  are  immediately  supplied 
from  the  considerations  mentioned  in  article  (269). 

272.  Def.  The  principal  object  of  the  invention  of-loga- 
rithms  is  to  facilitate  the  performance  of  the  arithmetical 
operations  of  Multiplication,  Division,  Involution,  and  Evo- 
lution; more  particularly  in  cases  where  the  quantities  em- 
ployed consist  of  several  figures,  and  near  approximations  to 
the  true  results  are  considered  sufficient  for  thie  practical  pur- 
poses to  which  they  are  applied:  and  how  thisfis.done  will  now 
be  shewn.  "  , 

(1)         Log  yi  y2  =  log  y^  +  log  y^. 

For,  let  a?i  =  log^i,  and  a^  =  log^g  in  a  system  of  loga- 
rithms whose  base  is  a:  then,  by  the  definition,  we  have 

^j  =  a's   and  y^  —  a"^-,   whence,  ^i  ^2  =  «'*  "*"'*• 
and  .-.  log  y^  y^^^x^+w^^  log  y^  +  log  y^. 

Similarly,  log  y^  y^  y^  &c.  =  log  ^i  +  log  y^  +  log  y^  +  &c. 

That  is,  the  logarithm  of  a  product,  or  of  a  composite 
number,  is  equal  to  the  sum  of  the  logarithms  of  all  its 
factors:  and  vice  versa. 

Thus,  with  the  help  of  tables,  the  operation  of  Multiplica- 
tion is  reduced  to  that  of  Addition:  and  the  logarithms  of 
composite  numbers  are  derived  from  those  of  their  factors. 

y. 
(2)  Log  -  =  log  yi  -  log  y^. 

For,  retaining  the  same  notation,  we  have 


*. 


.     Vx      a' 


a-o 


—  a'»"'« : 


Vz       f^' 


mi 

and  .-.  log  —  =  ti?i  —  W2  =  log  y,  -  log  y^- 
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SimUarly,  log   ]  f,      '  =  log  y,  ^g  &c.  -  log  yy'  &c. 

y  y  occ. 

=  log  yi  +  log  y^  +  &c.  -  log  y'  -  log  y"-  &c. 

That  is,  the  logarithm  of  a  fraction  is  equal  to  the  loga- 
rithm of  its  numerator,  diminished  by  the  logarithm  of  its 
denominator:  and  the  operation  of  Division  is  hereby  reduced 
to  that  of  Subtraction. 

Hence  it  follows,  that  the  logarithm  of  a  proper  fraction  is 
negative^  whilst  that  of  an  improper  fraction  is  positive. 

(3)  Logyi"»  =  mlogyi. 

As  before,  yi  =  a'»,  and  .-.  yi*"  =  (o'l)*"  =  a""i : 
whence,  log  yi^  =  mwi  =  m  log  y,. 

That  is,  the  logarithm  of  any  power  of  a  quantity  is  found 
by  multiplying  the  logarithm  of  the  quantity  by  the  index 
expressing  the  power ;  and  thus,  the  operation  of  Involution  is 
reduced  to  that  of  Multiplication, 

i        1 

(4)         Log  2/1"*  =  -log 2^,. 

m 


'1 


From  yi  =  a'»,  we  have  yi^  =  (a'») "*  =  a'^ : 
and  .-.  logy{^  =  -  a?i  =  -log 2^1. 

That  is,  the  logarithm  of  any  root  of  a  quantity  is  ob- 
tained by  dividing  the  logarithm  of  the  quantity  by  the 
number  which  indicates  the  root :  and  the  operation  of  Evolu- 
tion is  thus  reduced  to  that  of  Division. 

These  fundamental  properties  of  logarithms  having  been 
established  without  reference  to  any  particular  value  of  a, 
will  of  course  hold  good  for  the  tabular  logarithms,  whose 
base  is  10. 
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Examples. 

(1)  Given  log  2  =  .3010300  and  log  3  =  .4771213,  to  fine 
log  216- 

» 

Here,  216=6^  =  2^.3^:  whence  we  have 

log  216  =  log  2^3^  =  log  2^  +  log  3^ 
=  3  log  2  +  3  log  3  =  3  (log  2  +  log  3) 
=  3(.3010300  +  .4771213)  =  3  (.7781513)  =  2.3344539. 

(2)  Given  log  3  =  .4771213,  log  1.38  =  .1398791   and  log 

6.240325  =  .7952071,  to  find  the  value  of  ^  /     ,  . . 

V     A/.Ol 


V   "3^ 


/^Vl38.     ,  .      3v^l38 


a/.oi  V.oi 

whence,  2  log  ct?  =  log  3  +  -  log  138 log  .01 

3  5 

=  log  3  4-  -  log  (1.38  X  100)  -  -  log  (1  -T- 100) 
3  5 

=  logs +  ^  {log  1.38  +  2} --{log  1-2}       • 

=  .4771213  +  -  (2.1398791)  +  .4 

=  1.5904143: 
.-.  log<2?  =  .7952071,  and  X  =  6.240325. 

f  16  25  8II 

(3)     To  prove  that  <7 log  —  +  5 log  —  +  3 log  — [  x 

{16  25  81 1 

16  log  -  +  12  log  -  +  7  log  -|  =  log  (5><>«'). 
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349 


16  32  2*  *^ 

Here,  log  -  =  log  --  =  log  _-  =  5  log  2  -  lQg:5  -  1 :  ^    -     ^^ 

.-.   7  log  —  =  35  log  2  -  7  log  3  -  7  : 
15 

,       25      ,       100       ,         10*  ,  -       ^  .    -      , 

log  —  =  loff =  loff  — —  =  2  -  5  loff  2  -  log  3  :     :  >;:  U 

25 
.-.   5  log  —  =  -  25  log  2  -  5  log  3  +  10 : 

81  3^ 

log  -^  =  loff  — =  4  loff  3-3  loe  2  -  1  : 

^      ^80  ^2^.10  ^  ^ 

SI       '        , 
.-.  3  log  —  =  -  9  log  2  +  12  log  3  -  3  : 

80 

whence,  by  addition,  we  obtain 

,16         ,25         ,      81      , 

7loff h  5loff — +  3 log —  =  loff2  : 

^15  ^24  '^  80        ^ 

•     -1     1          Z.1       16           ,25         ,81  - 

similarly,   10  log h  12  log f-  7  log  —  «  1  -  log  2  : 

and  therefore,  the  product  of  the  two  quantities  proposed 
=  log  2  (1  -  log  2)  =  log  2  log  5  =  log  (5***^2). 

/XT        /  XI  ,       2a?  +  2       ,  {2J7+  1)* 

(4)       Loff  (<27+  1)  =  lOff  «J7  -f-  2  loff +  loff- 75 . 

^^  BV-ry  6       -r  6^^^^  ^(2^+1)^-1 

For    W      (^^  +  ^)'     =  W  <^-^-*-^)'  ^  w  (^^  +  ^)' 
'      ^(20?  4-1)^-1  ^40?^  + 4a?  ^4a?(a?+l) 

=  2  log  (2a?  +  1)  -  log  {po  -I-  1)  -  2  log  2  -  log  oo  : 

2<»-i-2          ,      2(a?+l) 
2  log =  2  loff ^ 

^207+1  ^207+1 

=  2  log  («»  +  1)  -  2  log  (2af  -1-1)4-2  log  2  : 

,  _      2^7-1-2       ,  (2a?H-iy  ,       .  . 

.-.  loff  .r  +  2  loff +  log ~ =  log  (a?  +  1). 

^  ^2a?  +  l  ^  (2a?  4  1)^-1  ^^  ^ 

I  I 
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(5)  Solve  the  exponential  equation  a'  -  8  a"*  =  2. 

Here,  multiplying  every  term  by  a*  and  transposing,  we 
have  a^*-2a*=8,  a  quadratic  form: 

whence,  a^'  -  2a'  +  1  =  9,     and  .-.  a*  -  1  =  =t  3, 

which  gives  a'  =  4,      and  a'  =  —  2  : 

2  loff  2 
.'.  X  log  a  =  2  log  2,     and  cc  =  ^ — ^— : 

log  a 

loff  (  —  2) 

also,  ,2?  log  a  =  log  (  -  2),     and  00  =  — f : 

log  a 

the  former  of  which  is  real,  and  the  latter  imaginary. 

(6)  Given   the  equations   a^'6^^  =  c  and  d/'e^^^f^    to 
find  the  values  of  x  and  y. 

Taking  the  logarithms  of  both  members  of  each,  we  have 

'px  log  a  '\-  qy  log  h  =  log  c,     and  rx  log  d  -^  sy  log  c  =  log/: 

or,  AiX  +  jBi^  =  Ci,  and  Jg^  +  Sgy  =  C^ : 

B,C,-B,C2         8\ogc\oge-q\ogb\ogf 

whence,  x  =  -—^ — -^  =  — _ , — , —. -.: 

A1B2  —  -^2-01      ps  log  a  log  e-  qr  log  0  log  a 

and       =  -^'^2"^^^i  ^    ;?logalog/-rlogalogc^ 

A1B2-J2B1      pslogaloge -qrlogblogd' 

(7)  In  a  geometrical  progression,  we  have  l^ar^"^: 

whence,  log  /  =  log  a  +  (ti  —  1)  log  r : 

log  /  -  log  a     .     ^       , 

and   .-.  n  =  1  +  — ^1 —  »  IS  found  : 

logr 

a  (r"  -  1)  .      a  +  (r  -  1)  « 

also,  we  have  «  = ,  or  r*  = : 

'  r  -  1  a 

whence,  7i  log  r  =  log  {a  +  (r  -  1)  s}  -  log  a, 

and  .-.71=  -^-^ ^ — —  9  is  determined. 

logr 
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INTEREST. 

273.  Def.  Interest  is  the  vahie  of,  or  the  consideration 
paid  for,  the  use  of  money,  and  the  rate  of  interest  is  the  sum 
paid  for  the  use  of  a  certain  sum  for  a  certain  time,  as  of  £l. 
for  1  year ;  or  of  £lOO.  for  1  year,  in  which  case  it  is  termed 
the  rate  per  cent.^  per  annum. 

The  Principal  is  the  whole  sum  of  money  which  produces 
interest. 

The  Amount  is  the  sum  of  the  principal  and  its  interest 
for  any  time,  taken  together. 

When  the  principal  alone  produces  interest,  it  is  called 
,Sifnple  Interest:  but  when  the  interest,  as  soon  as  it  becomes 
due,  is  added  to  the  principal,  and  the  whole  then  produces 
interest,  it  is  termed  Compou/nd  Interest. 

274.  To  Jind  expressions  for  the  simple  interest^  and 
amount  of  a  given  sum^  in  a  given  time^  at  a  given  rate. 

Let  p  =  the  principal  or  sum  lent : 

r  =  the  interest  of  £l.  for  1  year : 
n  5=  the  number  of  years  : 
i  =  the  interest  of  the  sum  lent : 
m  =  the  amount  of  that  sum : 

then,  rp  =  the  interest  of  p£  for  one  year  : 
and,  nrp  ==  the  interest  o(  p£  for  n  years : 
whence,  we  have  i  =  nrp^  the  interest  required  : 
also,  m=p-^i  =  P'^  nrp  =  (1  +  nr)p^  the  amount  sought. 

275.  The  two  formulai  above  investigated, 
(1)     i-nrp^  (2)     m  =  {\-\-nr)p^ 

will   enable  us   to   solve   every  question  connected    with   this 
subject :  and  if  any  three  of  the  quantities  concerned  be  given. 
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the  remaining  one  will  be  immediately  found,  by  the  solution 
of  a  simple  equation. 

276.     Con.     If  p  be  the  rate  per  cent.,  it  is  evident  that 

p  =  100  r,  or  r  =  —  :  and  the  equations  will  become, 
^100  ^ 

.  ^  npp  J    _       /,   .   ^P\ (^^  +np' 


100 


/        np\  (100 +np\ 

,     and,  m  =     1  +  — ^   p  =     ^  P« 

V        100/^       V      100      J^ 


which,  put  into  words,  are  the  Arithmetical  Rules  commonly 
used. 

Ex.  1.     Required    the   simple    interest,    and    amount  of 
£12.5.  68.  8d.  in   4  years,  at  5.  per  cent. 

Here,    p  =  £l25.  6«.  &d.  =  125^  : 

5  1  , 

r  = =  —  =  .05  :    and  n  =  4  : 

100       20 

.-.  i  =  4  X  —  X  1255  =  25^  =  £25.   Is.   4fd. : 
'20  3  15 


>  =  {'+*(^)}l24=^125i 


also,  m  =  (1  H-  nr 

= =  £150.   8s. 

5 

Here  also,  w  =  p  +  i  =  £l25.  6«.  8d.  +  £25.  U.  4,d.  =  £l50.  Ss. 

Ex.  2.     The  interest    of  £25.    for   3^  years,   at    simple    , 
interest,  was  found  to  be   £3.  18«.  gd.:    required   the  rate 
per  cent. 

From    1  =  /ir;},  we  have  r  =  —  =  - — 


np       (3.5)  X  25 

3.9S75 
= =  .045  : 

87.5 

whence,  the  rate  per  cent,  p  =  .045  x  100  «=  4.5  «  4?^. 
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Ex.  3.  1{  p£  at  simple  interest^  amount  to  fn£  in 
t  years:  what  sum  must  be  paid  down  to  recjeive  p£  at  the 
end  of  t  years? 

Let  w  be  the  required  sum :  then,  if  r  be  the  rate  of  in- 
terest, we  shall  have 

•»  =  (I  +  rt)p9    and  p  =  (j  +  rt)jff : 

whence,    ^il^.?,    and   .-.0.  =  ?!. 
(l  +  rt)  p      m  m 

Ex.  4.  Each  of  two  persons  A  and  B  bought  £300.  into 
the  stocks,  A  into  the  three  per  cents^  and  B  into  the  four 
per  cents.,  and  B  receives  £l.  a  year  more  interest  than  A: 
when  both  stocks  had  risen  10  per  cent.,  they  sold  out,  and 
A  received  £10.  more  than  B :  required  the  original  prices 
of  the  stocks. 

Let  X  =»  the  price  of  £lOO.  stock  in  the  3  per  cents.  -. 

y=  4.    : 

900 
then,    w  :  300  ::  3  :    —  =  -4's  annual  interest : 

X 

1200 
and,   y  :  300  ::  4  :  =  5's  annual  interest: 

y 

1200      900 
whence,    = H-  1,    or  1200a?  -  900y  =  xy : 

y         ^ 

SOO        ,   300  ,  .  .        ^         ,  J 

ai80,    and  are  as  the  quantities  oi  stock  possessed  re- 

X  y 

spectively  by  A  and  B,  which  they  sell  at  a?  +  10  and  y  +  10  : 

300  ,  X       ^00  ,  ^  ,       , 

.•.  (x  H- 10) {y  +  10)  =  10,  by  the  question : 

X  y 

which  reduced,  gives  300  (y  —  a?)  =  xy  : 

therefore,  from  the  two  equations, 

1200J7  -  900y  =  xy^    and  300  (y  -  a?)  =  xy^ 
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the  values  of  x  and  y  may  be  found  :  thus, 

5 
SOOy  -  300j?  =  1200a?  -  900y :     .\  y  =  -xi 

4i 


5  f5\ 

whence,    -a^  =  300  (y  -  ai)  =  300  I  -a;  -  ci?  J  = 


300  a? 


4 

.*.  0?  =  £60,  the  price  of  the  S-per-cents. : 

5 
and    y  =     a?  =  £75,  the  price  of  the  4  per-cents. 

277;  Def.  Discount  is  an  abatement  on  a  sum  of  money, 
when  payment  is  made  before  it  becomes  due :  and  if  the  dis- 
count be  subtracted  from  the  sum,  the  remainder  is  termed  its 
Present  Worth. 

278.  To  find  expressions  for  the  present  worth  and 
discount  of  a  given  sum^  due  at  a  given  time,  at  a  given  rate. 

Let  p  denbte  the  present  worth  of  the  sum  m,  due  n  years 
hence,  at  the  rate  r : 

then  it  is  manifest  that  in  n  years,  p  must  amount  to  m  at  the 
given  rate : 

whence,  we  shall  have  m  =  (l  +  nr) p: 

_     _        _  m  _  - 

and  therefore  o  V= ,  the  present  worth  : 

^      l^nr  ^ 

m  m-^  nrm  —  m        nrm 

also,  the  discount  d  =  m  — 


1  +  wr  1  +  nr  1  +  »f 

If  p  denote  the  rate  per  cent. ,  we  shall  have 

nm-^-—  ^ 

m  100m  -    ,  100  npm' 

p  =  — —  = ,  and  d  =  — —  5= l : 

no      100-^  no  no      100  + no 

1  +— ^  ^  1  +  —^  ^ 

100  100 

which,    enunciated  at  length,  are  the  rules  used  in  common 
Arithmetic. 


J 
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From  these  two  equations,  if  any  three  of  the  quantities 
be  given,  the  remaining  one  may  be  found:  and  since  the 
interest  of  m  in  the  time  n^  at  the  rate  r  is  wrw,  it  is 
manifest  that  interest  is  always  greater  than  discount  under 
the  same  circumstances. 

Ex.  1.  Find  the  present  worth,  and  discount  of  £440.  10«, 
due  1-J-  years  hence,  at  3-J-  per  cent. 

Generally,  ©  =  ,  and  here  m  =  440.5  : 

^    ^      l+nr 

n  =  1.25    and   r  =  .035  : 

440.5  440.5 


whence,  p  = 


1  +  (1.25)  (.035)       1.04375 
«  422.035928  =  £422.  05.  8-J-d.,  nearly  : 

and  d  =  £440.  lOs.  -  £422.  0*.  S\d.  =  £l8.  9«.  3^.,  nearly. 

Ex.  2.  What  sum  must  be  paid  down  to  receive  £1000.  10«. 
at  the  end  of  5  years  4  months,  allowing  interest  at  the  rate 
of  4^  per  cent,  per  annum  ? 

9 
Here,    m  =  lOOO^-,   n  =  5\^   and    r  = 


200 


wnence,  »  = = —  =  —-; —  =  4:^800^5. 

^^  \200/  25 

Ex.  S.  The  interest  of  a  sum  of  money  for  t  years,  is  to 
the  discount  of  the  same  sum  payable  at  the  end  of  t  years,  as 
4  to  /p :  find  the  rate  per  cent.  . 

__  ,  h  rtm. 

Here,  we  have  —  =  rtm  -e =  i  +  r^ : 

k  I  ^rt 

^      h-k         ,    ,  100  (^- A;) 

.".  rt  a*  — -^ — ,  and  the  rate  per  cent.  = ^ . 

k    '  ^  kt 

279.  Def.  The  Equation  of  Payments  is  the  finding  a 
^''ne,  at  which  two  or  more  sums  of  money  due  at  difierent 
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periods,  may  be  paid  together  without  prejudice  to  the  payer 
or  receiver. 

280.  To  Jind  the  equated  time  of  payment  of  two  sums 
due  at  different  periods,  at  a  given  rate  of  interest. 

Let  «$',  s  be  the  sums  due  at  the  ends  of  the  times  T,  t: 
r  the  rate  of  interest :  then,  it  is  manifest  that  the  present  values 
of  these  sums,  due  at  their  respective  times,  should  in  equity  be 
together  equal  to  the  present  value  of  their  sum,  due  at  the 
equated  time : 

whence,  if  the  equated  time  be  denoted  by  <r,  we  shall  have 

the  present  value  of  S  ^ ;= : 

s 


s  = 


S  +  s 


1  +rt 
S-¥s 


1  +  ra? 
S  s  S  +  s 


, ,  ^  .  ,  determines  the  value  of  w : 

1  +rT      1  +rt      1  +r<2? 

thus,  S  +  rSt  +  s  +  rsT  +  rx.(S  +^  +  rSt  +  rsT) 

=:(l  +  rT  +  rt  +  r'Tt){S  +  s) 

=  *S  +  rST  4-  rSt  +  r'STt  +  s  +  rsT+rst  +  f^sTt: 

.-.  rw(S  +  s  +  rSt  +  rsT)  =r{ST  +'st  +  rSTt  +  rsTt) : 

ST  +  st  +  r(S.  +  s)Tt 

whence,  a?  =  — -r^ ■=- —  : 

S+s  +  r(St  +  sT) 

which  is  the  correct  value  of  the  equated  time. 

If  r  be  a  very  small  quantity,  as  in  practice  it  usually 
is,  we  shall  have 

ST  +  st 

w  = ,  nearly  : 

o  +  * 

which  gives  the  common  approximate  rule. 


COMPOUND     INTEREST. 


267 


381.     Cor.     We  have  just  seen  that 

_  ^  r  (^  +  «)  Ti 


tV 


ST+st 


S+8 


1  + 


r{St  -¥8  T) 


V  « 


and  the  quantity  between  the  brackets  will  be  a  proper  or 
improper  fraction,  according  as 

r(S  +  8)Tt  r(St^8T) 

<  or  > 


ST  ^-at 


S  +  8 


as  {S^sfTt  <  or  >  (ST^8t)  {St-tsT): 
as  S'^Tt  +  zSsTt  H-  ^Tt  <  or  >  S^Tt  +  S8T^  +  Ssf^s'Tt : 

as  2S8Tt  <  or  >  S8(T^  +  f): 

as  2Te  <  or  >  T^  +^: 

but,  by  article  (49),  2  T#  is  less  than  T^  +  f^:  and  therefore 
the  quantity  between  the  brackets  is  a  proper  fraction,  and  /v  is 

less  than  — :  and  consequently  the  common  approximate 

rule  is  in  favour  of  the  payer,  inasmuch  as  the  period  of  pay- 
ment is  deferred  longer  than  it  ought  to  be. 

If  the  simple  power  of  r  be  retained,  a  second  approxima- 
tion will  be  found  to  give 

ST+st      Ss{T-ty 


X  = 


r,  nearly. 


S+8  (S+8f 

If  there  be  more  sums  than  two,  as  ^S',  «,  or  due  at  the 
times  r,  ty  T,  we  have  only  to  consider  S  +  8  as  due  at  the 
time  Wf  and  a  at  the  time  r,  and  to  proceed  as  before,  both  for 
tile  true  and  the  approximate  equated  time. 

882.  To  find  the  amount,  and  compound  intere8ti  of 
^  ^en  sum^  in  a  given  time,  at  a  given  rate. 

Let  the  interest  be  converted  into  principal  at  the  end  of 
^.eiy  year,  and  a  similar  notation  be  retained  :   then, 


\ 
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the  amount  of  P  in  1  year   =  (1  +  r)  P  : 

the  amount  of  P  in  2  years  =  the  amount  of  (l  +  r)  P  in  1  year 

=  (1  4  r)  (1+  r)P  =  (1  +  rfP : 
the  amount  of  P  in  3  years  =  the  amount  of  (l  4-  r)*P  in  1  year 

=  (1  +  r)  (1  +  r)'P=  (1  +  rfP :  &c. 
and,  the  amount  of  P  in  w  years  =  (1  +  r)"  P : 

that  is,  iHf  =  (l  +rYP,  the  amount : 

also,  /=  ilf  -  P  =  {(1+  r)"  -  1}  P,  the  interest. 

If  R  be  assumed  to  represent  1  +  r,  or  £l.  together  with 
its  interest  for  a  year,  we  shall  have 

M  =  PR%    and  /=  (i?"  -  1)  P, 

which  are  the  formulae  commonly  used. 

283.  Cob.  By  means  of  these  equations,  any  one  of  the 
quantities  employed  may  be  expressed  in  terms  of  the  rest: 
and  the  most  important  are 

„     M  -  log  M  -  log  P 

P  =  -=r9    a"d  w  =  — ^-Tj e-^ — . 

i?"  log  R 

Ex.  1.  Required  the  amount  and  compound  interest,  of 
£l60,  in  4  years,  at  6  per  cent,  per  annum. 

Here,    P  =  160,    i?  =  1.06,    and  w  =  4  :   whence  we  have 
M=  160(1.06)*  =  £201.  19«.  lid.  1152,  nearly  : 
/=£201.19«.  lid.  1152- £l60.  =  0^41.  198.  lid.  11 52,  nearly. 

Ex,  2.  If  P£  at  interest  amount  to  M£  in  t  years: 
what  sum  must  be  paid  down  to  receive  P£,  at  the  end  of 
t  years? 

Let  Of  denote  the  required  sum :  then,  we  shall  have 

M=  PR\    and  P  =  wR*: 

M      PR'      P  ^  F" 

whence,    ~  =  — —  =  - ,    and   ^  «  — , 
P      xR^      w  M 

a  result  agreeing  with  that  of  example  (S)  to  article  (276). 


COMPOUND    INTEREST.  269 

Ex.  S,  If  P£  at  compound  interest,  rate  r,  double  itself 
in  n  years,  and  at  rate  2r,  in  m  years :  find  the  relation  between 

911  and  n. 

Here,  we  have  2P  «  P  (l  +  r)%    and  2  =  (l  +  r)" : 

also,  2P  =  P  (l  4-  2r)"',   and  2  =  (l  +  2r)~ : 

whence,  (1  +  2r)*  =  (l  +  r)",  and  m  log  (1  +  2  r)  =  n  log  (1  +  r)  : 

m       log  (l  +  r)  log  (l  +  r)  log  (l  +  r)      1 

»  "  log  (1  +  2r)      log  (1  +  2r  +  r*)      log  (l  +  ry      2 " 

Ex.  4.  A  sum  of  money  «<£  is  left  among  ^,  P,  C,  in 
such  a  manner  that  at  the  end  of  a,  6,  c  years,  when  they 
respectively  come  of  age,  they  are  to  possess  equal  sums ; 
required  the  share  of  each. 

Let  0?,  y,  z  denote  the  three  shares  :  then,  we  shall  have 

Of  -^y  +  X  =  8  : 

also,    wR^  ^ylt  ^  %B!^^  are  the  equations  of  condition  : 

whence,    y-R^~^w,    and  z^R'^'^w:    so  that, 

8 


d?  +  IP*    a?  +  i?'*"''^  =  «,    and  .*.  <r  = 


►1—6    ,     na  —  c 


I 


1  +  R'"  +  R' 
dmila^ly,   y  =  ,  ^  g.-.  ^  r,,-.  .    and  «  =  ,^-^,A__, . 

284.     When  compound  interest  is  allowed,  the  Present 

M 
Worth  will  be  obtained  from  the  equation  P--^^^  and  the 

It 

Discount  from  2>  =  JIf - P  =  M --—  =  —--zz :  and  when 

P"  P" 

several  sums  are  due  at  different  periods,  the  equated  time  w 

may  be  found  from  the  equation, 

S        8        „  aS  + « +  &c. 

-,+  ^.  +  &c.=         ---        : 

•»  will  appear  from  the  reasoning  employed  in  article  (280). 
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280.  We  have  hitherto  supposed  that  the  interest  ac- 
cruing from  the  use  of  money,  has  been  converted  into  prin- 
cipal, and  begun  itself  to  bear  interest,  at  the  end  of  a  year : 
but  it  is  evident  that  the  principles  above  explained  will 
enable  us  to  find  the  amount  in  a  given  time,  at  whatever 
equidistant  periods  this  may  be  supposed  to  take  place  :  thus, 
if  t  denote  any  number  of  years,  and  the  conversion  of  interest 
into  principal  occur  at  the  end  of  every  m^  part  of  a  year: 

we  shall  have  i  +  —  s=  the  amount  of  £l  in  that  time:  and 

m 

therefore 

tnt 


-(-3 


If  m  =  2,  or  the  interest  be  payable  half  yearly^ 


Jf=  [i+tI     P' 


if  w  =  4,  or  the  interest  be  payable  quarterly^ 


4t 

if  =  ( 1  +  -  1     P  :   &c. 


-{-0 


If  w  =  00  ,  or  the  interest  be  payable  every  instant, 

which  is  merely  a  symbolical  result :  but  its  value  is  never- 
theless assignable,  as  will  now  be  shewn :  for,  by  the  binomial 
theorem,  we  have 

ml  \ml  1  . 2         \ml 

1.2.3  \ml 

r^f        r'f 

=  1  +rt  + + +  &c. 

1.2       1.2.3 
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(when  m  is  indefinitely  great,  and  therefore  1,  2,  3,  &c.  may 
be  neglected  with  respect  to  mt) 

=  ^*,  where  e  =  2.71828  &c.,  as  will  be  demonstrated  in  the 
first  Appendix. 

These  expressions  will  enable  us  to  determine  the  advan- 
tages obtained,  by  having  the  money  paid  at  short  intervals  of 
time,  instead  of  that  of  a  year:  and  without  special  agreements 
to  the  contrary,  it  seems  equitable  that  money  should  bear 
interest  from  the  moment  it  becomes  due,  and  consequently 
that  M  =  Pe^  is  theoretically  correct,  although  it  would  be  at- 
tended with  many  inconveniences  in  practice. 

286.  To  find  in  what  times,  a  sum  of  money  will  double 
and  treble  itself,  at  5  per  cent.,  compound  interest. 

Here,  2P  =  PR'^y  and  SP  =  PR'^ : 

.'.  2s=jR^«,  and  S  =  R^^\  whence,  we  have 

loflr  2         .3010300 

4  :s  — 2 — =  14.2  years,  nearly  : 

log  1.05       .0211893  "^  "^ 

log  3  .4771213 

^  =  ; = =  22.5  years,  nearly. 

log  1.05       ,0211893  ^  ^ 

2ffJ.  Cor.  Neither  of  the  results  obtained  in  the  last 
article,  though  conveying  useful  and  instructive  information, 
is  founded  upon  correct  grounds  consistent  with  the  view  of 
compound  interest,  inasmuch  as  the  interval,  at  which  interest 
is  converted  into  principal,  has  been  supposed  to  be  previously 
defined;  and,  indeed,  whenever  compound  interest  for  a  frac- 
tional part  of  such  interval  is  required,  it  is  merely  a  matter  of 
convention  to  allow  such  interest  at  all,  unless  the  principle  of 
simple  interest  be  recognised  at  the  same  time :  thus,  if  com- 
pound interest  be  required  for    lt  +  — )   years,    we  find  the 

V       mj 

amount  at  the  end  of  t  years  to  be  PR^ :  and  the  amount  of 

this  for  —  ^  part  of  a  year  will  be 
tn 


I 
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=  PR*  +  — .  *^  part  of  the  interest  of  PR^  for  a  year 

r 
=  PR^  +  —  PR\  by  the  formula  for  simple  interest. 


ml 


=  [\^-]PR 


H. 


that  is,  the  amount  of  P  in  ( ^  +  — )  years,  is  expressed  by 

P(l+.V(l.3: 
and  not  by 

Pi?'*"  =  P  (1  +  rV  (1  +  r)"  =  P  (1  +ry  h  +-  +  &cJ, 

^        m  ' 

according  to  the  general  expression. 

288.  Def.  The  term  Annuity  is  understood  to  signify 
any  Interest  of  Money ^  Rent  or  Pension,  payable  from  time 
to  time,  at  particular  periods :  and  these  payments  may  take 
place  yearly y  half-yearly,  quarterly,  &c. 

289.  To  find  the  amount  of  an  annuity,  left  unpaid 
any  number  of  years,  at  simple  interest. 

Let  A  denote  the  annuity  or  annual  payment :  then,  the 
amount  of  the  first  payment,  which  is  forebome  to  be  received 
for  (y^  —  1)  years,  will  be 

A{l  +  (n  -  i)r]  : 

that  of  the  second,  which  is  forebome  {n  —  2)  years,  will  be 

^  1 1  +  (w  -  2)  r}  :  &c. 

whence,  the  whole  amount  due  at  the  end  of  n  years,  will  be 
the  sum  of  n  terms  of  the  arithmetical  progression, 

^  {l  +  (w-l)r},     ^|l  +  (w-2)r},    &c. 

=  wJ  +  Jr  {l  +  2  +  3  +  &c.  (w  -.1)} 

n{n-l)  .        w(w-l) 

=  nA  H-  — ^  rA\    or,  M-  \n  +  —^ -ri  A, 

1.5  ^  1.2         ' 
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290.  Dep.  The  Present  Value  of  an  annuity,  is  that 
sum  which,  being  improved  at  interest  for  the  given  time, 
becomes  equal  to  the  amount  of  the  annuity. 

291.  To  find  the  present  value  of  an  annuity^  to  con- 
tinue a  given  number  of  years,  at  simple  interest. 

Let  P  denote  the  present  value,  whose  amount  in  n  years 
will  be  (1  +  nr)  P,  by  article  (274)  :  whence,  according  to  the 
definition,  we  must  have 

(l  +  nr)  P  =  |n  +  ^n(n  ''l)r]  A: 

and  therefore  P  =  «  +  i^(»-OV 

I  +nr         ^ 

From  each  of  the  equations  just  investigated, 

(1)     ikf=  {n  +  \n{n-l)r}  A, 

^^n^\n{n^l)r^ 
1  +  wr 

any  one  of  the  quantities  involved,  may  easily  be  expressed  in 
terms  of  the  rest. 

292.  CoE.     Since,  from  the  equation  (2),  we  have 

(1  +nr)P=  \nA  {2  +  (y^  -  1)  r] 
=  \nA  (1  +  nr)  +^nA  (l  -  r)  : 

.-.  P=^\nA+\nA  (^—^1  =^w^  +  |^/ 


W  +  nrl       ^  ^11 

and  when  n  is  infinite,  or  the  annuity  is  considered  to  be  a 
Perpetuity,  we  shall  have 

P=\nA:=^  co: 

that  is,  in  order  to  purchase  a  j^reehold  Estate  or  annuity  to 
continue  for  ever,  it  will  be  requisite  to  pay  down  an  infinite 
sum  to  secure  a  finite  annual  payment :  and  consequently  the 
view  of  the  subject  above  taken  cannot  be  correct,  and  recourse 
must  be  had  to  other  principles. 
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293.  To  find  the  amount  of  an  annuity^  left  unpaid 
any  number  of  years^  at  compound  interest. 

Let  A  be  the  annuity :  then  the  amount  of  the  first  pay- 
ment, which  is  foreborne  for  (n  —  1)  years,  will  be  AR*'^ :  of 
the  second  for  {n  -  2)  years,  it  will  be  AR""'^^ :  &c. 

.'.  the  whole  amount  =-4{l+i?  +  i?^+  &c.  to  n  terms}: 


or,  iHf  = 


i?-l 


294.  To  find  the  present  value  of  an  annuity^  to  he  paid 
for  a  given  number  of  years,  at  compound  interest. 

If  P  be  the  present  value,  whose  amount  in  n  years  will  be 
PR^ :   then,  we  must  evidently  have 

i?  -  1     '  i?"  (i?  -  1) 

From  these  two  equations : 

which  comprise  the  whole  theory  of  annuities  at  compound  in- 
terest, any  one  of  the  quantities  will  become  known,  when  the 
rest  are  given. 

295.  Cor.     If  in  the  expression  of  the  last  article, 

1 

i?"  (i2  -  1)       R-l      ' 
we  suppose  n  to  be  indefinitely  great,  we  shall  have 

—  =0,    and  P  = 


i?»        '  R"! 

which  is  therefore  the  present  value  or  worth,  of  the  annuity  A 
to  continue  payable  for  ever. 

This  is  the  formula  by  which  the  sales  or  purchases  of 
Freehold  Estates  are  regulated  :  and  it  is  evident  that  the  sum 
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of  money  paid,  must  be  greater  or  less^  according  as  the  rate  of 
interest  of  money  is  lower  or  higher^  as  other  considerations 
would  suggest. 

All  annuities  which  are  termed  Annuities  Certain^  or  in 
Possession,  are  treated  according  to  the  formulae  of  these 
articles. 

296.  The  present  value  of  an  annuity  which  is  to  com- 
mence at  the  end  of  p  years,  and  then  to  be  continued  for 
q  years,  will  manifestly  be  equal  to  its  present  value  for 
p  +  q  years,  diminished  by  its  present  value  for  p  years : 
that  is. 


R 


-liv     iJ^+V       V     Rp)]"  R-Aw      R^v) 


A 


^)['-i)-- 


RP(R 

and  if  q  he  indefinitely  great,  or  the  annuity  be  payable  for 
ever,  after  p  years  have  expired,  we  shall  have 

fi^(ii-i)' 

These  formulas  enable  us  to  compute  the  values  ^f  Rever- 
sions, or  of  Annuities  in  Reversion;  and  the  latter^termines 
the  value  of  the  Absolute  Reversion  of  an  annuity,  or  of  the 
Fee  Simple  of  a  freehold  estate,  which  is  to  fall  in  at  the 
expiration  of  p  years. 

There  are  also  Contingent  Annuities  and  Reversions, 
which  depend  upon  some  contingency,  as  the  continuance  or 
failure  of  the  life  of  a  particular  individual :  and  if  the  value 
of  the  life  be  given,  and  be  denoted  by  p,  the  same  formulae 
wiU  give  their  present  values. 

The  doctrine  of  Life  Annuities,  of  whiqh  the  case  above  is 
a  very  simple  instance,  will  be  briefly  noticed  in  the  flrst 
Appendix. 
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Examples. 

(1)  The  amount  of  the  sum  A  in  n  years  is  m,  and  the 
amount  of  an  annuity  A  in  the  same  time,  is  M:  what  sum 
must  be  paid  down,  to  receive  A  yearly  for  n  years  ? 

At  simple  interest ^  we  have  by  the  preceding  articles: 

m={l+nr)A:  M -  {n -k- ^n(n --l)r\A: 

whence,  if  «r  be  the  sum  required,  we  shall  have 

\n  '\-  ^n(n  "  l)r}A      AM 
1  +nr  m    ' 

At  conipoimd  interest^  we  have  as  before, 

(1  4-  rV  —  1 
m  =  (l+r)"^:    M  =  ^^—-^ A: 

T 

(1  +  ry-l  AM 

and  .'.  0?  =  — r —  A  = ,  the  same  as  above. 

r(l  +  ry  m 

(2)  The  present  value  of  an  annuity  of  l£,  to  continue 
as  years,  is  10£ :  and  the  present  value  of  an  annuity  of  if,  to 
continue  Stcc  years,  is  l6£:  required  the  rate  of  interest. 

Here,10=(i±^,andl6=(l-±i^: 

r(l  +r)^ 

16      (i+r)2'-i        r(l+r)' 


r(l  +r)*  ' 

(1  +  r)2'  -  1 

r(l+r)^ 

(l+r)'+l 

10        r(l  +  ry        (1  +  r)'  -  1 


(1  +  ry 

5 
whence,  l6  (l  +  r)'  =  10  (1  +  r)*4-  10,  and  (l  +  r)*  =  -: 

and  therefore  by  substitution  in  the  first  equation,  we  find 
tOOr  =  4,  the  rate  per  cent. 

(3)  If  a  person,  about  to  purchase  the  lease  of  an  estate, 
be  able  continually  to  invest  money  at  4  per  cent.,  receiving  tbe 
interest  half  yearly;  shew  that  if  the  tenant  pay  his  rent  balf 
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yearly,  the  value  of  the  lease  to  the  purchaser  is  nearly  l.OI 
times  what  it  would  be,  if  the  tenant  paid  his  rent  yearly. 

Let  Pi  and  P^  represent  the  values  of  the  lease,  when 
the  rent  is  paid  yearly,  and  half  yearly  respectively:  then, 
we  shall  have 

*  r 

(1  +  ^r)^P2  =  (^^i^>''"^2^  : 

whence,   -  =    ^^^^y^^    =  1  +  i^,  nearly, 

«  I  +  .01,  nearly,  =  1.01,  nearly: 
and  therefore  P2=1.0lP„  nearly. 

(4)  An  annuity  is  to  commence  at  the  end  of  p  years,  and 
to  continue  q  years :  find  the  equivalent  annuity,  which  is  to 
commence  immediately,  and  to  continue  q  years. 

Let  w  denote  the  required  annuity:  then, 

(1  ^_  7.)?  -  1 

the  present  value  of  A ,   .    A : 

^  r(l+r)^+« 

(l+r)«-l 

w- — 7 ;^ — w: 

r(l  +r)« 

(1  -i-r)'-.  1         (1  -I-  7.)?-  1 

whence,  — ; — ^-— — w^—^ rrr- ^>  ^y  the  question: 

r(l+r)«  r(l4-ry+«  ^  ^ 

A 
and  .-.  w  =^ --,  which  is  independent  of  q. 

If  p^Oy  we  have  a?  =  ^,  as  it  manifestly  ought  to  be. 

(5)  Four  persons  jff,  /,  JT,  L  contribute  equal  sums 
towards  the  purchase  of  a  freehold  estate:  find  the  times  that 
Mf  I9  K  may  successively  enjoy  it,  in  order  that  L  may  be 

to  the  absolute  reversion. 
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Let  x^  y,  X  denote  the  required  times  in  order  :  then, 

the  present  value  of  jff's  interest  «  —  ( l  - —  |  : 

^  r  V       (1  +  ryj 

rs  =^f_L_-_J_V 

■p^  ^i(_l L_V 

rV(l+r)'+y+V  " 

and  these  being  equal  by  the  question,  we  have 

loff  2 

(1  +  rY  =  2,   from  (3)  and  (4),  and  x  =  , -^ ^ : 

^  ^  ^  log(l+r) 

3  loff  3  —  loff  2 

(1  +r)y=:-,  from  (2)  and  (3),  and  y^  iog(i.^r)' 

(1  +  rY  =  -,  from  (l)  and  (2),  and  of  =  ^^    "  ^^    . 
3'  "^  ^  "^  ^'  log(l+r) 

The  same  method  of  solution  will  be  applicable,  whatever 
number  of  persons  a  transaction  of  this  kind  comprises :  and 
also,  when  their  payments  are  in  any  assigned  ratios. 

For  further  Applications  of  Logarithms,  the  student  is  re- 
ferred to  the  fourth  chapter,  and  for  their  Calculation^  to  the 
seventh  chapter  of  the  third  edition  of  the  author^s  Trigo- 
nometry: and  some  additional  information  on  Interest  and 
Annuities  may  be  found  in  the  first  Appendix  of  this  work. 
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297*  Def*  It  has  been  seen  in  the  preceding  pages, 
that  the  values  6f  the  unknown  symbols  in  equations  cannot 
be  assigned,  when  their  number  exceeds  that  of  the  equations 
which  express  their  relations  to  each  other :  in  such  cases  the 
equations,  as  well  as  the  problems  of  which  they  are  algebraical 
representations,  become  indeterminate^  and  their  solutions  can 
only  be  effected  by  introducing  additional  conditions  at  plea- 
sure, or  such  as  may  be  necessary  to  restrict  them  to  the 
circumstances  of  the  questions  under  consideration. 

We  will  here  confine  Our  attention  to  a  very  limited  view 
of  the  subject,  and  exhibit,  by  means  of  a  few  equations  and 
problems,  a  mere  outline  of  the  principles  which  it  involves. 

298.  Def.  An  indeterminate  equation  of  two  unknown 
quantities  of  ihe  first  degree,  is  of  the  form 

aa?  +  fey  =  c: 

an  indeterminate  equation  of  two  unknown  quantities  of  the 
%econd  degree,  is  of  the  form 

aa^  +  hwy  +  c^  +  da?  +  ey  =/: 

and  similarly,  of  more  unknown  quantities  and  higher  degrees. 

Ex.  1.     Given   7  a?  4-  I9y  =  92,    to  find   simultaneous   in- 
tegral values  of  w  and  y. 

5y  "1 
Here,  7a?  «  92  -  19^5  and  ci?  =  13  -  2y : 
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5y  —  1 
.-.  if  <v  be  a  whole  number,  we  must  have  .   a  whole 

7 

number : 

5y  -  1  -  2o  + 1 

let  — - —  =  p,     .-.   5y  =  7^4-1,  and  y  =  p  +  — - — : 

and  if  V  be  a  whole  number,  we  must  have a  whole 

number : 

,      2p  +  1  -  g  - ) 

let =  g,    .-.  2p  =  5g  -  1,  and  p  «  2g  + : 

5  2 

and  if  p  be  a  whole  number,  we  must  have a  whole 

^  2 

number : 

let =  r,     .-.  g  =  2r  +  1, 

2  ^ 

which  will  evidently  be  a  whole  number,  if  r  be  so: 

whence,  p  =  2^  +  r  =  5r  +  2,  a  whole  number: 
y=p  +  g  =  7i'  +  3,  a  whole  number : 
a7=13-2y-p  =  5-  19r,  a  whole  number : 

that  is,  the  general  solution  of  the  equation  in  whole  num- 
bers is 

07  ~  5  -  19r,    and  y  =  7r  +  3, 

where  the  value  of  r  may  be  0,  or  any  whole  number  what- 
ever: thus, 

if  r  =  0,  (2?  =  5,    and  y  =  3 : 

if  r  =  1,  0?  =  -  14,    and  y  =  10 : 

if  r  =  2,  x^^-SS^    and  y  =  17  : 

if  r  =  3,  0?  =  -  52,    and  y  =  24 :  &c. 

from  which  it  appears,  that  the  only  solution  in  positive  whde 
numbers  is,  when  w=  5  and  y  =  3 :  but  that,  if  negative  values 
of  X  or  y  be  admitted,  the  number  of  solutions  is  indefinite. 
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Ex.2.      Solve    the    equation    11a? -18y  =  63,  in   whole 
numbers. 

Here,  llof ^63  +  18y,    .•.  w  —  5  +y  + : 

,      7y  +  8                                              ,                      4o  -  1 
let «Pj   •••  7y  =  lip  -  8,   and  y  =  p  -  1  + : 

,      4p-l                                              ,                3q  +  l 
let s»g,    .'.  4ipts  7g  +  1,   andp=5'  + : 

7  4 

,  ^  3g+l  _  r-  1 

let  »r,    .-.  3g=   4r-l,    and  5'  =  r  + : 

4  3 

1       r  -  1 

let  =  «,    .-.  r  »  3*  +  1 : 

8 

whence,  ,we  have  r  =  3«  +  1 : 

g=ir  +  «  =  4«  +  l: 

pssq'+r  =  7«  +  2: 

07  =  5  +  y  +  p  =  18«  +  9 : 

which  will  all  be  whole  numbers,  if  «  »  0,  or  any  whole  num- 
ber whatever :  and  the  general  solution  in  whole  numbers  is 

o?=18«  +  95    y=ll«  +  2. 
If  «  ■=  0,  we  have  a?  =   9,    y  =    2  : 

«  «  1,  a?  =  27,    y  =  13  : 

«  =  2, 07  =  45,    y  =  24: 

«=s3,  a?s=63,    y  =  35:   &c. 

«  =  -!,    ^7  =  -    9,    y  =  -    9: 

«  =  -2,    07  =  -27,    y  =  -20: 

«  =  — 3,    a7  =  -45,    y»-31:   &c. 

from  which  it  is  manifest,  that  the  equation  admits  of  an 
infinite  number  of  solutions  in  both  positive  and  negative 
whole  numbers :  and  the  least  positive  values  of  <r  and  y^  which 
answer  the  purpose,  are  9  and  2. 
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The  method  of  solution,  adopted  in  these  two  examples, 
is  manifestly  applicable  to  every  equation  of  the  form, 

a/v  +  by  ^  c, 

wherein  a,  6,  c  are  either  positive  or  negative  whole  numbers. 

299.  The   equation   aw  ^by  ^  c,   cannot   be    solved  in 
whole  numbers,  unless  a  and  b  are  prime  to  each  other. 

For,  if  possible,  let  a  =  7wd  and  b^nd:    then, 

mdoD  =t  ndy  =  c,    and  mw  =t  ny  =  -, 

which  is  absurd,  if  the  proposed  equation  be  in   its  lowest 
terms,  as  is  always  supposed  to  be  the  case. 

300.  If  one  solution  of  the  equation  ax  -k-  by  =  c^  be 
given,  all  the  others  may  be  derived  from  it. 

For,  let  a,  /3  be  simultaneous  values  of  ob  and  y,  so  that 

.'.  a  (a?  -  a)  +  6  (y  -  j8)  =  0,    and  «r-a  = (y-jS)* 

a 

whence,    y  —  j8  must  be  a  multiple  of  a,  as  ±  ra  : 

.-.  a?  —  a  =  =F  rby    or  x  =  a^  rbi 

f/  —  j3  =  =fc ra,    or  y  =  fi:Lra: 

from  which  all  the  values  of  w  and  y  will  be  obtained,  by 
giving  all  possible  integral  values  to  r. 

301.  When  a  and  b  are  prime  to  each  other,  each  term 
of  the  series  fe,  26,  3  6,  &c.  (a  —  1)6,  when  divided  by  a,  will 
leave  a  different  remainder. 

For,  if  possible  let  ab^  (ib  leave  the  same  remainder  r, 
so  that 

ab  =  ma  +  r,   and  j36  =  na  +  r: 

.*.  (a  -  j3)  6  =  (m  -  w)  o,   and    =»  —  : 

m-n      b 

whence,  a  -  j8  is  a  multiple  of  a :  which  is  absurd,  since  a,  /3 
are  both  less  than  a. 
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Hence  these  remainders  must  comprise  all  numbers  from  1 
to  a  —  1  inclusive :  and  if  y  be  less  than  a,  a  value  of  y  can 

always  be  found  such  that  — =  a?,  a  whole  number : 

a 

therefore  the  equation, 

6j^  —  1  ss  ax,  or  aw  —  by— —  I  is  always  possible : 

similarly,  the  equation, 

by  "(a -I) 

=  a?,    or  oy  -  a  +  1  =  ax^ 

a 

or  a{x  +  1)  —  6y  =  1,  and  .•.  ax  -  by  ^  1,  is  always  possible: 

that  is,  when  a  and  b  are  prime  to  each  other,  it  is  always 
possible  to  find  such  integral  values  p  and  q  oi  x  and  y^  that 

ap  -  feg  =  ±  1. 

302.     To  find  the  limits  of  the  number  of  solutions  of 
ax  +  by  —  c,  in  positive  whole  numbers. 

Let  t  be  the  number  of  solutions  required :  and  let  p,  q  be 
such  that 

op  -  ftg  =  1 : 

then,  acp  —  bcq  ^  Cy  and  abt-^abt  —  O: 

whence,  by  subtraction,  we  obtain 

a  (jcp  —  bt)  +  b  {at  -  cq)  =  c : 

,\    X  =:  cp  —  bt^  and  y  =  at  —cq: 

and  in  order  that  x  and  y  may  be  positive  integers,  it  is  evi- 
dent that  bt  is  less  than  cp,  and  at  greater  than  cq : 

whence,  t  is  less  than  -— ,  and  greater  than  —  : 

6  a 

that  is,    the  number  of  solutions   will  be  expressed  by   the 
greatest  integer  contained  in 

cp      cq 

b         a 

or,  by  the  difference  of  the  integral  parts  of  these  quantities, 
because  t  is  less  than  one  of  them,  and  greater  than  the  other : 

CJ) 

except  in  the  case  when  ^—  is  a  whole  number,  and  therefore 

MM 
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the  number  of  solutions  is  less  than  this  difference  by  1,  since 

c  o 
t  is  less  than  -~, 

b 

If  p  and  q  be  such  that  we  have  ap  -  6g  =  -  1 :  then  will 

-  acp  +  bcq  =  c,    and  abt  —  abt  =  0 : 

whence,   a  (bt  -  cp)  +  6  (c^f  -  at)  =  c : 

.'.    w  =  bt  —  cpy    and  y  =  eg  —  o^ : 

cp  CO 

which  prove  that  ^  is  greater  than  — ,  and  less  than  — :  and 

the  limits  are  the  same  as  before,  in  an  inverted  order. 

303.  CoE.     When  the  proposed  equation  is  oo?  -  6y  =  c, 
and  ap  —bq  =  1,  we  have 

acp  —  bcq  ===09   and  abt  —  abt  s:0: 

whence,  a  (cp  +  bt)  —  6  (cq  +  at)  =  c : 

.'.    w  =:  cp  -^  bt,    and  y  ^  cq+  ati 

or  the  value  of  ^  is  unlimited  for  positive  values  of  a?  and  y- 

If  only  negative  values  of  a?  and  y  be  admitted,  the  num- 
ber of  solutions  will  be  greater  than  —  or  — . 

^  b  a 

304.  If  a  and  b  be  prime  to  each  other,  the  equation 

oo?  —  6y  =  ±  c, 

is  always  possible :  and  an  indefinite  number  of  integral  values 
may  be  assigned  to  w  and  y,  which  satisfy  the  equation. 

For,  aa?  —  6y  =  ±  1,  is  always  possible,  by  article  (301)  : 

.'.  oca?  —  bey  =  ±  c,     or    aw  —  bj/  =  =fc  c, 

is  always  possible:    also,    substituting   w^mb    for  {v\   and 
y  :Lma  for  y\  we  have 

a  (j?  ±  mb)  ^  b{y  ^  ma)  =  =t  c  : 

which  is  therefore  possible  for  every  integral  value  of  w. 
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Hence,  by  means  of  the  double  sign  ^^ ,  and  the  indeter- 
minate number  m,  an  indefinite  number  of  values  of  ob  and  y 
may  be  found,  which  satisfy  the  equation  aw  ~  by  =^  ^c. 

305.     On  the  same  supposition,  the  equation 

aw  +  by  =  c, 

is  always  possible  in  positive  whole  numbers,  provided  c  be 
greater  than  a6  -  a  —  &. 

For,  ifc  =  a6  —  o  —  6  +  r,  the  equation  becomes 

OiT  +  6y  =  a6  -  a  -  6  +  r, 

which  gives 

fe(y+l)-r 


w  =  b--  1  - 


a 


b  (y  +  i)  -^r 
and may  always  be  made  equal  to  the  integral 

quantity  jsr,  since 

6  (y  +  1)  -  r  =  a  »,     or  aiir  -  6  (y  +  1)  =  -  r, 
is  always  possible  by  the  preceding  article:  but,  in  the  equation, 

6  (y  +  1)  -  r 


«  = 


a 


y  +  1  is  necessarily  less  than  a,  and  therefore  ss  is  necessarily 
less  than  6,  if  r  be  a  positive  quantity  :  that  is, 

a?  =  6  —  1  —  » 

will  not  be  negative,  so  long  as  r  has  a  positive  value,  and 
therefore  whilst  c  is  greater  than  ab  —  a  —  b. 

These  two  articles  are  of  great  practical  utility,  inasmuch 
as  they  enable  us  to  decide  at  once,  whether  the  data  of  a 
problem,  dependent  upon  these  principles,  are  consistent  or 
not,  as  will  be  seen  in  the  following  pages. 

306.     When  three  or  more  unknown  quantities  are  in- 
volved in  one  equation,  as  in 

aw  +  by  •\-  cz  =i  d. 


276  INDETEBMINATE  PROBLEMS. 

we  have  aw  +  by  ^  d  --  ex,  the  latter  member  of  which  being 
assumed  integral,  the  corresponding  values  of  w  and  y  may 
be  obtained  by  means  of  the  preceding  articles. 

307.  Find  a  number  which,  when  divided  by  2  and  3, 
leaves  the  remainders  1  and  2. 

Let  Of  denote  the  number  required :  then,  we  must  have 

47—1  a?  —2 

and  equal  to  whole  numbers : 

whence,  assuming   ss  p,   or  a?  =  2p  +  l5 

<a?  —  2      2p  —  1 

we  must  have   = =  a  whole  number  : 

S  3 

,      2p- 1                                            ,                g+ 1 
let  -^ s=  gf,   .-.  2p  ^Sq^  1,  and  p  =  ?  + ^  ^ 

o  2 

1  X     5^  +  1 

let    =  r,     .-.  a  =  2r  —  1 : 

2  ^ 

whence    jp  =  g  +  r  =  Sr  —  1: 

and    a?  =  2p  +  l=6r  —  1: 

or,  the  required  number  is  always  of  the  form  6r  -  1,  the 
value  of  r  being  assigned  at  pleasure.  If  r  =  1,  the  number 
required  =  5,  which  is  the  least  positive  whole  number  that 
satisfies  the  conditions. 

308.  In  how  many  ways  can  a  person  pay  a  bill  of  &% 
with  crowns  and  guineas  ? 

Let  X  and  y  denote  the  numbers  of  crowns  and  guineas: 
then,    5<v  +  21  ^  =  240,  by  the  question : 

.*.  0?  =  48  -  4«/  -  -  =  a  whole  number  : 

^      5 

y 

let   -  =  p,     .'.  y  =  5jp,    and   a?  =  48  —  21p: 
and  these  forms  comprise  all  the  possible  solutions : 
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if|i  =  0,  a7»48  and  y=^Oi 
pssl,  /p  =  27  and  y  =  5: 
p « 2,     w=   6    and   y  =  10. 

If  higher  values  be  given  to  p^  the  values  of  w  become 
negative,  which  are  admissible  only  on  the  supposition,  that 
the  person  may  receive  back  crowns,  whUst  he  pays  guineas : 
and  thus  it  is  manifestly  possible  to  pay  the  bill  in  an  infinite 
number  of  ways. 

309.  If  I  have  nine  half  guineas  and  six  half  crowns 
in  my  purse,  how  may  I  pay  a  debt  of  £4.  Us.  6d.  ? 

Let  Of  ^  the  number  of  half  guineas,  y  =  that  of  half 
crowns: 

then,    Zla^5y  =  183,  expressed  in  sixpences  : 

/.  5y  »183  — Sl^,  and  y  =  36-4^7 =  a  whole  number: 

5 

w  ^  S 

let  a  p,    .*.  w:b  5p'^3y    and  y  =  24  -  21  p  : 

5 

if  p  =  0,    d?  =  3    and   y  =  24, 
which  are  excluded  by  the  restrictions  of  the  question  : 

ifp  =  l,    a?=:8    and  y  =  3, 
which  are  within  the  prescribed  limits. 

310.  Find  two  fractions,   whose  denominators  shall  be 

19 
7  and  9,  and  their  sum  equal  to  — .  -* 

Let    a  and  y    denote    the    numerators   of  the   required 
fi^cdons:    then,  we  have 

^     y      19 

-  +  -  =  —,    or  9a?  +  7y  =  57  : 

7      9      21 

whence,    y  =  8  —  ^ =  a  whole  number : 
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2cr-  1  ,  p  +  1 

let    =p,   .-.  2a?  =  7p  +  lj   and  x  —  Sp  +  — -— : 

7  2 

,     p  +  1 

let  -^  =  5^^     .-.  p  =  29-l: 

.*.  ^  =  3p  +  g  =  7g  -  3,  and  y=8-a?-p=12-9g«^ 

If  ^f  =  1,  we  have  a?  =  4  and  y  =  3,  and  these  are  the  only 
positive  values  of  w  and  y  which  satisfy  the  equation. 

If  g  =  2,  we  have  j?  =  11,    y  =  -  6 : 

5^  =  3,     a?=18,    y=s— 15: 

g  =  4,     a?  =  25,    y  =  — 24:    &c. 

that  is,  if  the  difference  of  the  fractions  be  —  ,  the  number  of 
solutions  is  unlimited. 

311.  The  sum  of  two  numbers  is  78;  one  of  them  is 
divisible  by  5,  and  the  other  by  3:  how  many  pairs  of  numbers 
satisfy  these  conditions  ? 

Let  w  =  one  of  the  numbers,  then  78  —  a?  =  the  other:  and 
we  must  have  both 

-  and  equal  to  whole  numbers: 

5  3         ^ 

CB  ,    78  -  5p        ^  2© 

assume  -  =  jp,    .*.  a?  =  5p :   and  —  =  26  -  p 

5  Z  $ 

must  be  a  whole  number: 

let  —  =  ^f,    .'.  2p  =  3g,    and  p  =  g  +  -  : 

3  2 

let  -  =  r,    .'.  g  =  2r,  and  jp  =  3r : 

whence  a?  =  15r,  and  78  -  a?  =  78  -  15r,  express  generally  the 
numbers  required. 
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If  r  =  1,  we  have  x  =  15, 

r  =  2,  a?  =  30, 

#    ^  3,  •••••••••      w  ^  4fO, 

r  =  4,  tr  =  60, 

r  =  5,  0?  =  75, 


78  -  a?  =  {)3  : 
78  -  a?  =  48  : 
78  -  ^  =  33  : 
78  -  0?  =  18  : 
78  -  /p  =    3  : 


that  isy  there  are  Jive  pairs  of  numbers  answering  the  condi- 
tion, when  the  negative  values,  corresponding  to  higher  values 
of  Ty  are  excluded. 

312.  A  wheel  in  S6  revolutions,  passes  over  29  yards : 
and  in  w  of  these  revolutions,  it  describes  %  yds.  +  y  ft.  +  5  in.  : 
find  the  values  of  w^  y,  %. 

Since  36  revolutions  pass  over  87  feet,  we  shall  have 

5       87         29 
S»  +  t/ +  —  =  -—0?= — w: 
^       12      36         12 

or,    36%  +  12y  +  5  =  29^  : 
whence,   12y  =  29a?  -  36%  -  5,  and  y  =  2a?  -  3»  + 


Bog  —  5 
~T2 


BW"  5  _ 

assume  =  5p,    and  .*.  a?  =  12p  +  1 : 

.-.   y  =  29p  +  2  -3»: 

wherein  the  values  of  p  and  isr  may  be  taken  at  pleasure,  pro- 
vided y  be  less  than  3,  or  29p  +  2  -  3;2r  be  less  than  3,  and 

therefore  .  be  greater  than  '-^  . 

Let  p  =  1,    »  =  10,     .•.  0?  =  13 

p  c=  2,  »  =  20,  .*.  0?  =  25 
p  =  3,  »  =  29,  .'.  w  -  31 
p  =  4,     »  =  39,     .'.  0?  =  49 


p  s=  5,  %  SI  4f9,  .'.  a?  =  61 
p  sz  6f  »  =  58,  .*.  w  =  73 
p  =  7,     iiT  =  68,     .*.  a?  =  85 


y  =  1: 
y  =  0: 
y  =  2: 
y  =  1: 
y  =  0: 
y  =  2: 
y  =  1:  &c. 
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whence,  the  solution  required  is  a?  =  13,  ^  =  1,  and  i8rs=lO; 
the  second  giving  y  =  0,  and  in  all  the  rest,  the  value  of  x 
is  beyond  its  proper  limit, 

313.  Indeterminate  equations  of  two  unknown  quantities 
of  the  second  degree,  are  comprised  in  the  forms : 

o-\-cw  c  +  a/v 

the  first  and  second  of  which  admit  of  obvious  solutions  by 
means  of  the  preceding  principles:  and  we  will  exemplify 
that  of  the  third,  in  some  of  the  following  problems. 

314.  »To  find  two  square  numbers,  whose  sum  shall  be 
a  square  number. 

Let  a?^  +  y^  =  «*,   /.  a^^^-if^(z  +  y)(%-y): 
and  mwtV  =  (x  •¥y)m(«  -y): 
whence,  assuming  mw^z-^-y,  and  ^  =  m(af— y),  we  shall  have 

« -^y^m^iz-y): 
.*.  (m^  H- l)y=  (m^  -  l)i^  =  (m^- l)(»i.2?- y) 

=  (m^  -  1)  mcG  -  (m^  -  \)y : 

.*.   2mry  =  (w*  —  l)ma7,  and  a?  =  — : 

m  —  1 

to  obtain  whole  numbers,  let  y  =  m^—  1,  and  we  have  w=2m' 

that  is,  the  general  forms  of  the  two  numbers  will  be 

w  =  2m,    and   y  =  m^— 1. 
If  m  =  1,  we  have  a?  =  2,  y  =    0,  and  z  =    2 : 

w  =  2, 07  =  4,  y  s    3,  and  jj?  =    5: 

m  =  3,    07  =  6,  y  =    8,  and  z=10: 

m  =i  4f,    0?  =  8,  y  =  15,  and  j»a  17:  &c. 


If  fractions   be   not   excluded,    we   have  only  to 
any  particular  value  to  y,  and  then  to  proceed  as  above. 
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316.     Cor.    If  the  sum  of  the  two   squares  be  given, 
we  have 


w 


2m              -           m*-l 
«r,    and   y  =  —^ z. 


m*+  1 


wr-^-X 


Ex.    Find  the  values  of  a?  and  y,  which  will  satisfy  the 
equation  a?*  +  y*  =  lO^. 


Here,    eg  = 


2m 


10,     and  y  = 


.2 


m*  -  1 


10 :    wherein   the 


m«  +  1  "^      m«  +  1 

value  of  m  may  be  assigned  at  pleasure. 

If  m  =  1,   we  have  a?  =  10,  and  y  =  0 

m  =  2,    a?  =    8,  and  y  =  6 

m  s  3,    ir=    6,  and  y  =  8 

80         _           150 
m  =  4,    ^  =  — ,  and  «/  = :   &c. 

17  17 

316.     To  find  two  square  numbers,  whose  difference  shall 
be  a  square  number. 

Let  a?-y^  —  si?^    and  .*.   («»H-y)m(<2?-y)  =  m^»: 

whence,   assuming    ^r  +  y  =  m»,  and  m  (a?  -  y)  =  », 

we  have    «  +  y  =  m^(/p  -  y),    and    (m*  +  i)y  =  (m^  -  l)  a? : 

m^  +  1 
m  —  1 

and  if  y  =  m^-l,  then  will  .r  =  m*  +  l,  and  )8f  =  2m. 

If  m  =  1,  we  have  «r  = 


m 
m 
m 


=  2, 
=  3, 
=  4, 


w  = 


iV  = 


w  = 


2,  2/ 

5,  y 

10,  y 
17,  y 


0,  and  z 

3,  and  z 

8,  and  isr 

15,  and  z 


2: 

4: 
6: 
8:   &c. 


For  fractional  values  we  have  only  to  proceed  as  in  article 
(314). 

NN 
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317.  Cob.  If  the  difference  of  the  two  squares  be  given, 
we  have 

m  (a  -^  y)  =  m* », 

m(pD  —  y)  =^  z: 

,          w*  +  1 
whence,  9,mx  =  (m?  +  1)  »,   and  w  = x  : 

-  •      o  V  1  III*  —    1 

also,   2wit/  =  (m*  —  1)  »,   and  «  =  «. 

2m 

Ex.  Determine  the  simultaneous  values  of  Of  and  y,  which 
will  satisfy  the  equation  o?^  -  y*  =  24*. 

m*  +  1  -  m*  - 1 

Here,   a?  == 24,   and  y  =  24, 

'  2m  ^         2m 

where  the  value  of  m  may  be  assumed  at  pleasure. 

If  m=l,  we  have  a?  =  24,  and  y=    0: 

m  =  2,  /r  =  30,  andy  =  18: 

m  =  3j  ,a?  =  40,  andy  =  S2: 

m  =  4,  a?  =  51,  and  y  =  45:   &c. 

These  articles  include  the  formulae  for  the  determination  of 
the  rational  values  of  the  sides  of  right-angled  triangles,  and 
are  simple  instances  of  what  is  termed  the  Diophantine  Ana- 
lysis :  so  called  from  Diophantus^  a  celebrated  mathematician 
of  Alexandria^  who  is  supposed  to  have  flourished  about  the 
year  280  of  the  Christian  aera. 

318.  The  difference  between  the  squares  of  the  ages  of 
two  persons  at  one  period  was  45  :  and  at  another  it  was  159 : 
required  the  age  of  each. 

Here  we  have 

0?^  -  f/2  =  45,    or  (a?  -  y)  (a?  4-  y)  =    45 : 
w'^-^yf^  =  159,  or  {x  -  y)  {at -^  %/)  =  159: 

but  since  x  —  y  =^  w  —  y^  and  45  and  159  have  the  common 
factors  1  and  3,  we  must  have 

.1?  —  y  =  1  or  3,   and  therefore  ct?  +  y  =  45  or  15 : 


\ 
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whence,  a?  =  23  and  y  =  22 :    or  a?  =  9  and  y  =  6 : 

also,    w'  —  y'  ss  1  or  3,  and  therefore  a!  -^  y'  =  159  or  53  : 

whence,    a!  =  80  and  y  ^s'lQi    or  a?'  =  28  and  y  =  25 : 

that  is,  at  the  first  period,  their  ages  were  9  and  6,  and  at  the 
second  28  and  25  :  or,  at  the  first  period  they  were  23  and  22, 
and  at  the  second  80  and  79* 

If  the  given  diflferences  had  been  prime  to  each  other, 
there  would  have  been  only  one  solution  of  the  problem. 

319.  To  find  three  square  numbers  in  arithmetical  pro- 
gression. 

Let  a?*,  y*,  »*  denote  the  required  squares :   then, 

07^  +  «^  =  2y^ : 

assume  ^  =  p  +  g  and  «r  =  p  -  g,  so  that  p*  +  g*  =  y^, 

which  by  article  (314),  will  be  satisfied  in  whole  numbers,  by 
making 

p  =  2w  and  g  =  m^  -  1,  and  therefore  y  =  wi^  +  1  : 
whence,  the  general  solution  will  be  expressed  by 

w  =  2m  +  m^  -  1,  »  s=  2m  -  m*  +  1,  and  y  =  m^  +  X. 

Ex.  If  m  =  1,  we  have  a?*  =  4,  y*  =  4  and  »*  =  4,  which 
can  scarcely  be  said  to  be  in  arithmetical  progression  : 

if  m  =  2,  we  find  a?  =  7>  y  =  5  and  «?  =  1, 

whose  squares  are  49,  25  and  1,  forming  an  arithmetical  pro- 
gression: 

if  m  »  3,  we  have  a?  =  14,  y  =  10  and  »  =  -  2, 

whose  squares  are  196,  100  and  4,  in  arithmetical  progression  : 
&c. 

If  the  student  be  desirous  of  more  information  upon  these 
subjects,  he  may  consult  Barlow'^  Theory  of  Numbers,  and 
Leyboiwme\ 
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320.     Dkf.     Any  expression  written  in  the  form, 

1 


p  + 


1 
9  +  - 


1 


8  +  &C. 

is  called  a  Continued  Fraction:  and  it  is  said  to  be  rational 
or  irrational^  according  as  the  number  of  terms  comprised  in 
it  hjinite  or  infinite:  also, 

1                   1 
P,     p  +  -  ,     p  + 7  ,      &c. 

r 
when  reduced  to  their  simplest  forms 

pg  +  1       pgr+p  +  r 

p,      »      ;; —  ,      &C. 

q  qr-\-l 

are  termed  the  corresponding  Converging  Fractions, 

We  shall  presently  see  in  what  manner,  expressions  of 
this  kind  originate :  and  the  subsequent  articles  will  point 
out  their  use,  both  in  approximating  to  the  values  of  ratios 
exhibited  by  large  numbers,  and  in  resolving  indeterminate 
equations  of  the  first  and  second  degrees:  of  the  latter  of 
which,  the  solutions  in  whole  numV  opendix, 

could  not  be  easily  obtained  by 
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321.     To   express  a  vulgar  fraction,  in  the  form  of  a 
continued  fraction. 

Let  -  be  the  proposed  fraction :    then,  proceeding  as  in 
article  (53),  we  have 

* 

b  ^qc  -¥  di 
c  ^rd  +  e: 
d=:  se  +f:    &c. 

.  a  c  c. 

whence,     7  =  p  +  -  =  p  + 


h  h  qC'\-  d 

1 


=  p  + 


d 


1  1 


^P  -I-   -T         =  P  + 

9  +  ZT-r:  9  + 


rd  +  e  e 

r  +  - 
d 

1  1 

=  p  + =p  + 


1  ^  1 


q  + q  + 


e  '  1 

r  + r + 


86  -¥  f  «  +  &C. 

Hence,  the  converging  fractions  will  evidently  be 

p       pq  +  ^       pqr  +  p-^r       pqrs  +  pq  +  ps '\- rs -^  1 
1  q  gr  +  1  qrs  +  g  + « 

The  integers  p,  g,  r,  &c.   are   called   the    Quotients  or 
Partial  Qtwtients :  and  each  of  these  with  its  connected  frac- 

c  d  e      ^        .  ,        ^        , 

tion,    as  p-f-T,    q  +  ~9    ^+j>    oic.    is   termed  a   Complete 

bed 

Quotient:  and   it  is  evident   that  every  irreducible  fraction 

may  be  expressed  as  a  continued  fraction  by  the  same  method. 
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365 
Ex.     Represent  —  in  the  form  of  a  continued  fraction, 


and  find  the  converging  fractions. 

Here,,      224)365(^1 

224 


141 J  224  (^ 
M41 

1 

83) 

141(^1 
83 

58J83(l 
58 

25)  58  (^2 
50 

8)25(^3 
24 

l)8i^8 
8 


365  1 

=  1  + 


224  1 

1  +  - 


1 
1  +  - 


1  + 


1 


2  + 


1 


1 


and  the  converging  fractions  taken  in  order,  will  be 


13      44      365 


1  '    l'    2*    3'     8  '    27'    224' 

the  last  of  which  is  the  fraction  proposed :  and  it  will  readily 
appear  that  each  of  these  is  more  nearly  equal  to  it,  than  that 
which  immediately  precedes. 
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Even  in  thi'^  simple  instance,  the  process  of  finding  the 
converging  fraction^  is  tedious:  and  we  will  now  deduce  a 
method  by  which  all,  embarrassment  may  be  avoided. 

322.      Let  the  contmued  fraction  belonging  to  -  ,  be 

\  ^  b 

a  +     \ 

7  +  &c. 

where  the  quotients  taken  in  order  are 

a,  /3,  7,  5,  &c.,  \,  yu,  V9  p9  &c. : 

then,   by  article  (SSO),    the  first  three   converging  fractions 
will  be 

a      a)3-H       (a/3  -H)  7  -I-  a 

in  which  we  observe  that  the  third  fraction  is  deduced  from 
the  two  preceding,  according  to  a  certain  law  :  and  since 

1 

0  +  - 
a 

if  we  write  down  the  quotients  and  converging  fractions  in 
the  form, 

a>  /3,  7, 

1       a      a/3  +  1       (a/3  +  1)  7  +  a 

we  see  that  each  fraction  is  derived  from  the  two  preceding, 
by  multiplying  the  numerator  of  the  last  by  the  quotient,  and 
adding  the  numerator  of  the  last  but  one,  for  a  new  numerator: 
and  by  multiplying  the  denominator  of  the  last  by  the  quo- 
tient, and  adding  the  denominator  of  the  last  but  one,  for  a 
new  denominator :   suppose  this  law  to  continue,  and  let 

Pi      P%      Ps      p,     . 

—  ,       —  ,  ,  ,     OCi/. 

^l  ^2  ?3  Qi 
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be  consecutive  converging  fractions,  and  /u,  i;  be  the  quotients- 
corresponding  to  —  and  —  ,  so  that 

Ps  _  MjPg  +  Pi , 

then,   since  —    differs   from   — ,  only  by  the  substitution  of 
/u  +  —  in  the  place  of  /u,  we  shall  have 


P4  \  Vj 


2+ Pi 


^   (MI/-H)P2  +  yPl   ^   I/(/UP8-HPl)+P2^    yPs+P2 

(m  V  +  1)  gs  +  vqi     V  (/igs  +  gi)  +  g«     i^gs  +  ?2 ' 

which  is  of  the  same  form  as  the  value  of  — ,  with  y  in  the    i 

place  of  /u :  whence  we  infer  by  induction,  that  the  law  as 
above  enunciated  is  universally  true :  and  we  have  the  follow- 
ing general  Rule. 

Write  down   the  quotients   and   the  values   of  the  con- 
verging fractions,  in  the  following  form : 

a,  /3,  7,        &c. 

1        a        a/3+1         (a/3  +  l)  7  +  a 


,    &c. 


0'     r         /3     '  )87+i 

K^  \,  /U,  &C. 

Pi  P2  P3         5^ 

— ,        —  ,       —  ,      &C. 

gi      g2      gs 

the  first  quantity  in  the  second  line  being  introduced  merely 
for   the  sake   of  uniformity :    then,  any  numerator  is  found 
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from  the  two  which  precede  it,  by  multiplying  the  numerator 
of  the  latter  by  the  quotient,  and  adding  the  numerator  of 
the  former:  and  the  same  process  is  applied  to  the  deno- 
minator. 

323.     Cor.     If  at  any  stage  of  the  operation,  we  sub- 
^    stitute  the  complete  quotient  Zy  we  shall  have 

:  o      »jP2  +  Pi 

I'  h      ssq^  +  gi ' 

\    which  is  the  complete  fraction^  as  appears  from  article  (321). 

365 
Ex.  1.    From  the  fraction ,  we  have  had  the  quotients, 

1,      1,     1,     1,      2,       3,        8: 

1*1       2       3       5       18       44       365 
and    — I     — ,    — ,    ~,    ~,    — ,    — ,   —  , 

0        112       3        8        27       224 

are  the  converging  fractions,  all  derived  immediately  by  the 
application  of  the  rule:  the  first  quantity  -  being  finally  re- 
jected, as  only  introduced  for  a  subsidiary  purpose. 

31415Q 

Ex.  2.     Find  the  fractions  converging  to . 

^    ^        100000 

Here,  we  have  the  following  quotients, 

3,       7,         15,  1,      &c. : 

1  3        22         333        355     „  ,        ,  ,       , 

also,    - :       - ,     — ,      — - ,     — ,  &c. :  by  the  fi^eneral  rule  : 
0         1         7         106        113  -^  ^ 

that  is,  the  fractions  successively  converging  to  the  value  of 

314159 

100000 

3         22         333        355 
are    ~ ,  ,     — - ,     — ,    &c.  : 

1         7         106        113 

and  they  will  be  found  to  be  alternately  less  and  greater  than  the 
true  value,  but  more  and  more  nearly  equal  to  it  in  succession. 
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These  are  approximations  to  the  value  of  the  ratio  of  the 

circumference  of  a    circle  to  its  diameter,  which  is   usually 

22 
represented  by  the  symbol  tt  ;  the  second  being  —  is  that  of 

355 
Archimedes,  and  the  fourth  —  •  which  will  be  found  to  be 

113 

a  very  close  approximation,  is  due  to  Metiua :  but  the  exact 

value  of  TT  being  an  incommensurable  quantity,    the   entire 

number  of  converging  fractions  would  be   infinite ,  and   the 

continued  fraction  irrational. 

324.     If  t}  and  —  be   any  two  consecutive  converging 

qi        q2 

fractions :    then  will  pi  q2  —  Ps  qi  =  =^  1- 

For,    if    — ,    — ,    ^,    &c.     be    consecutive    converging 
qi      q2      qs 
fractions,  and  #f,  \,  yu,  &c.  be  the  corresponding  quotients.* 

we  have 

P3  =  MP2  +  PlJ     •*.    P3<72  =  MP2  ?2  +  Pi  92  ' 

whence,  by  subtraction,  we  obtain 

P3^2  -  P2^3  =  -   (jP2^1   -  Piq2)  ' 

similarly,  p^, q^-  p^q^^--  (Ps 92  -  P2 ^s) 

=  ^2^1  -P\q2'  &c. : 

that  is,  the  diflference  of  the  product  of  each  numerator  and 
successive  denominator,  and  the  product  of  each  denominator 
and  successive  numerator,  is  always  of  the  same  magnitude, 
abstracting  the  algebraical  sign: 

but,  irom  -  and  — ^— ;r — ,  we  have 
a&  -  {a&  +  1)  =  -  1 :    and  from     ^^        and    -- ^-^r — — — -, 

i3      •  /37  +  1 

we  obtain 

(a/3  +  1)  (/37  +  1)  -  (a/3  +  0/37  -  a/3  =  +  1 : 
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7) 

whence,  for  every  two  consecutive  converging  fractions,  as  — 
and  — ,  we  shall  have 

the  upper  or  lower  sign  being  used,  according  as  —  is  found  in 

an  even  or  odd  place,  from  the  beginning  of  the  series. 

326.  The  successive  converging  fractions  are  all  in 
their  lowest  terms. 

For,  if  possible,  let  the  terms  of  the  fraction  — ,  have  a 

common    measure  d:    then,    since  d  measures  pi    and    g^,  it 

will  measure  pi  q^   and  p^  ^i,    and    therefore   their   difference 

Pi  92  -  Pi  9i9    or    ±  1 :    which   is  impossible,   if  d   be   greater 

Pi       ,     , 
than  1 :   that  is,  —  is  in  its  lowest  terms :    and  similarly  of 

the  rest. 

326.  The  successive  converging  fractions  are  alternately 
less  and  greater  than  the  true  value  of  the  fraction ':  but  they 
become  more  and  more  nearly  equal  to  it. 

Pi         P2 
For,  let  —  and  —  be  two  fractions  successively  converging 

to  —  5  and  let  %  be  the  complete  quotient  corresponding  to  — : 

1  1  .  ,      /        ^      ^        ^P2  +  Pi 

then,  by  article  (323),  -  =    -     -  ±-  : 

h        zq^i  4-  qi 

whence,    "- -^1  ^  '±^±ll  -  ii 
h       7,       %qi  +  7i       q\ 


iV 


Pi9\  +  PiQi-  ^Piq2  -Pi9\     ^{pzq\  ^pifi^) 


7l(^72+7l) 
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also    -  -  ^  =  ^^^  "*"  ^^  .  ?£ 

±  1 


?2  («92  +  ^l) 

from  which  it  appears  that  t  -  —  a^d ^  have  different 

b      q,  b      q^ 

algebraical  signs :  and  therefore  the  successive  converging  frac- 
tions are  alternately  less  and  greater  than  the  true  value  of  the 
fraction  proposed. 

Also,  because  qz  is  greater  than  g^,  and  z  is  not  less  than  1, 
it  follows  that  the  numerical  value  of  — r is  less  than 

that   of  — r -:  and  consequently   the    successive  con- 

gi  (« <?2  +  gi) 

verging  fractions  become  more  and  more  nearly  equal  to  the 
proposed  fraction. 

327.  Cor.    Since ^  =  — ,  and  x  cannot  be 

b       qz      ^2(^^2+91) 

less  than  1,  it  is  evident  that  the  difference  between  —  and  its 

b 

/n  J-  t 

approximate  value  — ,  can  never  be  greater  than  — 7 -:  and 

92  g2W2+gi) 

-  =1=1  =ir  1 

therefore,  a  fortUyriy  it  is  not  greater  than  — - —  nor  — -  . 

9^?2  92 

328.  No  fraction  nearer  to  the  true  valuey  can  He 
between  two  aticcessive  converging  fractionsy  tmless  it  he 
eoopressed  in  higher  terms  than  either  of  them. 

For,  if  possible,  let  -  be  an  interpolation  between  -* 
and  ^,  where  8  is  less  than  q2 : 

92 
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then, ^  is  less  than  ~ -: 

..   'JlZlPl  is  less  than  MlZllSl  and  .-.  less  than  ^  : 


sqi  qi  q^  qi  q^ 

but  r^i  -  api  being  an  integer,   is  greater  than  ±  1 : 

rq,  -  «Pi  ,  ±1 

.'.   must  be  greater  than  : 

sqi  sqi 

±1    .  ±1 

i^hence,  it  follows  that  is  greater  than  : 

q^q2  sq^ 

or,   —  is  greater  than  -:  and  therefore  8  is  greater  than  gg, 

which  is  contrary  to  the  hypothesis  : 

.*.  -  is  not  an  interpolation  between  —  and  ~ . 

Pi         P2  Ps  Pn 

329.     If  — ,    — >    — ,  &c.,  —    represent    all    the    suc- 

9i     qz     qz         qn 

cessive  fractions  converging  to  the  value  of  — ;   then  will 

b 

a      pi        1  1  1 

7  = 1 +  &c.  =f  - — . 

o       qi      qiq%      qiqs  oq„ 

For,     ^-^  = 


?2     qi     q\q2 

PZ        P2  1 


q3     q2  ^2^3 

&c.  =  &c. 

a       Pn  1 

*      qn  hq^ 


whence^  by  addition  and  transposition,  we  obtain 

a      p,        1  1  1 

r  =  —  + +  &C.  =F 


*     qi     q\q2    q^q^  Hn 


294  CONTINUED    FRACTIONS. 

330.     It  has  appeared  in  the  preceding  articles,  that 

P\       P2       Ps       Pi      «^ 

— ,    — ,    — ,    — ,    &c. 
^i       92      ^3       qi 

a 
are  alternately  less  and   greater   than  the  true  value  of  -: 

whence  we  may  separate  these  fractions  into  two  classes, 

Pi       Ps       P5      „ 
— >    -—5    — 9   &c- 

qi     qs     ^5 

which  are  all  less  than    -  :    and 

b 

P2         Pi         /^6        « 

— 9    — 9    — >   &c. 

q»     q^    qa 

which  are  all  greater  than   - : 

h 

also,  if  a,  /3,  7,  5,  &c.  be  the  quotients  corresponding  to  these 
convergents,  we  shall  have 

Ps  =  yP2  +  P\9   qs  =  7^2  +  qi '  &c. 

Piq2  -  P2qi  =  -  1,  Psqi  -  ^4^3  =  ^  i :  &c. 

whence,    ^1  ^  ^1  ^  MlZllSl 
qs       qi  qiqs 

^  (qpa  -H  jPi)  qi  -  (ay2  +  qi)pi 

qiqs 

^  q(P2  7i-Pi^2)  ^  X- :    &c. : 

^1^3  qiqs' 

and  consequently  when  the  quotients  are  equal  to  1,  it  will  be 
impossible  to  insert  between  any  two  consecutive  term$  of  either 
of  these  sets  of  convergents,  a  fraction  whose  denominator  lies 
between  their  denominators. 

But  if  the  quotients  be  greater  than  1,   as  for  instance, 
when  7=4:    we  shall  have  p^  =  4jp2  +  pi ,    and  q^  =  4^1  +  ?!• 


i 
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md  therefore  the  three  fractions 

P2+P1      g  P2  +  Pi      Sp2  +  Pi 

will  be  all  intermediate  to  — !  and  — :   and  having  their  de- 

qi         qs 

lominators  less  than  ^3,  they  will  be  interpolations  between 

Pi  ^     Ps 

the  two  convergents  —  and   — . 

qi        qs 
Ai       .      P2+P1    Pi  1 

Also,   since 


^2  +  qi     qi     qi  (^2  +  ^0 
2P8  -^Pi    P2+P1  1 


2^2  +  gi     ^2  +  qi     (^2  +  ^1)  (2^2  +  ^1) 


:  &c. 


©1  ©Q 

t  is  evident  that  all  these  fractions  increase  from  —  towards  — , 

^1  qs 

and  that  no  further  interpolations  can  take  place  between  any 
two  that  are  consecutive. 

A     •      u             Pi      P2            1 
Again,  because = : 

^1     ^2        qi  qi 
q2  +  qi     qz       ^2  fe  +  ^1)  * 

it  is  manifest  that  all  these  fractions  are  less  than  -^:  that 

^2 

they  become  in  succession  more  and  more  nearly  equal  to  it : 
^d  that  no  further  interpolations  can  take  place  between  any 

>tie  of  them  and  —  . 

^2 

Whence,  upon  the  whole  it  appears,  that  though  fractions 
taty  be  found  which  are  more  nearly  equal  to  the  true  value 
^an  a  convergent  which  is  greater  or  lessj  they  will  not  be  so 
Nearly  equal  to  it,  as  the  succeeding  convergent  which  is  less 
ir  greater y  according  to  the  tenor  of  articles  (326)  and  (328). 
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331.     To  find  the  value  of  the  irrational  periodic  con- 
tinued fraction, 

1 


1 


1 


p+  &c. 
Let  Jff  —  the  value  required :  then,  we  have 

whence,    •'^  =  ~  ^  P  +  i  y/p'  +  *5   the    negative   value  being 
rejected,  because  ^  is  a  positive  quantity. 

From  this  example,    we  shall  have  ^  \/p^  +  4  =:  ^p  +  a?, 
expressed  in  the  form  of  a  continued  fraction : 

thus,  if  j9  =>  2,  we  have  the  square  root  of  2  expressed  by 

^/i  =  1  + 

2  +  &c.  in  infinitum.  "^ 

332.     To  find  the  value  of  the  irrational  periodic  con- 
tinued fraction, 

1 

1 


1 


1 

P  + 


Here,  we  have  a?  = 


q  -h  &c, 

1  q  +  off 


1  pq  +pa?  +  I 

p  + 

q  +  a? 


•*.    pai^  +pqoc  =  ^,    and  w  =  -  ^^  +  —  wT^^f  +  4p^. 

Hence,    —  y/p^q^  ^-  4>pq  =  ^  </  +  a?,  will  convert  the  former 

member  into  a  continued  fraction  :  thus,  if  p  «=  2  and  g  « 3, 
we  shall  have 
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\/l5  =  3  +  2  j 

^  1 


2  + 


1 

3  +- 


1 

2  + 


3+  &c. 


333.     To  find  the  value  of  the  irrational  mixed  periodic 
continued  fraction 


1 


1 
q  +  - 


1 


1 


Here,   let   w  = 


r +  &C. 
1 


and    y  « 


p'  +  y 

1  r +  y 


1^ ^r  +  «7y+l 


then,  the  value  of  y  being  found  from  the  latter  equation  and 
substituted  in  the  former,  we  shall  obtain  the  value  of  a?. 

P 
334.     From  the  equation,  .r  —  a  =  — 


P 


q  +  &c., 

we  obtain  ^  =  ^  (2a  -  g  +  \/g*  +  4jp), 
and  .-.  ^  (VV  +  ^  -q)  =  0}  -  a: 
from  which,  by  making  g  =  2a,  we  have 

y P 

k/  (J?  +  p  =  a  + 

2a  + 


2a  +  &c. 
PP 
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335.     To  express  a  numerical  surd  in  tbe  f<Hin  of  a  con- 
tinued fraction. 

Let   X  denote  the  proposed  surd,  and  let  p  be  such  a 
number  that  x  —p  is  less  than  1 :  then,  x  is  less  than 

1 

suppose,  where  x'  is  greater  than  1  : 

let  9  be  such  a  number  that  af  —  q  \^  less  than  1 :  then,  a/  is 
less  than  9  +  l=9  +  -^9  suppose,  where  x"  is  greater  than  1 : 

X 

1 

.'.    aT  =  p  +   -7 
X 

1 


^-^7' 


let  r  be  such  a  number  that  x"  -  r  is  less  than  1 :  then,  x"  is 
less  than  r  +  l  =  r  +  -77; ,  suppose,  where  x"'  is  greater  than  1: 

X 

1 
.-.  X  =  p  +  


1 

q  +- 


1 


r  +  -777: 

X 


and  by  a  continuation  of  the  process,  it  is  evident  that  the 
surd  will  be  expressed  in  the  proposed  form,  to  any  extent 
that  may  be  required. 

Ex.  1.     Express  v  2  in  the  form  of  a  continued  fraction. 

Here,    \/2  =  1  +  ^ =  1  +  —7= * 

1  \/2  +  1 

/-  ^/g-  1  ^ 

V  2  +1  =  2+ =  2  +  — r= : 

1  y^2  +  1 
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SO  that  the  values  of  a?',  a?",  .2?"',  &c.  are  all  equal  to  \/2  +  1, 
and  those  of  9,  r,  &c.  to  2 : 

.-.  \/i  =  1  + 

2  + 


2  +  &c.  in  infinitv/m. 
To  find  the  successive  converging  fractions,  we  have 

1,        SSj         ^,  46,  ^)     occ* 

1  1        3        7         17        41 

0  1'      2         5         12         29 

and  these  are  all  in  their  lowest  terms :  are  alternately  less 
and  greater  than  the  true  value:  ^nd  become  successively- 
more  and  more  nearly  equal  to  it. 

Ex.  2.     Find   the   fractions   converging  to  the  value  of 
\/l5. 


y—              y/l5  -3 
\/l5  =  3  +  — =  3  -f 


Here,  \/l5  =  3  + =  3  -f  —7= =  3  + 


1  y/Ts  +  3  \/l5  +  3 

—  __  6 

15  +  3              y/l5  -  3  1 

=  1  ^-^^—^ =  1  +  —7==- 


^  6  \/l5  +  3* 

•— •              ,.      \/l5  -  3       ^              6 
\/l5  +  S^6^-  -^ =  6  +  — r= =  6  + 


1  \/l5  +  3  \/l5 


+  3 


6 
and  the  values  of  a?',  a?",  &c.  afterwards  recur: 

,-.  \/l5  =  3  + 

1  +  — 


1 
6  +  - 


1 

1  + 


6  +  &c.  in  infinitum. 
Hence,  to  find  the  converging  fractions,  we  have 

3,       1,       6,         I,  6,       &c. 

1  3         4        27         31         213 

0  1  1  7  8  55 
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Ex.  3.     To   exhibit  \/l9  in  the  form   of  a  continued 
fraction. 

Here, 

/—  \/l9  -  4  3  ^  1 

Vig  =  4  + =  4  H-  —== =  4  +  —7= : 

1  y^ip  +  4  \/l9  +  4 

S 

\/l9  +  4  V^19  -  2  5  ^  1   . 

2L-f =2+-^- =  2 +  -7= =  2+——: 

3  3  \/l9  +  2  V19-H2 

5 

\/l9  +  2      ^   ,  ^19^  3  2  I 

5  5  \/l9  +  3  V19-H3 

2 

\/l9  +  S      ,      \/l9-3      ^51 
-3^_I -3+__^ =3  + 


2  2  \/l9  +  3  \/l9  +  S 


5 


y/lQ  +  S     ^     y/Tg-^     ,31 

=  1+ =:!+—=: =  1   + 


5  5  \/l9  +  2  \/l9  +  ^ 


3 


\/l9  +  2      ^     \/l9-4  1  1 

Z =2  + =2  +—7= =2  4-      jg^ 

3  3  ^19  +  4  >y/i9^.4 


1 

\/l9  +  4      ^      \/l9-4      ^  3  1 

1  1  VI9  +  4  VI9  +  4 

3 
and  after  this,  the  quotients  2,  1,  3,  1,  2,  8,  will  evidendy 
recur  continually  in  the  same  order:  and  the  continued  and 
converging  fractions  are  thus  easily  exhibited. 

336.  We  will  conclude  this  chapter  by  shewing  in  what 
manner  the  use  of  continued  fractions  is  rendered  available 
in  the  solution  of  indeterminate  equations  of  the  jGrst  degree, 
as  stated  in  article  (320). 
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337-     To  make  the  solution  of  the  equation  aw  -by  ^  l^ 
to  depend  upon  that  of  ap  -bq  =  -  I. 

Here,  1  —  -  ap  -^bq  =  abr  -  ap  -  abr  +  bq 
=  a{rb  -p)  -  b{ra  -  q)  : 

.*.  a(rb  —p)  —  b(ra  —  q)^l: 
and  all  the  solutions  of  the  equation  will  be  comprised  in 

,v^rb  —  Pj  and  y  =  ra  —  q^ 
where  r  may  be  assumed  at  pleasure. 

338.  To  make  the  solution  of  the  equation  aa?  -  6y  =  —  1, 
dependant  upon  that  o{  ap-bq  ^1. 

Here,  —  1  =  —  ap  +  ftq'  =  abr  —  ap  —  abr  +  bq 

==  a{rb''p)  -  b{ra  -  q)  : 

\\  a(rb  — p)  —  b(ra  -  ^)  =  -  1 : 

and  all  the  solutions  of  the  equation  will  be  comprised  in  the 
same  formulae  as  before. 

339.  To   solve   the   equation    a.v  -  by  ==Jtz  i^    in    whole 
numbers. 

Let  the  fractions  successively  converging  to  the  value  of 

b  Pi      P2  p 

-,  be   — ,    — ,    &c.    — :  then,  we  shall  have  in  all  cases, 

a  qi      q2  q 

ap  —  bq  —  Jtz  I  : 

whence,  by  the  preceding  articles,  all  the  values  of  /r  and  y 
will  be  immediately  obtained. 

Ex.  1.     Solve  15^7— 17y=l,  in  whole  numbers. 

Here,  the  converging  fractions  are  - ,    - ,    — : 

.-.   15p  —  I7q  =  1  : 

and  one  solution  will  manifestly  be  «r  =  8,  y  =  7 :  also,  the 
general  solutions  will  be 

,p  =  8  ±  17r,  and  y  =  7  i  I5r, 

where  r  is  any  whole  number  whatever. 
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Here,  the  least  positive  values  of  (c  and  y  are  8  and  7* 
Ex.  2.     Solve  19a?  -  lOy  =  1,  in  whole  numbers. 

1      2      19 
Here,  the  converging  fractions   are   -,    -,    — : 

.-.   lOp  -  19g  =  1,  or  IQq  -  lOp  =  -  1 : 

but  1  =  -  199+  10p=  l9(10r-9)-  10(l9r-:p): 

.-.   19(lOr-l)- 10(l9r-2)  =  1: 

and  all  the  solutions  of  the  equation  l^x  —  lOy  =  1,  are  com- 
prised in  0?=  lOr  - 1,  and  y  =  19r  —  2,  where  r  may  be  assumed 
at  pleasure. 

Here,  the  least  positive  values  of  x  and  y  are  9  and  17* 

Ex.  3.     Solve  the  equation  9x  -  13y  =  -  1,  in  whole  num- 
bers. 

TT  «  .        ^        .  1       3        13 

Here,  the  converging  fractions  are  - ,    - ,    — : 

therefore,  9p  -  13q  =  1 : 
but   -  1  =  -  9|?  +  iSq  =  9  (iSr  -p)  -  13  (gr  -  q)  : 
.\  9  (13r  -  3)  -  13  (9r  -  2)  =  -  1  : 
and  the  general  values  of  a?  and  y  will  be  expressed  by 

0?  =  I3r  -  3,  and  y  =  9r  -  2. 

Here,  if  r  =  1,  we  have  a?  =  10  and  y  =  7,  the  least  num- 
bers satisfying  the  equation. 

340.     To  solve  the  equation  ao?  —  6y  =  ±  c,  in  whole  num- 
bers. 

p 
Let  ~  be  the  last  of  the  fractions  converging  to  the  value 

of  - :    then,  we  have 
a 

ap  ^  hq  =  :ki: 
.*.    acp  -  hcq  =  ^  c:    also,   abr  -  ahr  =^  0  : 
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whence,    a  (cp  sp  hr)  -  b  (cq  ^  ar)  =  ±  c  : 

and  therefore  x  =  cp^  rh^    and  y  ^  cq^ra^  are  the  general 
values  of  a;  and  y. 

Also,  for  positive  integral  values  of  w  and  y,  we  must  have 

r  less  than  either  —  or  — ,  when  the  negative  sign  is  used. 

h  a 

Ex.     Solve  Ix  —  \9.y  =  19,  in  whole  numbers. 

TT  1^  .       ^       .  1       2       5       12 

Here,  the  converging  fractions  are  -,    -,    -,     — : 

.'.    7p  -  12^  =  -  1  : 

.-.   7.19p-  12.199=  -  19: 

<•  ■ 

.*.    -  7  .  19:P  +  12  .  \9q  =  19,   and  7 .  12r  -  7  .  12r  =  0 : 
whence,    7  (I2r  -  19p)  -  12  (7 r  -  199)  =  19 : 

and  a?  =  12 r  -  95,  and  y  =»  7r  -  57,  are  the  general  values  re- 
quired, that  admit  of  no  limitation. 

In  this  instance,  for  positive  whole  numbers,  r  must  not  be 

less  than  —  or  — :    and  therefore  the  least  value  of  r  will  be 

12  7 

9,  and  those  of  x  and  y  are  13  and  6  respectively. 

341.     To  solve  the  equation  ax  +  by  =  c^  in  whole  num- 
bers. 

©  b 

Let  -  be  the  last  of  the  convergent s  to  -:  then,  as  be- 
q  a 

fore,  ap  —  bq  =  ^  I  : 

.'.    ^acp  ^bcq  ^  c:    also,  abr  —  abr  =  0  : 
whence,    a  (±  cp  -  br)  +  b  {ar  =f  cq)  =  c  : 
and  therefore  the  values  satisfying  the  equation  will  be 

,1?  =  Jtcp  —  bp  and  y  =  ra  ^  cq  : 
and  for  positive  values,  the  limits  of  r  may  be  found  as  before. 
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Ex.  1.     Solve  ll<r+  ^y  -  1081,  in  whole  numbers. 

2      11 
Here,  the  converging  fractions  are  -,    —  : 

1        5 

.*.    lip  —  5^  =  1 : 

.-.     11.  1031 1?  -  5.1031^  =  1031  : 

also,    11. 5r—  11. 5r  =  0: 

.-.    11  {lOSlp  -  5r)  +  5  (11  r  -  1031  q)  =  1031.: 

and  00  =  1031  -  5r^   y=llr-  2062. 

For  positive  values  of  x  and  y  we  must  evidently  haver 

1031           ^,         ,                 ,        2062  ,  ,   , 

less  than  =  ^^^^  and  greater  than  =  1^7^:  and  the 

number  of  solutions  will  therefore  be  206  —  187  =  19?  agree- 
ably to  article  (302). 

Ex.  2.     In  how  many  different  ways  may  £l00.  be  paid 
in  crowns  and  moidores  ? 

Let  OS  and  y  denote  the  numbers  of  crowns  and  moidores 
respectively : 

then,  5a?H- 27y  =  2000,  by  the  question: 

5      11      27 
and  the  converging  fractions  are  -,  — ,  — : 

that  is,   />=11  and  ^  =  2: 
.•.  from  article  (302),  the  difference  of  the  integral  parts  of 

CD  CO 

-~  and  —  is  14,  which  is  the  number  of  ways  required. 

342.     Approximate  to  the  value  of  y/ 5^   by  means  of  a 
continued  fraction. 

y-            a/5-2 
Here,  \/5  =  2  + =  2  + 


n/5  +  2* 

>-  y/5  -  2  1 

V  5  +  2  =  4  + =4  +—7= : 

1  V5  +  2 
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BUid  since  v5  +  2  now  continually  recurs,  we  have  the  quo- 
tients 2,  4,  4,  &c. :  and  the  corresponding  converging  fractions 
will  be 

2       9       38       l6l       682       2889 

1       4       17        72        305       1292 

.*.  v5  is  fireater  than  —  and  less  than :    and    because 

^  305  1292 

2889         v-  .     ,  ,  /-      682  ,  /2889\  >- 

V  5  is  less  than  v  5 ,  and  .•.2    -  2  v  5 

1292  305'  \1292/ 

.    ,        ,       2889     682         2889        /- .   ,         ,        1/2889      682\ 

isJess  than :  or v  5  is  less  than : 

1292     305  1292  2V1292      305/ 

it  differs  from  the  latter,  by  a  quantity  less  than  -  ( | , 

•^     ^  -^  2V1292      305/ 

or  less  than 


2  X  305  X  1292 


343.    The  ratio  of  the  area  of  a  regular  decagon  described 
about  a  circle  to  that  of  another  inscribed  in  the  circle,  is  ex- 

pressed  by y=. :  find  its  approximate  values. 

5  +  ^/5 

Proceeding  as  in  the  last  article,  we  find  the  ratio  to 
be  expressed  by  the  continued  fraction 

8 

1 

7-H  — 


1 

4  + 


4  +  &c. 

and  for  the  denominator  of  this  fraction,  the  quotients  are 

7,      4,        4,         4,  4,     &c.: 

^     1       7       29       123       521       2107     „ 

and    - :    - ,    — ,    — ,    ,    ,  &c. : 

0       14         17         72         305 

.*.  the  successive  approximations  required  are 

8       32       136       576       2440 


'     29 '     123 '     521  '    2107 

QQ 


&c. 
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344.     To  represent  x  in  the  form  of  a  continued  fraction, 
from  the  equation  a^  -  px  -\-  q  ^  0. 

Here,  a^  =px-  q^  and  by  dividing  by  oc  and  successively 
substituting  for  its  value,  we  have 

pos-q  q  q 

X  = szp  ^  i-  ss  p  ^ 


w  X  q 


■  =p- 


P-' 


p  -  &c. 

This  is  not  a  continued  fraction  of  the  kind  we  have  been 
discussing,  inasmuch  as  each  of  the  numerators  is  not  =  1,  nor 
are  the  signs  positive,  as  has  hitherto  been  supposed :  it  will 
however  enable  us,  in  certain  cases,  to  find  an  approximate 
value  of  a  root:  thus,  if  q  be  very  small  compared  to  p, 
we  have  x  ^p^  nearly,  as  a  first  approximation : 

q      p^  —q 

x  =  p  —  = ,  nearly, 

p  p 

as  a  second  approximation  :   &c.  =  &c. 


CHAPTER  XIV. 


SCALES      OF      NOTATION. 


345.  Def.  Notation  is  the  method  of  representing 
abstract  numerical  magnitudes  by  means  of  symbols :  and  it 
comprises  different  Scales  ^dependent  upon  the  numbers  of 
the  symbols  or  figures  employed. 

346.  If  T  he  any  whole  number,  and  ao,  ai,  ag,  ^c.,  a^^ 
he  integers  less  than  v,  any  number  whatever  m^y  he  re- 
presented in  the  form : 

N  -  a^r«*  +  a^.ir^-*  +  a^-ar^"*  +  ^c.  +  a^r^  +  ajr  +  ao . 

For,  let  N  be  divided  by  the  highest  power  of  r  contained 
in  it,  as  r",  the  quotient  being  a^,  and  the  remainder  Ni : 
then,  we  shall  have 

N  =  aj^r^  +  Ni : 

again,  let  Ni  be  divided  by  the  highest  power  of  r  contained 
in  it,  as  r*"^,  and  let  the  quotient  and  remainder  be  a^.i  and 
JV",  respectively : 

whence,   JV=  a^^i^  +  iVi  =  a^r^  h-  a^-jr""*  +  N2 :  &c. 

^^d,  continuing  this  operation  till  the  remainder  becomes  less 
^han  r,  we  shall  at  last  come  to  the  form, 

-W*  iag,r*  +  a«-ir"*"^  +  am-2^"^  +  &c.  +  a^r^  -f  air  +  OqI 
^hich,  by  reversing  the  order  of  the  terms,  may  be  written. 
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and  because  in  each  successive  division,  the  highest  possible 
power  of  r  is  taken,  it  follows  that  each  of  the  numbers 
Oq,  dj,  as,  &c.,  a^  is  less  than  t, 

347.  Def.  The  number  represented  by  the  symbol  r  in 
the  last  article,  is  called  the  Radix  or  Base  of  the  scale  of 
notation:  and  the  numbers  Aq,  ai,  %,  &c.  a^^  are  termed 
the  Digits  belonging  to  the  scale  of  notation  whose  radix 
is  r. 

348.  Cob.  1.  Hence,  a  number  consisting  of  p  figures 
or  digits,  may  be  expressed  in  the  form, 

and  the  greatest  and  least  numbers  consisting  of  p  digits  wiH 
therefore  be  r^  -  1  and  r^ "  *  respectively. 

349*  Cob.  2.  If  the  order  of  the  digits  of  iV  be  inverted, 
and  the  resulting  number  be  denoted  by  n^  we  shall  haye 

N  =  a^r^  4-  ^m-i^"^  +  &c.  4-  a^T  +  a^ : 

n  =  a^r^  +  a^r^"'^  +  &c.  +  a^.^r  -f  o« : 

whence,  subtracting  the  latter  from  the  former,  and  arranging 
the  difference  according  to  descending  powers  of  r,  we  shall 
have 

JVT- w  =  a,^ (r"»- 1)  +  a,,^^T  (r«-*-  l)  +  a^^^r"  (i^"*- 1)  +  &c., 
which,  by  article  (35),  is  universally  divisible  by  r  -  1. 

360.  Def.  When  the  value  of  r  is  2,  3,  4,  &c.  the 
scale  of  notation  is  termed  the  Binary^  Ternary^  Quaternary^ 
&c. :  and  because  the  remainders  may  be  any  numbers  M 
than  r;  0,  1,  2,  3,  4,  &c.  r  -  1  will  be  the  Digits,  which  can 
neither  be  more  nor  fewer  than  the  radix  of  the  scale. 

Thus,  in  the  senary  scale,  453  =  4.ff  +  5.6  +  3  :  in  the 
duodenary  scale,   3807  =  3.12^  4-  8.12^  +  0.12  +  7. 

From  these  examples  it  appears  that  in  the  expressioi 
of  any  number,  every  digit,  in  addition  to  its  Ofiginai  and 
natural   value,  possesses  also  a   local  value,   which  depaidt 
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upon  the  place  it  occupies  and  the  radix  of  the  scale  to  which 
it  belongs :  and  the  digits  are  sometimes  styled  so  many  units 
of  the  ^rst^  second^  thirds  &c.,  orders^  according  as  they  are 
found  in  the  first,  second,  third,  &c.  places  from  the  right 
hand. 

Thus,  in  the  common  or  denary  scale,  2079  denotes  2000, 
70  and  9,  the  values  of  the  figures  2  and  7  depending  entirely 
upon  their  situations.  . 

351.  In  any  scale  of  notation  whose  radix  is  r,  a  number 
JV  when  divided  by  r  —  1,  leaves  the  same  remainder  as  the  sum 
of  its  digits,  when  divided  by  r  -  1,  leaves. 

For,  let  N  ^  a  -k-  br  +  cr^  -k-  di^  +  &c. 

=  6(r  -  1)  +  c{f  -  1)  +  d{f  -  1)  +  &c. 

-fa  +  fe  +  c  +  d-f&c. : 

then,  because  each  of  the  factors  r  —  1,  r^  -  1,  r^-  1,  &c.  is 
divisible  by  r  - 1,  it  follows  that  N  gjnd  a-f6  +  c  +  d  +  &c. 
when  divided  by  r  -  1,  leave  the  same  remainder. 

Hence,  if  the  sum  of  the  digits  of  a  number  be  divisible 
by  r  — 1,  the  number  itself  is  so  too:  and  if  from  any  num- 
ber the  sum  of  its  digits  be  subtracted,  the  remainder  is 
always  divisible  by  r  -  1. 

In  the  common  scale  of  notation,  a  number  is  always 
divisible  by  9,  when  the  sum  of  its  digits  is  divisible  by  9^ 
and  any  number  and  the  sum  of  its  digits,  when  divided 
\}y  9,  leave  the  same  remainder. 

352.  Cott.  From  this  property,  is  derived  a  test  of  the 
accuracy  of  the  operation  of  Multiplication,  by  casting  out 
the  nines. 

Let  A  and  B  contain  p  and  q  nines  respectively,  with  the 
remainders  a,  /3:  so  that 

^  =  9l>  +  a,    fi  =  99  +  jS : 

then,   AB  =  (9p  +  a){9q  +  jS) 

=  Slp^.-f  9qa  +  9^/3  +  aji 

=  9{9pq  +  ga  +  p/3)  +  aj9: 
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therefore,  AB  and  a)8,  when  divided  by  9,  leave  the  same  re- 
mainder :  that  is,  the  sum  of  the  digits  of  the  product,  when 
divided  by  9,  leaves  the  same  remainder,  as  the  product  of  the 
partial  remainders  leaves. 

Ex.  If  J  =  27354  and  B  =  2687:  then,  it  is  easily  found 
that  a  =  3  and  )8  =  5  : 

also,  AB  =  73500198,   and  a/3  =  15: 

and  it  is  seen  immediately  that  the  remainders  arising  from  the 
division  of  the  sums  of  the  digits  in  AB  and  a/3  by  9  are  both 
equal  to  6:  from  which  it  is  inferred  that  the  multiplicatioD 
has  been  correctly  performed :  and  it  can  be  erroneous  only  by 
some  multiple  of  9,  or  in  the  placing  of  its  different  parts. 

353.  In  any  scale  of  notation,  whose  radix  is  r,  the  dif- 
ference of  the  sums  of  the  digits  in  the  odd  and  even  places, 
when  divided  by  r  +  1,  leaves  the  same  remainder  as  the  num- 
ber N,  when  divided  by  r+  1,  leaves. 

Let  N  -  a  -^  hr  -^  cr^  +  dr^  -I-  &c. 

=  b(r  H-  1)  +  c(f  -  1)  +  d(r^  +  1)  4-  &c. 

+  a— 6  +  c-d  +  &c. : 

then,  since  r^  4- 1  is  always  divisible  by  r  4- 1  when  m  is  odd, 
and  r*"  —  1  is  divisible  by  r  + 1,  when  m  is  even,  it  follows  that 
the  remainders  arising  from  the  division  of  N  and  a-6+c-rf+ 
&c.  by  r  + 1,  will  be  the  same. 

Hence,  also,  we  have  N  -  (a  +  c  4-  &c.)  +  (6  +  d  +  &c.) 

=  b(r  +  1)  +  c(f  -  1)  4-  d(r^  +  1)  4-  &c. : 

so  that  if  to  any  number  there  be  added,  the  excess  of  the  sum 
of  the  digits  in  the  even  places  above  the  sum  of  those  in  the 
odd  places,  the  result  will  be  divisible  by  r-i- 1. 

If  fl.4  2A^&r».  =  6  +  d4-&c.,  it  is  evident  that  JV  is  divisible 

♦he  common  scale  of  notation,  any  number 

From  these  exaai^  if  the  sum  of  the  Jlrst,  third,  &c.  digits 
of  any  number,  every  d,  any  multiple  of  11  from,  the  sum  of 
natural   value,  possesses  igits. 
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354.  From  the  nature  of  the  scales,  as  above  explained, 
it  is  evident  that  all  numbers  represented  in  them,  may  be 
transformed  to  the  denary  or  common  scale,  by  merely  per- 
forming the  operations  implied. 

Thus,  234  in  the  quinary  scale  is  equivalent  to 
2.5*  H-  3.5  +  4  =  50  +  15  +  4  =  69, 
in  the  common  scale:  and  this  equality  may  be  written  in  the 
form  (234)5  =  (69)io- 

Ex.  Two  hundred  and  fifteen  is  expressed  by  425,  in  a 
certain  scale:  required  the  radix. 

Let  r  denote  the  radix  required :  then,  we  have 
4r*  +  2r  +  5  =  215,  or  r^  +  ^r  =  52^: 

whence,  by  the  solution  of  the  quadratic,  we  find  r  ==  7  and 
r  =  -7^j  the  latter  of  which  is  excluded  by  the  circumstance 
of  not  admitting  either  fractional  or  negative  bases:  and  there- 
fore 7  is  the  radix  sought,  as  may  easily  be  verified. 

365.  To  perform  the  arithmetical  operations  of  Ad- 
dition^ Subtraction^  S^c.  in  a  scale  of  notation^  whose  radio; 
is  r. 

From  what  has  been  already  said,  and  from  the  nature  of 
the  proposed  operations,  it  is  obvious  that  the  processes  will  be 
similar  to  those  used  in  the  common  scale  of  notation,  with  this 
di£Perence  only,  that  r  must  be  used  in  the  cases  wherein  the 
number  10  would  be  applied,  did  the  numbers  proposed  belong 
to  the  common  scale :  this  will  be  understood  by  means  of  the 
following  examples. 

Ex.  1.  Find  the  sum  and  difference  of  45324502  and 
25405534  in  the  senary  scale,  or  scale  whose  radix  is  6. 

First,  arranging  the  numbers  as  in  common  arithmetic, 

45324502 
25405534 


the  sum  =  115134440, 
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which  is  obtained  by  adding  the  numbers  in  vertical  lines, 
carrying  1  for  every  6  contained  in  the  results,  and  putting 
down  the  excesses  above  it: 

45324502 
25405534 


the  difference  =  15514524, 

which  is  found  by  subtraction,  where  we  always  borrow  6, 
when  the  digit  in  the  lower  line  exceeds  that  in  the  upper,  and 
add  1  to  the  next  digit  in  the  lower  line  for  it. 

Ex.  2.     Multiply  2483  by  589  in  the  undenary  scale,  or 
scale  whose  base  is  11. 

Here,  we  have       2483 

589 


1^985 
18502 
11184 


the  product  =  13122^5, 

which  is  obtained  as  in  ordinary  multiplication,  by  carrying  1 
at  every  11,  the  letter  t  being  here  supposed  to  represent  10, 
because  we  have  no  single  arithmetical  symbol  to  denote  it. 

Ex,  3.     Divide    1184323  by  589  in  the  duodenary  scale, 
whose  base  is  12. 

Here,  we  have       589^1184323(^2483 

u56 


95ttS 
UuO 

3u32 

39  to 


nL  y 


1523 
1523 


\ 
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where  t  and  u  represent  10  and  11 :  and  the  operation  is 
conducted  with  reference  to  12,  as  it  is  ordinarily  done  with 
respect  to  10. 

Ex.  4.^     Involution  and  Evolution  are  performed  in  a  man- 
ner precisely  similar :  thus,  in  the  senary  scale,  we  shall  find 

(2405)'  =  2405  x  2405  =  11122441 : 

and  to  extract  the  square  root  of  11122441,  we  have,  after 
pointing  as  in  common  arithmetic, 

11122441(2405 
4 

44JS12 
304 


5205J  42441 
42441 


356.     Cob.     If  iV  =  a^r*  +  aw-ir""^  -f  &c.  +  diT  +  Oq, 
and  both  members  be  mqltiplied  by  r",  we  shall  have 

where  each  of  the  last  n  digits  is  0 :  in  other  words,  a 
number  may  be  multiplied  by  any  power  of  the  radix,  by 
a£Glxing  to  it  as  many  ciphers  as  there  are  units  in  its  index : 
and  conversely. 

357;  From  a  number  expressed  in  a  scale  whose  radix 
18  r,  to  Jind  the  digits  expressing  it  in  a  scale  whose  radix 
is  p. 

Let  N  be  the  given  number,  and  suppose 

N  =  a^p*"  +  am-xp'^~^  +  &c.  +  02/0^  +  a^p  +  Oq, 

where  the  values  of  a^,  a^-n  &c.,  a^^  ai,  aoj  are  to  be  de- 
termined : 

then  we  observe,  that  if  N  be  divided  by  the  new  radix  p, 
the  remainder  will  be  aoj  the  digit  in  the  units''  place:  again, 

R  R 
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if  the  last  quotient  be  divided  by  p,  the  remainder  ai  is  the 
second  digit:  and  the  same  will  hold  for  succeeding  digits: 
and  the  requisite  operation  will  therefore  be  manifest,  as  it 
appears  that  the  required  digits,  beginning  at  the  right  hand, 
are  the  remainders  after  the  successive  divisions  of  the  number, 
by  the  radix  of  the  new  scale  proposed.^ 

Ex.  1.    Express  the  common  number  75432,  in  the  senary 
and  duodenary  scales. 

In  the  former  case  p  =  6,  and  in  the  latter  p  =  12 :  whence 
we  have  the  following  operations : 

6j  75432  12J  75432 

6J12572  0  =  ao,  12J6286     0  =  ao, 

6)2095  2  =  ai,  12J523     t  =  a^ 

6)34^9  1=02,  12J43     7  =  02, 

6^58  1=03,  12J3     7  =  03, 

6)9  4  =  04,  0     3  =  04: 

6)1  3  =  a,, 

0  1  =  og : 

and  the  common  number  75432  is  expressed  in  the  senary 
scale  by  1341120,  and  in  the  duodenary  scale  by  377^:  a^^ 
it  will  follow  generally,  that  the  greater  the  radix  of  the 
scale  proposed,  the  less  will  be  the  number  or  magnitude  of 
the  digits  requisite  to  express  a  given  number. 

Ex.  2.     Convert  3256  from  a  scale  whose  radix  is  7)  to 
one  whose  local  value  is  12. 

Here,  12J3256 

12J166     4  =  ao, 
12;il      l=oi, 

0     8  =  aa : 

\ 

I 
I 

\ 


'\ 
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whence  the  required  expression  is  814 ;  and  the  divisions  by 
12  have  been  conducted  by  means  of  the  local  value  7- 

368.^  To  avoid  the  operation  of  division  in  scales,  to 
which  we  are  not  accustomed,  it  will  generally  be  found  con- 
venient, first  to  transform  the  number  whose  radix  is  r  to  the 
common  scale,  by  article  (354)  :  and  then  to  convert  the  result 
into  the  scale  whose  radix  is  p. 

Thus,  in  the  last  example,  (3256)7  =  (l  168)10:  and 
(1168)10  =  (814)i2,  by  the  last  article. 

359.  Every  number  whatever,  is  composed  of  the  sum 
of  certain  terms  of  the  geometrical  series,   1,  2,  2^,  2^,  &c. 

'For,  in  the  binary  scale  of  notation,  we  have 

JV=a„2'"  +  a„_i2'«-^  +  &c.  +  022^  -fai2H-ao, 
where  N  may  be  any  number  whatever,  and 

a.,    am-i.    &c.,    ag,    a^,    ao, 

are  each  less  than  2,  and  must  therefore  be  either  0  or  1 :  that 
is,  none  of  the  terms  of  the  progression  are  taken  more  than 
once,  and  consequently  all  numbers  whatever  may  be  com- 
posed out  of  the  sum  of  them,  by  assigning  proper  values 
to  m. 

Ex.     Express  37  by  means  of  the  terms  of  the  series, 

1,  2,  2^,  2^,   &c. 
Here,  to  transform  37  into  the  binary  scale,  we  have 

2  J  37 

2;  18  1  =  ao, 
2;9  0  =  ai, 
2^4  l=a,, 
2)2  0  =  a3, 
2>)l  0  =  04, 
0        1  =  05: 


316 
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whence,  the  number  37  is  equivalent  to  100101  in  the  binary 
scale,  which  is  expressed  by  2*  +  2*  +  1. 

Thus,  out  of  a  set  of  weights  of  lib.,  2 lbs.,  4 lbs.,  &c., 
it  will  be  necessary  to  select  32 lbs.,  4lbs.,  and  lib.,  in  order 
to  weigh  a  substance  of  37  lbs. 

360.  All  numbers  whatever  may  be  formed,  by  the  sums 
and  di£Perences  of  certain  terms  of  the  geometrical  progression 
1,  3,  3%  3^  &c. 

For,  in  the  ternary  scale  of  notation,  we  have 

in    which   each   of  the  coefficients  a^y  0^-19  &c.,  Og,  oi,  Oo 
being  less  than  3,  must  manifestly  be  2,  1  or  0. 

If  every  one  of  the  coefficients  be  0  or  1,  the  propositioo 
is  evident:  but  if  one  or  more  of  them  be  2,  as  when 

JV=  2.3*  4- 2.3*-^  +  &c -1-2.3'  -i-2.3H-2: 
then,     2.3™      =  (3  -  1)  3"*  «  3*+^  -  3" : 

2.3"*""^  =  (3-  1)3'""^  =  3"* -3"*"*; 

S(C.    =       &c.        =        &c. 
2.3'       =(3-  l)32  =  33-3«: 
2.3        =  (3-  1)3    =  3-- 3: 
2  =3-1         =3-1: 

and  .*.  by  addition,  iV=  3*"+*  -  1 : 

and   a   similar  proceeding   may    be   adopted   in  every  other 
case. 

Ex.  Which  of  the  series  of  weights,  lib.,  3 lbs,  gibs.,  &c. 
must  be  selected  to  weigh  2061bs.  ? 

By  the  general  method,  we  have  206  expressed  in  the 
ternary  scale  by  21122  =  2.3V  1.3^  +  1.3*  + 2:3  +  2  ;  where 
it  would  be  requisite  to  use  more  than  one  weight  of  the  same 
kind :  and  this  may  be  obviated  as  follows : 


■Ji 


206  +  1 

9 

206  +  1  +  9 

27 
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206  is  equivalent  to  21122 

1  i 

21200 
100 


22000 
1000 


206+1  +9+27  100000  =  243  : 

whence,  206  =  243  -  27  -  9  -  1  =  3*  -  (3'  +  3-  +  1)  : 

that  is,  the  problem  will  be  solved,  by  putting  3*  into  one 
scale :  and  3^  +  3-  +  1  into  the  other  scale,  with  the  substance 
weighed. 

Similar  considerations  will  sometimes  enable  us  to  obtain 
analogous  results  in  other  scales. 

361.  D£F.  Since  the  local  value  of  every  digit  increases 
r-fold  as  we  advance  towards  the  left  hand,  if  the  radix  of  the 
scale  be  r,  it  will  follow  that  if  the  digits  be  taken  in  the  con- 
trary order,  their  local  values  must  decrease  in  the  same  pro- 
portion. 

Hence  therefore,  the  local  value  of  each  of  the  digits  in 
succession  to  the  right  of  the  units'  place  becomes  r  times  less 
than  that  of  the  one  whicli  immediately  precedes  it :  that  is,  if 
N^a^f^  +  a„.ir""^+  &c.  +  ttir  +  ao^^+  «-ir"*  +  a-2^~^  +  &c., 
the  quantities  to  the  left  of  a^r^  or  a^^  comprising  units  of 
orders  Superior  to  the  first,  will  be  whole  numbers,  whilst  those 
to  the  right  of  the  same  term,  being  of  local  values  inferior  to 
the  first,  designate  so  many  fractions  :  and  in  a  quantity  con- 
sisting of  both,  it  is  usual  to  separate  the  integral  part  from 
ihat  which  is  fractional,  by  means  of  a  point. 

Thus,  in  the  ternary  scale,  120 .  21  is  equivalent  to 

1  .  3^  +  2  .  3  +  0  .  3°  +  2  .  3-*  +  1  .  3-^ 

2        1 
«  I  .  3-  +  2  .  3  +  0  +  -  +  - 


o       2,' 
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362.  Cor.  i.  Hence,  in  order  to  multiply  or  divide  a 
number  by  any  power  of  the  radix,  we  have  only  to  remove  the 
separating  point  towards  the  right  or  left,  as  many  places  as 
there  are  units  contained  in  its  index,  since  by  such  a  step,  the 
denomination  of  every  digit  is  increased  or  diminished  in  the 
proposed  ratio. 

363.  Cor.  2.  Every  quantity  of  this  description,  may 
readily  be  expressed  in  the  form  of  a  vulgar  fraction. 

For,    JV=  a_ir-*  +  a_^T'^  +  a.s^"'  +  &c.  +  0-«r-** 

a_i      a_2      a_3  a_^ 


from  which  we  conclude  that  any  quantity  consisting  of  m 
digits  to  the  right  of  the  separating  point,  may  be  represented 
by  a  vulgar  fraction  whose  numerator  is  the  said  collection  of 
digits  considered  integral,  and  the  denominator  the  rrfi^  power 
of  the  radix,  or  1  followed  by  m  ciphers :  and  conversely. 

^,  ,,324        3.6^  +  2.6  +  4        /S24\ 

Thus,   (.324)«  =  -+-+-= =     : 

'   V        A      ^       ^       ^  63  VlOOO/6 

also,    I 1     =(.00798),!,   &c. 

VlOOOOO/,,  ' 

364.  Cor.  3.  A  vulgar  fraction,  whose  denominator  is 
not  1,  followed  by  a  number  of  ciphers,  may  be  converted  into 
the  form  of  a  whole  number,  by  means  of  the  same  principles. 

Thus,    f— )    =  f— ^^"l    =rt):(.54),  =  (.l6),: 
V3OO/7        \3  X  100/7       ^  ^ 

from  which  we  infer  that  a  vulgar  fraction  may  always  be  re- 
presented after  the  manner  of  whole  numbers,  by  affixing  to 
the  numerator  as  many  ciphers  as  may  be  necessary,  and  then 
effecting  the  division  by  the  denominator. 

The  cipher  may  be  affixed  to  the  numerator  as  it  stands: 
or,  when  the  division  has  been  effected  as  far  as  the  units' pla<*> 
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the  remainder  being  then  less  than  the  divisor,  if  we  affix  a 
cipher  to  it,  we  reduce  it  to  units  of  the  next  inferior  order, 
and  this  will  also  be  the  denomination  of  the  digit  then 
obtained  for  the  quotient:   and  so  on. 

f365.  CoR.  4.  Should  the  division  never  terminate,  but 
the  digits  continually  recur  in  the  same  order,  the  quotient  is 
termed  periodical^  the  figures  which  recur,  being  styled  its 
Period:  and  the  quantity  is  denominated  a  simple  or  miooed 
periodical  fraction,  according  as  the  period  commences  at  the 
first  digit  on  the  right  of  the  separating  point,  or  afterwards. 

Thus,  in  the  quinary  scale  of  notation,  we  have 

^  =  ^  (1.00000  &c.)  =  .131313  &c. 

which  is  a  simple  periodical  quantity :  and  in  the  denary  scale, 

101        1  ,  „     , 

=  —  (10.1000  &c.)  =  .91818  &c. 

110       11^  ^ 

which  is  a  mixed  periodical  decimal. 

366.  Cor.  5.  Every  periodical  quantity  may  be  ex- 
pressed exactly,  by  means  of  a  vulgar  fraction. 

First,  taking  a  simple  periodical  quantity,  where  each 
period  consists  of  q  digits  in  a  scale  whose  radix  is  r,  let 
xis  assume 

2  =  .QQQ  &c. :  .-.  r'  2  =  Q.QQQ  &c.  by  article  (362).:  y.. 

Q 

whence,  (r^  -  1)  2  =  Q,  and  .*.  2  = . 

r«^  -  1 

Next,  let  the  quantity  be  mixedly  periodical,  in  which 
f  and  Q  consist  of  p  and  q  digits  respectively:  then,  if 
2  «  .PQQQ  &c.,  we  have 

r'+9  2  =  PQ.QQQ  &c.,    and  r^  2  =  P.QQQ  &c. : 

f  PQ  _  p 

t         whence,  (rP+«  -  r^  2  =  PQ  -  P,  and  .-.  2  = 


rP(r'i-  1) 
Both    these    results    are    in    the   forms    of   finite   vulgar 

367.     ^^  ^^^  addition  and  subtraction  of  fractions  thus  ex- 
pressed, it  is  manifest  that  in  order  to  have  the  same  denomina- 
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tions  of  units  combined  together,  the  points  in  all  the  quan- 
tities concerned  must  be  in  the  same  vertical  line,  and  then  the 
operation  may  be  effected  as  in  integers :  but  some  additional 
considerations  will  be  necessary  to  form  a  proper  estimate,  of 
the  results  of  the  operations  of  multiplication  and  division. 

Let  P,  Q  comprise  jp,  q  digits  to  the  right  of  the  separating 
point  respectivelv :  then,  these  quantities  represented  as  vulgar 

P     Q      PQ 

therefore  their  product  =  —  x  -  =  — --,  which  has  p+q  digits 

vP  ij^H  vP  "^ " 

to  the  right  of  the  separating  point : 

P     Q      \Q) 
also,  the  quotient  =  — = —  =  ,  which  has  therefore  p -9 

vP  4*1  fP^H 

digits  to  the  right  of  that  point. 

368.  To  transform  a  fraction  ewpressed  in  a  given 
scalCf  into  one  belonging  to  another  given  scale. 

Let  the  given  number  expressed  in  the  scale  whose 
radix  is  r,  be  denoted  by  N^  and  if  p  be  the  radix  of  the 
new  scale,  assume 


N  =  firp-'  +  &,p-U-  ^p-'  +  &c.  +  ^^p 


—  W 


p    p    p         p 

from  which  the  values  of  /3i,  /Sj,  jSs,  &c.,  /3„,  are  to  be  de- 
termined : 

■XT  n  P2        Ps       .  Pm 

now,  pN=   fii    +  —  +  — +  &C. +— 3,: 

P       P  P 

/o»  JV  =  j8,  p  +  /38  +  ^  +  &c.  +  ^"'  - 


p  p"-" 


r 


^A-. 
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and  these  results  prove  that  the  first,  second,  third,  &c.  digits 
reckoned  from  the  separating  point,  are  the  integers  in  the 
products  which  arise  from  multiplying  the  fractional  parts  of 
-AT,  pNj  p^Nf  &c.  successively  by  p, 

Ex.  1.    Express    the   common  magnitude  .015625  in  the 
octenary  scale,  whose  radix  is  8. 

Here,  we  have     JV=.015625: 

8JV=  0.125000:      .-.  /3i  =  0  : 

8W=  1.000000:      .-.   j32=  1  : 

whence  .015625  in  the  denary  scale  is  equivalent  to  .01  in  the 
octenary  scale :  and  this  may  easily  be  verified :  for, 

(.01)s-^+^.- ^  =  .015625. 

Ex.  2.     Transform  14.125  from  the  denary,  to  the  duo- 
denary scale  of  notation. 

First,  for  the  integral  part,  we  have 

12^14 

12  J    1     2  =s  Qo : 
0     1  «  ai : 
again,  for  the  fractional  part,  we  have 

.125 
12 


1.500      .-.  jSi  =  1  : 
12 


6.000     .-.  /Ss  =  6: 

whence,  the  Tequired  duodenary  expression  will  be  12.16,  the 
correctness  of  which  may  be  shewn  as  above. 

Ex.  3.     Represent  (.01 5625)  lo  in  the  nonary  scale,  whose 

base  is  d- 

ss 
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Proceeding  according  to 

.015625 
9 

the  article,  we  have 

0.140625 
9 

.-.   )8,  =0: 

1.265625 
9 

.-.  /Sg  =  1  : 

2.390625 
9 

.-.  i83  =  2: 

3.515625 
9 

.-.  /34  =  3: 

4.640625 
9 

.-.  i35  =  4: 

5.765625 
9 

•*•     f^6  ==  5  I 

6.890625 
9 

.-.  /3r  =  6: 

8.015625 
9 

••.   A  =  8: 

0.140625      .-.  /39  =  0:    &c. 

whence,  (.015625)io  is  equivalent  to  .01234568,  a  recurrin 
quantity,  in  the  nonary  scale,  the  points  over  0  and  8  denotin 
the  extent  of  the  period. 

The  result  of  this  example,  which  is  curious,  shews  th? 
a  terminating  fractional  quantity  in  one  scale  may  be  equ 
valent  to  a  non-terminating  quantity  in  another  scale:  an 
in  all  these  instances  we  observe  that  the  digits  are  higher  < 
lower  according  as  the  radix  is  higher  or  lower,  contrary 
the  remark  of  article  (357)  for  whole  numbers. 

369.     Cor.     To  avoid  multiplication  in  scales  with  whi< 
we  may  not  be  very  familiar,  a  fraction  may  be  transform) 
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from  a  scale  whose  radix  is  r,  to  another  whose  radix  is  p^  by 
first  expressing  it  in  the  denary  scale,  and  then  transforming 
the  result  into  the  scale,  whose  radix  is  p. 

370.  For  the  Theory  an*  Practice  of  Dedmalsj  the 
student  is  referred  to  the  fifth  chapter  of  the  author'^s  Arith- 
meticj  where  he  will  find  the  subject  treated  at  considerable 
length :  and  we  will  notice  here  only  one  or  two  circumstances 
i'especting  the  nature  of  Recurring  Decimals. 

371*  Recurring  decimals  are  in  reality  equivalent  to  in- 
definitely extended  geometrical  progressions,  as  has  been  seen 
in  (8)  of  article  (216). 

Thus,  for  the  value  of  ,PPP  &c.   in  infinitum^  where 
P  consists  of  p  digits,  we  have,  by  article  (204), 


a 

CF  = 


1  -r 

and  here,  a  « ,  and  r  =  — : 

lOP  10^ 

P         /         1  \  P 

whence,  cr* H  (1 1  =-?-?-  (lO''  -  l)  =  — r : 

10^        V        10^/  ^  ^      10/'  -  1 

from  which  formula,  the  value  in  any  particular  case  may  be 
obtained. 

p 
Also,  conversely,  an  expression  of  the  form ,  where 

P  consists  of  not  more  than  p  digits,  is  equivalent  to  a  simple 
recurring  decimal  whose  period  comprises  p  digits. 

For,  if  we  divide  1  by  10^  -  1,  according  to  the  rules  of 
Algebra^  the  quotient  will  be 

111 

To? "^ I5S ■*" I^ ■*■  ^''-  '"^ ^^>*^«^^- 
p       p      p      p     ^ 

+  — ^  +  — ^  +  »c.  : 


10^  -  1       10^       10^^       10^^ 


> 
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of  which  every  term  is  a  repeating  period  or  repeiendj  con- 
sisting of  p  digits :  and  therefore  the  whole  is  a  recurriDg 
decimal. 

Again,  for  the  value  of  ,PQQQ  &c.  in  infinitum^  where 
P  and  Q  contain  p  and  q  digits  respectively,  we  have 

P         1 

a  =  — — I-  —  (-QQQ  &c.  in  infinitum) 

10^  "^  10^  Vio«-i/       10^1     "^10«-lj 

^\op\       10« -  1       j       10^ 1 10« -  1  j  ' 

since  the  denomination  of  P  is  10?  times  as  great  as  that 
of  Q:  and  therefore  when  they  are  regarded  as  whole  nmn- 
bers,  10?  P  +  Q  is  equivalent  to  PQ,  where  no  arithmetical 
operation  is  intended  to  be  expressed. 

Conversely,  when  P  and  Q  comprise  not  more  than  p  and  q 
digits  respectively,  any  expression  of  the  form 

PQ-'P         P  (10?  -  1)  +  Q 

10^(10?-1)  10^(10?-1)     ' 

will  be  equivalent  to  a  mixed  recurring  decimal,  consisting  of 
a  portion  of  p  digits  which  does  not  recur,  and  a  recurring 
portion  whose  period  contains  q  digits. 


For, 


P(10?-  I) 

+  Q 

p 

s   + 

10^ 

Q 

10^ (10?  - 

1)    ' 

10^ 

^  +  ^  f 

1 

1 

1 

1 

1 

lOf       \0f  \ 

10/   ' 

10^? 

10^ 

Vio?-ij 

f  &c.|  : 


the  first  term  of  which  occupies  the  first  p  places,  and  the 
second  commencing  after  p  places,  furnishes  a  recurring 
decimal  consisting  of  q  digits. 

372.  The  view  of  the  scales  of  notation  taken  in  the 
preceding  pages  has  presented  us  with  several  curious  and 
interesting  results,  but  with  our  established  system  of  Decifnal 
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.» 

Notation^  it  will  not  afford  us  many  practical  Theorems  which 
could  not  be  arrived  at  by  other  and  much  simpler  means. 

In  the  Dnodenary  or  Dtwdecimal  scale,  which,  with 
certain  modifications,  is  applied  to  the  estimation  of  Artificers' 
work,  there  must  be  12  digits  or  symbols  used;  and  these 
are  generally  the  ten  common  digits  with  the  letters  t  and  u 
denoting  10  and  11. 

The  Arithmetical  Operations  of  Multiplication  and  Divi- 
sion in  this  scale  will  be  evinced  in  the"  following  practical 
examples. 

EXf  1.  Required  the  product  of  9  feet  8  inches  7  parts, 
and  3  feet  10  inches. 

Here,  the  number  connecting  the  different  parts  of  these 
q[uantities  is  12,  and  expressed  in  the  duodenary  scale,  they 
are  9.87  and  3./:  whence,  multiplying  them  together  in  this 
scale,  we  have 

9.87 
3.t 


Silt 
2519 

31.2^^ 


and"*  in  this  result  (31)i2  represents  feet,  2  denotes,  so  many 
twelfths  of  a  foot  called  primes,  the  former  10  so  many 
twelfths  of  a  prime  termed  seconds ,  and  the  latter  10  so 
many  twelfths  of  a  second,  or  10  thirds :  and  it  may  be  imme- 
diately converted  into  the  common  scale  and  nomenclature  : 
for  (Sl)i8  =  (37),o  : 

2         10         10 
and  .-,  (31.2^^)i2  =^37  +  —  -\-  — 5  +  ~^  square  feet 

34        120 
=  37  +  — r,  -\-  — r  square  feet 
12^       12*     ^ 

B  37  square  feet,  34  square  inches,  and  120  square  parts. 
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Ex.  2.     Divide  1532  feet  9^  inches,  by  81  feet  9  indies. 

Here,  15S2ft.  9i|in.  =  (^78.99)i2: 
and,      81ft.  9 in.     ^  (69.9)»: 

whence,  69.9J  ^78.99(^16.9 

699 

39tt9 
3U6 


5139 
5139 


9 
that  is,  the  quotient  =  (16.9)12  -  18  h —  feet  =  18  feet  9  inches. 

Ex.  3.  Required  the  square  root  of  763  feet  1  inch  8  parts 
and  3  seconds. 

Here,  763ft.  lin.  8pts.  3sec.  =  (537.18d)u:  and  we  have 
merely  to  extract  the  square  root  of  the  latter  form  by  the 
ordinary  method: 

537.1830(^23.76 

4 


4f3)  137 
109 


4,67)   2/18 
27/1 


4726^  23730 
23730 


whence,  (23.76)12  =  27  feet  7  inches  6  parts,  is  the  square  root 

For  practice  in  this  part  of  the  subject,  the  student  is 
referred  to  the  examples  belonging  to  articles  (199)  and  (200), 
of  the  author^s  Arithmetic. 
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373.  With  respect  to  the  advantages  and  disadvantages 
of  the  various  scales  of  notation  which  originate  by  assigning 
different  values  to  r,  it  may  be  remarked  that  it  would  be 
desirable,  in  point  of  practical  convenience,  to  select  one 
wherein  the  number  of  figures  expressing  any  given  numerical 
magnitude  might  be  confined  within  limits  not  very  widely  ex- 
tended. This  would  further  prevent  excessive  prolixity  in  the 
execution  of  the  arithmetical  operations :  and,  by  practice,  it 
soon  becomes  equally  easy  to  perform  these  operations  in  any 
scale,  provided  its  radix  be  not  a  very  large  number. 

In  article  (90),  it  has  been  proved  that  all  terminating 
decimals  in  the  common  scale  are  comprehended  in  the  form 

:  so  in  the  senary  scale,  for  instance,  all  such  quantities 

would  be  comprised  in  the  form ,  because  2  and  3  are 

the  only  prime  divisors  of  6 :  but,  within  given  limits,  there 
are  evidently  more  multiples  of  3  and  its  powers  than  there 
are  of  5  and  its  powers :  and  therefore  the  senary  scale  would 
seem  to  possess  an  advantage  over  the  denary,  at  least  in 
the  expression  of  fractional  quantities.  Similar  observations 
will  be  applicable  to  the  duodenary  scale  of  notation. 

The  selection  of  the  scale  in  common  use  was  therefore 
probably  not  made  from  a  comparison  of  its  merits  with  those 
of  other  systems,  but  from  some  accidental  circumstance,  which 
is  now  generally  supposed  to  have  been  that  the  computation 
among  mankind  was  first  conducted  by  means  of  the  Fingers 
of  both  hands,  and  hence  the  name  of  Digits  has  been  given 
to  the  figures  in  common  use. 

This  subject  will  be  resumed  in  the  first  Appendix :  and 
for  a  short  account  of  the  Notation  of  the  Greeks  and  Hebrews^ 
the  student  is  referred  to  the  article  Notation^  in  Barlow^s 
Mathematical  and  Philosophical  Dictionary. 
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FORMS   OF   NUMBERS. 

374.  Def.  General  Forms  of  Numbers  are  certain 
Algebraical  Formulae,  which,  by  assigning  successive  values  to 
one  or  more  of  the  letters  contained  in  them,  are  capable  of 
producing  in  order,  all  numbers  whatever. 

376.  If  M  represent  any  integer^  then  may  every  whok 
number^  howeoer  small  or  greats  be  expressed  by  one  or  other 
of  the  terms  of  the  series : 

Mm,   Mm  +  1,    Mm  +  2,   Mm  +  3,  &c.,  Mm  +  (M  -  1), 

hy  assigning  a  proper  value  to  m. 

For,  every  whole  number  whatever  must  either  be  exactly 
divisible  by  M^  or  must  leave  for  a  remainder  one  or  other  of 
the  numbers, 

1,   2,    3,    &c.,  (J/  -  1)  : 

and  therefore  if  a  proper  value  be  given  to  w,  it  manifestly 
follows  that  every  whole  number  will  be  comprised  in  the  series 
above  mentioned. 

The  number  M  which  characterises  any  particular  set  of 
forms,  is  termed  its  Modulus^  and  its  magnitude  may  be  as- 
sumed at  pleasure. 

376.  CoR.  1.  If  we  give  to  if,  the  values  1,  2,  3,  &c, 
in  succession,  we  shall  have  the  following  corresponding 
formulae : 
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Modultis,  Forms  of  X umbers. 

1,  m : 

2,  2m,   2m  +  1  : 

3,  3m,    3m +  1,   3m -h  2: 

4,  4m,   4m +1,   4fm -^  2^   4m +  3: 

&c.  &c. : 

and  in  each  of  these  sets,  if  m  be  made  equal  to  0,  1,  2,  3,  &c. 
in  order,  we  shall  obtain  all  numbers  in  succession. 

Thus,  to  the  modulus  4, 

if  m=:0,    we  get  0,  1,  2,    3: 

if  m=  1,  4,  5,  6,   7: 

if  m  =  2,   8,  9,  10,    11:    &c.  : 

similarly  of  the  other  forms :  and  it  is  to  be  observed,  that 
the  number  of  different  forms  belonging  to  any  modulus,'  will 
always  be  equal  to  the  number  of  units  in  that  modulus. 

377-  CoR.  2.  Hence,  if  we  wish  to  express  any  given 
number  n  by  means  of  any  given  modulus  My  we  have  only  to 
divide  the  former  by  the  latter,  and  to  note  the  quotient  m  and 
the  remainder  R :  for  then  we  shall  manifestly  have 

n  =  Mm  +  R- 

Ex.     Represent  257  by  means  of  the  moduli  6,  11  and  13. 
Here,     6)  257  u)  257  is)  257 

42  5,  23  4,  19   10: 


whence,  we  have  257  =  6.42  +  5  =  11 .23  +  4  =  13.19  +  10. 

378.  CoE.  3.  The  number  of  forms,  belonging  to  any 
given  modulus,  may  be  exhibited  in  an  abbreviated  shape  by  the 
change  of  an  algebraical  sign. 

Thus,  to  the  modulus  3,  we  have  the  three  forms, 

Sm^     3m  +  1,    3m  +  2  : 

but  since  3m  +  2  =  3(m  +  l)-l  =  3m' -1,  if  m'=  m  +  1,  it  is 
manifest  that  all  numbers  are  comprised  in  the  forms, 

3  m  and   3  m  :^  1. 
TT 
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Again,  to  the  modulus  5,  we  have  the  five  forms: 
5/W5    5m  +  1,    5m  +  2,    5m  +  3,    5m  +  4, 
which  are  likewise  comprehended  in  the  forms: 

5my    5m  =1=1^    and    5m  ^2. 

And  generally,  to  the  modulus  J/,  the  forms  will  become 
Mm,   Mm  =t  1,    Mm  ±  2,    Mm  ±  3,    &c. 

A  little  consideration  will  make  it  appear  from  this,  that 
any  M  consecutive  whole  numbers  may  be  represented  by 
consecutive  terms  of  the  series  J/m,  Mm  +  1,  Mm  +  2,  &c., 
provided  they  be  taken  in  proper  order,  and  corresponding 
values  be  given  to  m. 

379.  Before  we  proceed  further,  we  will  illustrate  the 
use  of  these  forms  in  the  demonstration  of  a  few  Arithmetical 
Theorems. 

(1)  The  product  of  any  two  consecutive  numbers  is 
even,  or  divisible  by   1.2. 

For,  to  the  modulus  2,  any  two  consecutive  numbers 
may   be  expressed  by  2  m  and  2  m  =*=  1 : 

.-.   their  product  =  2m(2m  ±  1)  =  2 (2m'  ±  m), 

which  is  divisible  by  2,  and  is   therefore  an   even   number: 

n(n  =fc  1)  .      ,  .  _ 

that  is,  IS  always  integral. 

Hence  also,  the  continued  product  of  any  collection  of 
consecutive  numbers  is  even. 

(2)  The  product  of  any  two  odd  numbers  is  odd,  and 
that  of  any  two  even  numbers  is  even. 

For,  to  the  modulus  2,  any  two  odd  numbers  n  and 
n   may  be  expressed  by  2m  ±  1  and  2m'  ±  1 : 

.-.   ww'=  (2m±  l)(2m'±l) 

=  4mm' =t  2(m  +  m')  +  1 

=  2  {2mm'±  (m  +  m')}  +  1 : 


1 
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which  is  of  the  form  2m +  1,  and  therefore  odd:  again,  »,o 
the  same  modulus,  any  two  even  numbers  n  and  n  may 
be  represented  hy  2m  and  2m': 

.•.  wr^'=  2m  X  2m'=  2(2mm'): 

which  is  of  the  form  2m,  and  therefore  even. 

Hence,  the  continued  product  of  any  number  of  odd 
numbers  is  odd,  and  that  of  any  number  of  even  numbers 
is  even :  and  the  continued  product  of  any  number  of  odd 
and  even  numbers  together  is  even. 

Also,  any  power  whatever  of  an  odd  number  is  odd, 
and  of  an  even  number  even :  and  the  converse. 

(3)  The  product  of  any  three  consecutive  whole  num- 
bers   is  divisible  by   1.2.3  or  6. 

Let  ^0,  ni,  Wgj  ^9  ^4»  &c.  represent  any  consecutive  whole 
numbers,  each  of  which  will  be  found  in  the  forms  Stn^  3m+l, 
3m+2f  8cc. :  and  first,  let 

til  =  3m,  .•.  7^2  =  3m  +  1   and  W3  =  3m  +  2: 
.-.  w^ngWa  =  3m(3m  +  l)(3m  +  2)  : 

of  which  (3m  +  1)  (3m  +  2)  being  divisible  by  1.2,  from  (l), 
it  follows  that  Wi  Wg  ^3  ^^  divisible  by  1.2.3: 

next,  let 

»i  =  3m  +  l,  W2  =  3m  +  2   and  ^  =  3m  +  3  =  3(m  +  1): 
.'.  nxn^n^  =  {3m  +  1)  (3m  +  2)3(m  +  1)  : 

which  is  divisible  by  1.2.3,  as  before : 

again, 
let    fii  =  3m  +  2,    ^2  =  3m  +  3  =  3  (m  +  1)    and    n^  =  3m  +  4 : 
but  %  =  3m  +  4  =  3m +  1  +  3  =  Wo +  3: 
.'.   Wi ^2 W3  =  7^0 ^1  ^2  +  37ii W2 

=  noni  3(m  +  1)  +  3r^i  n^ 
=  3{(m  +  l)woWi  +W1W2}: 

and  each  of  the  quantities  within  the  brackets  being  divisible 
by  1.2,  it  follows  that  rii  n^  n^  is  divisible  by  1.2.3. 


332  FORMS    OF    NUMBERS. 

Hence,  if  n  be  any  whole  number  whatever,  expressions 

of  the    form will  be  integral. 

1 .2.3  ^ 

(4)  The  product  of  any  four  consecutive  whole  num- 
bers is  divisible  by   1.2.3.4  or  24. 

Taking  Wq,  n^^  ng,  Wg,  724,  Wj,  &c.  to  represent  any  con- 
secutive whole  numbers,  each  of  which  will  be  found  in  the 
series  4w,  4m  +  1,  4w  +  2,  4m  +  3,  &c. : 

first,  let  Wi  =  4m,  Wg  =  4m  +1,   Wg  =  4m  +  2,   W4  =  4m  +  3 : 

.-.  Uxn^n-^n^  =  4fm(4m  +  l)(4m  +  2) (4m  +  3), 

of  which    (4m  +  1)  (4m  +  2)  (4m  +  3)  is  divisible  by   1.2.S, 
from   (3): 

whence,  n^  n^  n^  n^  is  divisible  by  1.2.3.4: 

next,  let  Wi  =  4m  +  1,  W2  =  4m -f  2,  7X3  =  4m +  3,  n4=4m+4: 

.*.   nin2rhn^  =  (4m  +  ^)  (4m  +  2)  (4m  +  3)4(m  +  1), 

which  is  manifestly  divisible  by   1.2.3.4,  as  before : 

again,  let  ?2i  =  4m  +  2,  »2  =  4m  +  3,  rz3  =  4m4-4j,   7^4  =  4m +  5: 
now,  W4  =  4m  +  5  =  4m  +  1  +  4  =  Wq  +  4: 

=  7*0  7*1  722  4  (m  +  1)  +  47*1  722  7*3 
=  4  I  («W  +  1)  72o  72i  7*2  +  72i  722  723}  • 

and  because  each  of  the  quantities  within  the  brackets  is 
divisible  by  1  . 2 . 3,  it  follows  that  72i  722  n^  n^  is  divisible 
by   1.2.3.4: 

lastly,  let  72j=s4m  +  3,  722  =  4m +  4,  723  =  4m +  5,  n^  =  4!m-{-6: 

now,  72i  =  4m  +  3  =  4m  +  7  —  4  =  725  —  4 : 

.'.   72j^  722  723  724  =  723723724725  —  4722723724 

=  723  724  725  4(m  +  1)  —  4722  723  724 

=  4|(m  +  1)723724725-722723724}, 

which  is  manifestly  divisible  by  1.2.3.4,  as  before- 
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The    same    method    of   demonstration    may    be   applied, 
whatever  be  the  number  of  factors  employed. 

From  this  it  appears,  that  if  n  be  any   whole  number 

„    ,      ^  w(w±l)(n=t2)(w=t3) 

whatever,  all  expressions  of  the  forms 

^  ^  1.2.3.4 

are  equivalent  to  integral  quantities. 

(5)  The  product  of  any  r  consecutive  integers  is  di- 
visible by  1.2.3.  &c.  r. 

For,  suppose  the  product  of  r  —  1  consecutive  integers 
to  be  divisible  by  1.2.3.  &c.  (r  -  1) :  then,  since  any  r  con- 
secutive whole  numbers  may  be  represented  by  rw,  rm  +  1, 
rm  +  2,  &c.,  rm  +  r  -  1,  and  the  product  of  r  -  1  of  them 
{rm  +  l)  {rm  +  2)  &c.  \rm  +  r  -  l}  has  been  supposed  divi- 
sible by  r  —  1 :  it  follows  that  the  product  of  all  the  r  numbers, 
or,  rm  (rwi  +  l)  (rm  +  2)  &c.  \rm  +  r - 1}  will  be  divisible  by 
1.2.3.  &c.  r :  that  is,  if  the  theorem,  assumed  above,  be  true  for 
any  one  value  of  r,  it  will  be  true  for  the  next  superior  value : 
now,  in  the  preceding  subdivisions,  it  has  been  proved  true, 
when  the  values  of  r  are  2^  3,  4 : 

.*.  it  is  true,  when  r  =  5\     .*.  when  r  =^^^  and  so  on  : 

and  therefore  it  is  universally  true  that  the   product  of  any 
r  consecutive  integers  is  divisible  by  1.2.3.  &c.  r. 

Hence,  if  n  be  any  whole  number  whatever,  the  expression 
«(«-l)(n-2)&c.(^-r)  ^.j^  ^^  .^ 

1.2.3.  &c.  (r  H-  1)  ^ 

(6)  If  n  be  any  odd  number,  the  product  (/i^  +  3)  (r^  +  7) 
will  be  divisible  by  32. 

For,  let  w  =  2m  +  1  :    therefore  (nr  +  3)  (w^  +  7) 

s=  (4m^  +  4m  +  4)  (4m^  +  4m  +  8)  =  l6(m-  +  m  +  l)  (m^  +  m  +  2)  : 

and  since  m^  h  m  +  2  =  m  (m  +  l)  -h  2  is  an  even  number  by 

(l),  it  is  manifest  that  (vi^  +  3)  {ri?  +  7)  is  a  multiple  of  32. 

(7)  Every  square  number  is  of  one  of  the  forms,  6m  or 
6m±l. 
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For,  every  number  n  is  of  one  of  the  forms,  Sm,  5m  Js  1, 

5m  ±  2: 

.-.  n^  =  (5m)^  =  25m*  =  5(5m^)j  is  of  the  form  5m : 
n^  =  {^^m  ±  1)^  =  25m*  =fc  10m  +1  =  5  {pm?  ±  2m)  +  1, 
which  is  of  the  form  5m  +  1 : 

n^  =  (pm  ±  2)*  =  25m*  ±  20m  +  4  =  5  {pw?  ±  4m  +  1)  -  1, 
which  is  of  the  form  5m  —  1. 

(8)  The  difference  of  the  squares  of  any  two  odd  numbers 
is  divisible  by  8. 

For,  if  r^  =  2m  +  1    and    n  =  2m'  +  1, 

we  have  n*  —  r^'*  =  (2  m  +  1)*  —  (2  m'  +  l)* 

=  4  (m*  —  m'*  +  m  —  m') 

=  4  {m  (m  +  1)  -  m'  (m'  +  1) }  : 

whereof  the  quantity  within  the  brackets  being  divisible  by  2, 
as  appears  by  (l),  it  follows  that  v?  -  ri^  is  divisible  by  8. 

(9)  The  difference  between  any  cube  number  and  its 
root,  is  divisible  by  6. 

For,  w^  -  7i  =  71  (r^*  -  1)  =  (n  -  1)  n  (ti  +  1),  which  by  (3), 
is  divisible  by  1.2.3  or  6. 

Hence,  every  whole  number  and  its  cube,  when  divided 
by  6,  leave  the  same  remainder. 

(10)  If  n  be  any  whole  number  not  divisible  by  3,  and 
JO  be  any  whole  number  whatever,  then  will  either  n^  + 1  or 
w^  +  2  be  divisible  by  3. 

For,  since  n  is  of  the  form  3  m  :t  1,  we  have 

n^  =  {^my  ±  p  {^my-^  +  M^^Ii  (3^)^-2  ±  &c.  i  1, 

the  last  term  for  the  lower  sign,  being  negative  or  positive 
according  as  jo  is  odd  or  even  :  whence,  in  all  cases,  either 
r^P  +  1   or  7i^  +  2  will  be  a  multiple  of  3. 
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(11)  On  the  same  principles  it  is  easily  proved  that  all 
cube  numbers  to  the  modulus  4,  are  of  the  forms  ^m  and 
4f»  ±  1 :  to  the  modulus  7,  of  the  forms  7  m  apd  7w^  ±  1,  and 
to  the  modulus  9,  of  the  forms  9m  and  9m  ^  1 :  also,  that 
every  fourth  power  is  of  one  of  the  forms  5m  and  5m  +  1 : 
and  that  every  fifth  power  terminates  with  the  same  digit 
as  its  root,  or  that  the  fifth  powers  of  all  numbers,  with 
respect  to'  the  modulus  10,  are  of  the  same  forms,  as  the 
numbers  themselves. 

380.  If  any  number  n  be  divisible  by  the  numbers 
2,  Sj  5,  7,  &c.  which  are  all  prime  to  each  other,  jp,  ^,  r,  &c. 
times  respectively  in  succession,  it  is  manifest  that 

n  =  2^  3«  fi*"  &c.  : 

and  if  2,  3,  5,  &c.  be  represented  by  the  general  symbols 
Oj  6,  Cj  &c.,  every  whole  number  may  be  written  in  the  form 

n^a^U  d"  &c. 

381.  When  a  number  is  represented  in  the  form  n^aPh^d^ 
&c.  it  will  have  {jp  +  1)  (g  +  1)  {r  +  1)  &c.  diflFerent  divisors. 

For,  n  is  divisible  by  every  term  of  each  of  the  series 
1,  o,  o*,  &c.,  aP\  \^hyl?^  &c.,  lfl\  1,  c,  c^,  &c.,  c*" :  &c.,  which 
are  p  +  1,  ^+1,  t'  +  l,  &c.  respectively  in  number:  there- 
fore n  is  divisible  by  every  term  of  their  continued  product, 
which  is 

1  +  a    +  a*    +  &c.  +  aP 
+  6  +  a6  +  c?h  +  &c.  +  aPh 

+  6«+o6«+o«68+&c. +  aP6«  ^  x  (l+c  H-c^  +  fec.  +  cO  &c. : 
+  &c. 
+  6'+  a6'+  o*6«+  &c.  +  a^lfl 

now  there  are  (jp  +  1 )  terms  in  1  +  a  +  a^  +  &c.  +  o^  :  and 
also  (p  +  1)  terms  in  each  of  the  other  lines,  which  are  ^  +  1 
io  number : 

therefore  there  will  be  (j?  +  1)  (^  +  1)  divisors  arising  from  the 
tdultiplication  of  the  first  two  factors, 

1  +  a  +  a*  +  &c.  +  aP,  and  1  +  6  +  6^  +  &c.  +  6« : 
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also,  there  are  r  +  1  terms  in  1  +  c  +  c^  +  &c.  +  c%  each  of 
which  can  be  combined  with  the  (p  +  ^)  iq  -^  I)  divisors  above 
found,  and  consequently  there  will  be  {p  +  l)  (q  +  l)  (t  +  1) 
divisors  in  all:   and  so  on. 

The  number  of  divisors  expressed  by  (jo+  1)  (g  +  l)  (r+  1) 
&c.  include  1,  or  the  element,  and  also  aPh^c^  &c.,  or  the 
number  itself :  and  they  are  all  different  from  each  other. 

Ex,     To  find  the  number  of  divisors  of  252. 

Here,  252  =  2.126  =  2.2.63  =  2.2.3.21=2.2.3.3.7  =  2^3^7: 
whence,  the  number  of  divisors,  1  and  itself  being  considered 
two  of  them,   will  be 

(2  +  1)  (2  +  1)  (1  +  1)  =  18. 

382.  Cor.  1.  Conversely,  to  find  a  number  having  a 
given  number  of  divisors,  resolve  it  into  the  factors  a?,  y,  sf, 
&c. :   then,  if  we  assume 

oey%  &c.   =  (p  +  1)  (g  +  l)  {t  +  1)   &c.  : 
or,    JO  =  a?  —  1,    q=iy  —  l^     r  =  ^  —  1,   &c. : 
the  number  required  will  be  expressed  by 

aP¥c' he.  or,   «^-^6y-V-^  &c. : 

and  it  will  be  the  least  when  a,  6,  c,  &c.  are  equal  to  2,  3,  5, 
&c.,  and  the  indices  are  taken  in  the  order  of  their  magnitudes, 
beginning  with  the  highest. 

Ex.  Required  the  general  form  of  a  number,  having  15 
divisors. 

Here,  15  =  3,5  =  wy:  whence,  the  number  will  be  expressed 
generally  by  ar¥  :  and  if  a  =  2  and  6  =  3,  the  number  324  has 
exactly  15  divisors,  the  unit  and  itself  being  included. 

383.  Cor.  2.  Hence,  we  may  find  a  multiplier  which  will 
render  any  number  a  complete  m*^  power. 

For,  if  n  =  fl^6'c''  &c.  denote  any  proposed  number,  let 
the  required  multiplier  be  A;  =  a^'b^c'  &c.  so  that 

A;r^  =  a^+*6?+yc'+^  &c. : 
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may  be  a  perfect  m^^  power :  then  it  is  evident  that  each  of  the 
indices  p  +  w^  ^  +  y>  r  +  %^  &c.  must  either  be  equal  to  wi,  or 
to  some  multiple  of  it,  as  am,  fim,  ym.  Sec:  whence,  we 
have 

a?  =5  am  —  jp,   y  =  (im  ^  q,  %  =  ym  -  r,  &c. : 

and  therefore  /p  =  a*"*"^6^'""'c>'"*"''  &c. :  and  the  least  num- 
bers which  will  answer  the  purpose,  must  manifestly  correspond 
to  the  least  values  of  a,  /3,  7,  &c.  which  I'ender  the  indices 
{kisitive. 

Ex.  Find  a  multiplier  which  will  produce  a  cube  number 
from  63. 

Here,  63  =  3.21  =3.3.7  =  S^7:  whence  the  required  multi- 
plier will  be  3.7*=  147:  and  the  corresponding  cube  number 
is  3^7^=21^=9261. 

384.  To  find  the  sum  of  all  the  divisors  of  n,  when 
it  is  capable  of  being  expressed  by  aP  6'  c^  &c. 

Each  term  of  the  series  1,  a,  a^,  &c.,  a^  is  a  divisor  of  n, 

o^+^-l 

Itnd  the  sum  of  these  = :  also,  each  term  of  the  series 

0-1 

whose  sums  are  —■ ,   ,  &c.  will  be  divisors  of  n : 

6-1         c- 1 

moreover,  each  term  of  the  continued  product, 

(l+o+a?+&c.+aP)(l+6+6^+&c.+69(H-c+c^+&c.+cO&c., 

which  includes  all  these,  is  a  divisor  of  n:  and  therefore 
the  sum  of  all  the  divisors  of  n,  or  of  a^  b^  c^  Sz;c.,  will  be 
equivalent  to 

(=^)  (?^)  (^)  -• 

the  unit  ot  1,  and  the  number  itself  or  a^  6«  c**  &c.  being  both 
included. 

Ex.  Required  the  sum  of  the  divisors  of  28,  the  number 
itself  being  excluded. 

UU 
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Here,   28  =  2.14  =  2.2.7  =  2^7* : 
and  therefore  the  sum  of  its  divisors  will  be 

2-1/   V7-1/  6 

and  if  the  number  28  itself  be  rejected,  the  required  sum 

=  56  -  28  =  28. 

From  this  it  appears,  that  28  is  equal  to  the  sum  of  all  its 
aliquot  parts  =  1  +2  +  4  +  7  +  14:  and  it  is  therefore  said 
to  be  a  perfect  number:  also,  the  numbers  6  and  496  possess 
the  same  property. 

385.  CoE.  1.  The  number  of  divisors  of  any  number 
is  odd  or  even,  according  as  it  is  a  square  or  not. 

If  n  =  a^¥c^  &c.,  the  number  of  diflFerent  divisors  will  be 

(p  +  1)  (g  +  1)  (r  +  1)  &c. : 

but  if  n  be  a  square  number,  the  indices  jp,  g,  r,  &c.  are  all 
even  numbers:  and  therefore  the  product  (p +  l)(g +  !)(>•  + 1) 
&c.  must  necessarily  be  odd; 

when  n  is  not  a  square  number,  one  at  least  of  the  indices 
JO,  g,  r,  &c.  must  be  odd,  and  therefore  the  product  {p  +  1) 
(g  +  1)  (r  +  1)  &c.  will,  in  this  case,  be  even. 

The  converse  is  also  true.  j 

386.  CoR.  2.  Hence,  the  number  of  different  ways  in 
which  n  =  a^  b"^  c^  &c.  can  be  resolved  into  two  factors, 
will  be 

iO>+  l)(g+l)(r+l)&c.: 

because  every  divisor  has  another  corresponding  to  it,  such 
that  their  product  =  n\  and  if  n  be  not  a  square  number, 
this  will  be  an  integer,  since  the  product  is  then  even: 
should  n  however  be  a  square  number,  and  therefore  the 
product  be  odd,  the  number  of  different  ways  will  be 

i{(;>  +  i)(g  +  i)(^  +  i)&c. +  1}, 

because  then  two  factors  are  equal,  and  have  been  reckoned 
as  only  one. 
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337.  Cor.  3.  If  the  number  of  different  ways  in  which 
n  may  be  resolved  into  two  factors  prime  to  each  other,  be 
required,  it  is  evident  that  if  m  denote  the  number  of  the 
quantities  a,  6,  c,  &c.,  we  have  only  to  make 

p  :=z  q  =  r  =  &c.  =  1 : 

and  the  required  number  will  be 

•J  {(1  +  1)  (1  +  1)  (1  +  1)  &c.  to  m  factors}  =  2' 


im— 1 
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388.  Def.  Prime  Numbers  are  those  which  have  no 
divisors  except  unity  and  themselves,  and  therefore  cannot  be 
divided  into  any  number  of  equal  integral  parts  greater  than 
unity ;  and  they  are  thus  distinguished  from  numbers  that  are 
composite. 

Thus,  2,  3,  5,  7,  11,  13,  17,  19>  &c.  are  prime  numbers. 

389.  Every  prime  number  greater  than  2,  is  of  one  of 
the  forms  4  m  =t  1. 

For,  to  the  modulus  4,  every  number  may  be  expressed  by 

4m,   4m  ±1,  or  4m  ±  2, 

whereof  the  first  and  last  being  divisible  by  2,  cannot  contain 
any  prime  number  greater  than  2 :  and  consequently  every  prime 
number  must  be  comprised  in  one  of  the  remaining  forms 

4m  =t  1. 

Ex.    Prime  numbers  of  the  form  4m  +  1  are 

1,  5,  13,  17,  &c. : 

and  of  the  form  4m-  1  are  3,  7,  H,  19,  &c. 

390.  Cor.  Precisely  in  the  same  manner,  to  the  mo- 
dulus 6,  it  may  be  proved  that  every  prime  number  greater 
than  3  is  of  one  of  the  forms  6m  =t  1 :  and  similar  formulae,  but 
not  of  equal  simplicity,  may  be  deduced  when  other  moduli  are 
adopted. 

391.  No  algebraical  formula  whatever  can  express  prime 
s^  numbers  only. 
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For,  since  by  article  (375),  every  number  may  be  ex- 
pressed by  the  formula 

n  =  Mw  +  JR, 

wherein  M  may  be  any  whole  number  whatever ;  if  we  sup- 
pose that  when  a? «  m,  there  is  obtained  the  prime  number  »i, 
so  that 

til  =  Mm  +  JR, 

then,  when  a?=  m  +  rfiu  we  should,  taking  fir  to  denote  the 
corresponding  value  of  n,  have 

nr=  M(m  +  rni)  +  JR  =  Mm  +  Mrn^  +  R 

=5  nx  +  Mrrii  =  (l  +  Mr)  «i, 

which  is  a  composite  number:  hence,  since  w  may  always 
be  such  an  algebraical  expression  as  to  represent  any  whole 
number  whatever,  and  such  a  value  may  idways  be  given  to 
it  as  renders  n  a  composite  number,  it  follows  that  there  can 
exist  no  formula  which  contains  prime  numbers  exclusively. 

Though  no  algebraical  formula  can  give  prime  numbers 
only,  certain  formulae  have  been  discovered,  which  contain  a 
great  many. 

Thus,  if  X  be  taken  equal  to  any  term  of  the  series  of 
natural  numbers  0,  1,  2,  3,  &c.,  m^  •\-  w  -^-11  gives  17  primes 
in  succession  :  also,  2a?^  +  29  gives  29,  and  a?^  +  ^  +  41  gives 
40  primes,  without  the  intervention  of  a  composite  number. 

Again,  2*  +  1  gives  31  primes,  by  making  w  equal  to  the 
terms  of  1,  2,  2^,  2%  &c.  in  order. 

392.    The  number  of  prime  members  is  indefinitely  great' 

For,  if  possible,  let  there  be  a  limited  number  of  primes 
^1,^2,  &c.,  n^y  whereof  n^  is  the  greatest;  then,  it  is  evident 
that  their  continued  product 

ni  7^2  &c.  nj. 

is  divisible  by  each  of  them :   and  consequently  that 

ni  nz  &c.  nr+  1 
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is  not  divisible  by  any  one  of  them  :  wherefore,  this  number 
must  either  be  a  prime  number  itself,  or  be  divisible  by  one 
which  is  greater  than  n^ ;  therefore,  in  neither  case,  is  n^  the 
greatest  prime  number ;  or,  in  other  words,  both  the  number 
and  magnitudes  of  prime  numbers  are  indefinitely  great. 

393.  To  determine  whether  any  proposed  member  is  a 
prime  or  not. 

If  a  number  n  be  not  a  prime,  it  is  evident  that  we  may 
have 

n  ^  ab: 

now,  if  6  =  a,  then  n  =^  a^  and  y/n  =  a,  or  »  is  divisible 
by  \/n: 

again,  if  6  <  a,  it  is  obvious  that  6  is  <  vn^  and  therefore  n 
is  divisible  by  a  quantity  less  than  vn : 

also,  if  6  >o,  it  is  equally  manifest  that  a  is  <  y/n;  whence, 

as  before,  n  is  divisible  by^  a  quantity  less  than  y/n:  and  it 
evidently  follows  that  these  conclttsions  will  not  hold  good, 
unless  the  number  can  be  resolved  into  two  or  more  factors : 
in  other  words,  we  have  obtained  a  criterion  which  will  enable 
us  to  ascertain  whether  a  number  is  prime,  which  is  the  cir- 
cumstance of  its  not  being  capable  of  division,  by  any  number 
either  equal  to  or  less  than  its  square  root. 

394.  If  A  represent  any  number  whatever,  and  a,  b,  c, 
&c.  denote  all  the  nvmbers  less  than  2  A  which  are  prime  to  it, 
then  will  every  prime  number  greater  than  the  prime  foA^tors 
of  A  be  comprised  in  one  or  other  of  the  forms 

4Am=ta,    4Am±b,    4Am  =t  c,   &c. 

For,  any  number  when  divided  by  4^,  must  necessarily 
leave  for  a  remainder  one  or  other  of  the  quantities 

0,   ±1,    ±2,    ±3,  &c.,   2-4,   as  appears  from  (378): 

whence,  omitting  all  such  remainders  as  are  not  prime  to  it  A, 
and  retaining  the  rest  as  a,  6,  c,  &c.,  we  shall  manifestly  have 
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all  prime  numbers  greater  than  the  prime  factors  of  A  com- 
prised in  the  forms 

4u4m±a,    4u4m±6,    4^m±c,    &c. 

Ex.  If  J  =  1,  then  a  =  1,  6  =  0,  &c.:  and  all  prime  num- 
bers are  contained  in  the  forms  4m  =t  1 ; 

if  -4  =  2,  then  «  =  1,  6=3,  and  c  =  0,  &c- : 

whence,  all  prime  numbers,  greater  than  2  are  comprehended 
in  the  forms  8m  ±  1  and  8m±S:  and  so  on. 

396.  If  m  he  a  prime  number^  the  coefficient  of  every 
term  of  the  expansion  of  (1  +  v)™,  except  the  first  and  last, 
is  divisible  by  m. 

For,  the  coefficient  of  the  r*^  term  of  the  expansion  has 
been  proved  in  article  (248)  to  be 

m  (m  -  l)  (m  -  2)  &c.  (m  -  r  +  2) 
1  .  2  . 3  .  &c.  (r  -  1)  ' 

and  it  has  been  shewn  in  article  (252),  that  all  the  coeflScients 
are  whole  numbers  when  the  index  is  such;  therefore,  since 
m  is  not  divisible  by  any  of  the  factors  of  the  denominator, 
it  follows  that 

(m  -  1)  (m  -  2)  &c.  (m  -  r  +  2) 
1 .2.3.  &c.  (r  -  1) 

must,  of  itself,  be  a  whole  number ;  and  consequently  the  co- 
efficient of  every  term,  except  the  first  and  last,  which  do  not 
involve  m,  must  be  divisible  by  m  without  a  remainder :  but 
the  same  conclusions  do  not  follow  when  m  is  composite. 

POLYGONAL    NUMBERS. 

396.  Def.  Polygonal  Numbers  are  the  sums  of  any 
numbers  of  terms  of  certain  arithmetical  series,  in  each  of  which 
the  first  term  is  unity :  and  they  are  distinguished  into  orders 
dependent  upon  the  common  difference. 

397.  If  the  common  differences  of  the  arithmetical  series 
be  0,  1,  2,  3,  4,  &c.,  we  shall  have,  by  means  of  the  expression, 
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the  general  terms  of  the  corresponding  orders  of  polygonal 
numbers  equal  to 

2  2  2  2 

and  the  numbers  themselves  will  be  found  by  giving  to  n  the 
values,  1,  2,  3,  &c.  in  succession. 

398.  CoE.  1.  Hence,  if,  for  the  sake  of  uniformity  of 
system,  we  designate  a  series  of  units  by  the  name  of  the  first 
order,  we  shall  have  the  following  list  of  polygonal  numbers, 
in  the  orders  to  which  they  belong  : 

1.  UnitSy 1,  1,  1,     1,  1,     1,  &c. 

2.  Lineal  Numbers^ 1,  2,  3,     4,  5,     6,  &c. 

3.  Triagonal  Numbers^,..  1,  3,  6,  10,  15,  21,   &c. 

4.  Quadragonal  Numbers,  1)  4,  9,  16,  25,  36,  &c. 

5.  Pentagonal  Numbers, , ,  1,  5,  12,  22,  35,  51,  &c. 

&c. 

and  in  this  arrangement,  if  r  be  the  denomination  of  the  order, 
the  common  difference  of  the  corresponding  arithmetic  series 
will  be  r  —  2,  and  we  shall  have  the  9i^^  or  general  term  of  the 
polygonal  numbers  of  the  r*^  order  equal  to 

(r  -  2)  w^  -  (r  —  4)  w 
2 

from  which  the  polygonal  numbers  belonging  to  all  the  orders 
may  be  derived,  by  assigning  the  requisite  values  to  r. 

Thus,    the  r-gonal  numbers  are   1,    r,    Sr -- 3,    6r  -  8, 
lOr  -  15,  Ur  -  24,  &c. 

■ 

399.  CoR.  2.    Numbers  thus  formed  are  termed  polygonal, 
from  the  circumstance  of  their  capability  of  being  repress 

by  the  figures  whose  names  they  bear,  the  sides  of  the  pel 
correspoDding  to  the  values  of  n  in  the  formula  above  gii 


f 


/ 
/ 


344  POLYGONAL    NUMBERS. 

Thus,  if  a  dot  be  taken  to  represent  each  of  the  units  in  n, 
w&may  arrange  these  dots,  when  the  values  of  n  are  1,  2,  3, 
&c.,  in  the  following  order : 

1  •     JrozTitSy  •••••••••••••••      •     ,•       •      orc» z 

^«  M^t/llCOm  •••••••••••••••••  •  ••  •••  Obi/*  * 

3.  Trigonsy •.    .'.'.    &c. : 

4.  Squares, ::     jj|    &e.: 

&c. 

which  are  perhaps  fanciful  representations  from  which  their 
names  may  have  been  derived,  rather  than  arrangements  having 
any  connection  with  the  origin  of  the  numbers  themselves. 

400.  Cor.  3.     If  p^  denote  any  triagonal  or  triangular 
number,  expressed  generally  by :  we  shall  have 

8^3  +  1  =  4  (»*  +  w)  +  1 
=  4n^  +  4»  +  1  =  (2n  +  1)^; 

that  is,  every  triagonal  number  multiplied  by  8  and  increased 
by  1,  becomes  a  quadragonal  or  square  number. 

Again,  if  r  =  6,  we  have  the  n*^  term  in  the  series  of  hexa- 
gonal numbers 

4>n^  -  27i      (2n  -  1)  ^n 

""         i         ""  i  ' 

which  is  manifestly  the  (2/^  -  l)***  term  in  the  series  of  triagonal 
numbers :  and  similarly  in  other  instances. 

401.  CoE.  4.  If  the  magnitude  j3y,  of  a  polygonal  num- 
ber of  the  r*^  order  be  given,  its  place  in  that,  order,  or  what  is 
usually  termed  its  Root,  may  be  found  by  the  solution  of  the 
quadratic  equation, 

(r  -  2)  7i^  —  (r  -  4)  w 

:^ —  =  Pr9 
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from  which  is  obtained 

r  -  4s-h  y/s  (r  -  2)  p^  +  (r  -  4)* 
n  s  ■ . 

2  (r  -  2) 

Ex.     Required  the  place  of  51  in  the  series  of  pentagonal 
numbers. 

In  this  instance,  the  denomination  r  of  the  order  being  5, 
we  have 

1  +  \/8  .3.51  +  1        1  +  a/i225       ^ 

n= = =6; 

2.S  6 

that  is,  51  is  the  sioffth  in  the  order  of  pentagonal  numbers. 

402.     To  find  the  sum  of  n  terms  of  the  r*^  order  of  poly- 
gonal numbers. 

Since,  by  (398),  the  general  term  of  the  polygonal  series 

(r  -  2)  w^  -  (r  -  4)  w      (r  -  2)  (n^  -  n)  -^  2n 

"^  i  2 

we  shall  manifestly  have  the  sum  of  n  terms  of  the  said  series 

=  {l .  2  +  2 . 3  +  3 . 4  +  &c.  +  (r^  -  l)n]  I > 

+  1  +  2  +  3  +  &c.  +  n : 
but  1 .  2  =  1^  +  1, 

2  .  3  =  2^  +  2, 

3  .  4  =  3^  +  3, 
&c. 

(7i  -  1)  w  =  (w  -  1)*  +  n  -  1 : 

.*.    1 . 2  +  2  .  3  +  3 . 4  +  &c.  +  (n  -  1)  n 

«  1«  +  2*  +  3*  +  &c.  +  (w  -  1)^  +  1  +  2  +  3  +  &C.  +  ' 

(n-l)n  (2n  -  1)      (n-l)n    ,      ,  .      . 
-  ^ i— ^^ ^  +  ^^ —,  by  (3)  of  p 

(n  - 1)  n  (n  + 1)      ,       ,     ^     «     «  « 

«  ^ :^ — ^^ ^:  also,  1  +  2  +  3+ &c.  +  fl  -- 

3 
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wherefore  the  sum  of  the  polygonal  series  becomes 

(ti  -  1)  71  (n  +  1)  (r  -  2)      n{n  ■\- 1) 

2T3  2 

_n{n  +  l)  j(n  -  1)  (r  ~  2)  -h  3I 
""       iT^       [  3  j  ' 

Ex.  Let  r  be  taken  equal  to  2,  3,  4,  5,  &c.  in  suc- 
cession^  and  denoting  the  sums  of  the  corresponding  orders 
by  ^2  5  *3>  *4»  «5»  &c»  we  obtain 

?i  (?i  +  1)  (07i  +  3)  7i  (ti  +  1)  (1 71  +  2) 

1.2.3  1.2.3 

n(n +  1)  (271+1)  n(n-hl)(3n  +  0)     „ 

«4  = :     ^5  = :   Sec 

1.2.3  1  .2.3 

403.  The  last  article  furnishes  us  with  the  means  of  ascer- 
taining the  number  of  Balls^  Shot  or  Shells  forming  any 
regular  Pile. 

Whenever  a  pile  of  balls  is  complete,  it  will  manifestly 
finish  with  a  single  ball,  the  number  of  horizontal  courses 
being  the  same  as  the  number  of  balls  in  one  side  of  the  lowest 
course:  consequently,  the  number  of  balls  constituting  such 
piles,  will  be  represented  by  the  sums  of  the  series  of  tri- 
angular, square,  &c.  numbers,  whose  number  of  terms  is  equal 
to  the  number  contained  in  each  side  of  its  base. 

Ex.  1.  Find  the  number  of  shot  in  a  finished  triangular 
pile,  the  number  in  one  side  of  the  base  being  40. 

Generally,  for  triangular  numbers,  we  have 

n{n  -h  1)  (n  +  2) 

Sn    =     — ' 1 

1.2.3 
and  in  this  instance  n  =  40 : 

40  .  41 .  42 

.'.  the  number  of  shot  in  the  pile  = =  11480. 

^  1.2.3 

Ex.  2.  Required  the  number  of  shells  contained  in  a 
square  pile,  whose  side  consists  of  20. 


i 
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Here,  by  (402),    we  have  h^^— — ,    which 

when  n  is  made  equal  to  20,  gives  the  required  number 

20.21.41 

=  =  2870. 

1.2.3 

404.  CoE.  1.  To  find  the  number  of  shot  in  a  broken 
pile  of  the  kind  above  described,  we  have  merely  to  compute 
the  numbers  which  would  be  contained  in  the  entire  pile,  were 
it  finished,  and  in  the  part  which  is  wanting;  and  then  to  take 
their  difference. 

Ex.  What  number  of  shot  is  contained  in  five  courses 
of  an  unfinished  pentagonal  pile,  when  each  side  of  the  lowest 
course  consists  of  12  ? 

Tl^  (fl  -f-  1 ) 

Since,  by  (402),  ^^  =  — ^^ ,  we  have  the  number  in 

12  .  12  .  13 

the   whole    pile  =  — '- '■ —  =  936 :    also,   the    number   which 

^  1.2 

would  be  contained  jn  the  part  wanting  will  obviously  be  found 

7    7    8 
by  making  w  =  12  -  5  =  7,   and  is  therefore  =  — — '—  =  196 : 

whence,  the  number  in  the  broken  pile  =  936  —  196  =  740. 

406.  CoE.  2.  It  is  sometimes  however  the  practice  to 
pile  balls  in  horizontal  courses  forming  rectangles,  which  con- 
sequently finish  in  a  single  row  at  the  top :  and  it  is  manifest 
that  the  number  of  courses  will,  in  such  cases,  be  equal  to  the 
number  of  balls  in  the  breadth  of  the  lowest,  whilst  the  number 
in  the  finishing  row  will  exceed  by  1  the  difference  of  the 
numbers  in  the  length  and  breadth  of  the  base.  The  formulae, 
above  i'eferred  to,  will  not  enable  us  to  determine  the  numbers 
of  balls  in  such  piles,  but  we  may  readily  deduce  one  which 
will  answer  that  purpose. 

Let  p  and  q  represent  the  numbers  in  the  len' 
breadth  of  the  lowest  course,  n  the  number  ot  i 
upon  another :  then  will  .  ) 

jp-1,  g-1;  p-2,  q-2;  &c.,  p  -  n  +  ly< 
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be  the  numbers  in  the  lengths  and  breadths  of  the  second, 
third,  &c.,  n^  courses:  and  the  entire  number  of  shot  in 
this  pile  will  be 

pg  +  (p-l)(g-l)  +  (p-2)(5r-2)  +  &c.-f(p-n  +  l)(?-n  +  l) 

='P9  +  P9-  (p  +  9)  +  i*  +  p?-2(p  +  g)  +  2^  +  &c- 

-{- pq  -  (n  -  l)(p  +  q)  +  (n  -  l)* 

=  npq  -  {l  +2  +  3  +  &c.  +  (7i-  l)}(p  +  q) 

+  1«  +  2«  +  3^  +  &c.  +  (n  -  1)* 

^^            1.2       ^'^      ^'                  1.2.3 
=  -Upq -  2(n  ~  l)(p  +  9)  +  -^ ^^ '-\ 

=  -|(2p-n+l)(2g-^  +  l)+-^ ^^^ Ly 

and  this  enunciated  at  length  is  the  common  practical  rule. 

If  n^q^  or  the  pile  be  a  finished  one,  we  shall  have 
the  number  in  the  uppermost  rowa=p  — g  +  1;  and  the  total 
number  in  the  pile 

-f{(»p-0^1)faH-)^'^-'i"*"}: 
which,  when  q  =P9  becomes 

the  number  in  a  completed  square  pile,  as  shewn  before. 


P(P+  l)(2l>+  1) 
3 


FIGURATE  NUMBERS. 

406.     Def.     Figurate  Numbers  are  those,  whose  vi^  ot 
general  terms  are  comprised  in  the  expression,  j 

n  (n  +  1)  (w  +  2)  (n  +  3)  &c.  (n  +  r)  ^ 
1 . 2 . 3  . 4 .  &c.  (r  +  1)  * 


FIGURATfi    NUMBERS.  349 

and  they  are  distinguished  into  the  first,  second,  third,  Sec. 
orders,  by  assigning  to  r  the  values  1,  2,  3,  &c.  respectively. 

407.  CoE.  1.  Hence,  corresponding  to  the  values  1,  2,  3, 
4,  &c.  of  r,  we  have,  by  making  n  equal  to  1,2,  3,  4,  &c.  in 
succession,  the  following  orders  of  figurate  numbers: 

T^.    .       «  ^         „        n(n  + 1) 

First  order  ;  1,3,  6,  10,  &c.,  -  ■ 


Second  order ;  1,  4,  10,  20,  &c., 


1.2 

w  (ti  +  1)  (n  +  2) 
1.2.3 


^,.    .      ,  .  «       n(n+ 1)  (n  +  2)  (n-i-3) 

Third  order  ;   1,  5,  15,  35,  &c.,  --5: — — : 

^       '  1.2.3.4 

_-       ^,        ,              ^            ^    „        w  (w  +  l)(n  +  2)(7i+3)(n+4) 
Fourth  order ;  1,6,  21,  56,  &c.,  — ^ ^^^^ — — : 

x.!Z.d*4.  O 
&C. 

and  it  is  obvious  that  by  similar  substitutions  for  w,  the  r*^ 
order  will  be 

r  +  2       (r  +  2)  (r  +  3)       (r  +  2)  (r  +  3)  (r  +  4) 

1,   ,    ,     — ,  &c., 

1  1.2  1.2.3 

(r  +  2)  (r  -f  3)  (r  +  4)  &c.  (r  +  w) 
1 .  2 .  3  .  &c.  (»  -  1) 

408.  CoR.  2.  By  the  formula  from  which  they  are  gene- 
rated, it  appears  that  the  general  terms  of  figurate  numbers 
of  the  first,  second,  third,  &c.  orders,  are  the  coefficients  of  the 
third,  fourth,  fifth,  &c.  terms  of  the  expansions  of  (l  +  a?)"+', 
(l+ziy)"+*,  (l+|^)'•'*'^  &c.,  respectively. 

409.  If  the  (n  +  1)"*  term  of  the  r*^  order  ofjigurate 
^mmjbmra  be  multiplied  by  n,  the  product  is  equal  to  (r  +  2) 

m  n*  term  of  the  (r  + 1)***  order. 

^  order 
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_         (n  +  1)  (n  +  2)  (n  -+•  S)  &c.  (n  +  r  +  1) 

1 . 2  .  3  .  4. .  &c.  (r  +  1) 

,         ^      71  (w  +  1)  (n  +  2)  (n  +  3)  &c.  (n  +  r  +  1) 

=  (r  +  2)  X  — ^^ ^--^ ^-^ ^ ^;^ 

^  1  .  2  .  3  .  4  .  &c.  (r  +  2) 

=  (r  +  2)   times  the  n^^  term  of  the  (r  +  l)*^  order. 

410.  Cor.     From  this  article  it  appears  that  the  n^  term 

of  the  (r  +  iV^  order  of  fiojurate  numbers  = times  the 

r  +  2 

(w  +  1)*^  terra  of  the  r*^  order:  and  thus  the  terms  of  any 
order  may  be  determined  from  those  of  the  order  which  im- 
mediately precedes  it. 

411.  If  the  n*^  term  of  the  r*^  order  ofjigurate  numbers 
he  added  to  the  (n  +  1)*^  term  of  the  (r  —  1)***  order ^  the  sum 
will  be  the  (n  +  1)*^  term  of  the  r***  order. 

For,  the  n^^  term  of  the  r*  order  +  the  (n-hl)^  term  of 
the   (r  -  1)*^  order 

n(n  +  l)(n  +  2) kc.  (n  +  r)       (/i+l)  (7i  +  2)  (n  +  3)  &c.  (»+r) 
""         1  .2.3.&C.  (r  +  I)  1.2.3.  &c.r 

(n  +  1)  (n  +  2)  (n  +  3)  &c.  (w  -^  r)  (    n 


Ir  +  1  "^  7 


1  .  2  .  3  .  &c.  r 

(n  -\-l)  (n  +  2)  (n  +  3)  &c.  (;i  +  r)  (n -h  r  +  l) 

1 .  2 .  3 .  &c.  (r  +  1)  ' 

which  is  the  (n  +  l)*^  term  of  the  r*^  order. 

412.  Cor.  1.  By  this  proposition  is  immediately  dis- 
covered the  law  of  the  formation  of  the  terms  of  any  order  by 
means  of  the  terms  of  the  preceding  order ;  for,  if  to  the  «* 
term  of  any  order  there  be  added  the  (n  +  1)*^  term  of  the 
next  inferior  order,  the  sum  will  be  the  (n  +  1)*^  term  of  that 
order:  and  this_!LJ!l  be  found  to  obtain  in  the  orders  as  stated 


in 


(407). 


1. 


\ 
\ 
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413.  Cor.  2.  Also,  since  the  first  term  in  every  order 
is  1,  it  follows  that  the  second  term  of  any  order  is  equal 
to  the  sum  of  the  first  two  terms  of  the  next  inferior  order : 
the  third  term  is  equal  to  the  first  three  terms  of  the  pre- 
ceding order:  and  generally  the  n^  term  of  any  order  is 
equal  to  the  sum  of  the  first  n  terms  of  the  order  which 
immediately  precedes  it.  This  will  readily  be  observed  to  be 
true  by  reference  to  the  numbers  given  in  (407). 

414.  To  find  the  mm  of  n  terms  of  the  r'**  order  of 
figurate  numbers. 

By  reversing  the  latter  part  of  the  last  article,  we  have 

the  sum  of  n  terms  of  the  r^^  order  equal  to  the  r^^  term  of 

,      ,         vth      1         w(7i  + 1)  (^  +  2)  &c.  (n  +  r  +  1) 

the  (r  +  1)**"  order  =  — ^^ — ,         , . 

^  1 .  2  .  3  .  &c.  (r  +  2) 

Ex.  If  we  make  r  equal  to  1,  2,  3,  &c.,  in  succession, 
imd  denote  the  corresponding  sums  by  «i,  «2  5  ^s?  &c.,  we 
obtain 

n(n+\)(n-¥  2) 

9\    —    . 

1.2.3 

n  (n  +  1)  (n  +  2)  (n  +  3) 

g    ^ ; 

1.2.3.4 


«3  = 


w  (n  +  1)  (w  4-  2)  {n  4-  3)  (n  +  4) 


&c. 

416.  Since  the  figurate  numbers  of  different  orders  a^:e 
composed  of  the  sums  of  series  of  polygonal  numbers,  they 
Dsay  be  conceived  to  form  pyramids,  in  the  same  manner  as 
a  series  of  polygons  each  less  than  the  other,  but  of  the  same 
Hamber  of  sides  when  applied  to  one  another  would  form 
^  pyramid,  and  on  that  account  it  was  formerly  usual  to  term 
them  Pyramidal  numbers  of  different  orders. 

416.  The  connection  subsisting  between  figurate  num- 
l^ers   and  the  expansions  of  binomials  alluded  to  in  article 
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(408),  induced  the  earlier  mathematicians  to  pay  considerable 
attention  to  the  laws  of  their  formation,  by  means  of  which 
they  obtained  the  expansion  of  one  power  from  that  which 
immediately  precedes  it,  the  sets  of  numbers 

1,   1,     1,  1,  1,       1,  &c.: 

1,2,     3,  4,  5,       6,  &c. : 

1,   3,     6,  10,  15,     21,  &c. : 

1,   4,   10,  20,  35,     56y  &c. : 

1,   5,   15,  35y  70,    126,  &c. : 

1,   6,   21,  56y  126,   252,  &C. : 
&c. 

whether  read  horizontally  or  vertically  being  termed  Binomial 
Columns, 

Instead  of  the  law  of  their  generation  being  deduced 
from  their  general  forms  as  was  first  done  by  Legehdre,  the 
forms  of  figurate  numbers  were  then  determined  from  the  con- 
sideration of  the  manner  in  which  they  were  produced,  which 
added  greatly  to  the  difficulty  of  the  subject;  and  in  this 
point  of  view  it  was  treated  by  Feemat  and  others :  but  the 
demonstration  of  the  Binomial  Theorem  in  its  present  shape 
has  now  rendered  these  numbers  matters  of  curiosity  rather 
than  of  use. 

For  much  important  information  upon  the  subjects  briefly 
treated  of  in  this  Chapter,  the  student  is  referred  to  the  Essai 
sur  la  Theorie  des  Nombres  par  A.  M.  Legendre,  and  to 
Barlow's  Elementary  Investigation  of  the  Theory  of  Nunir 
hers :  also,  he  will  find  some  additional  theorems  in  the  first 
Appendix  of  this  work. 


CHAPTER    XVI. 


SUMMATION    OF    SERIES. 


417*  Def.  a  Series  is  a  continued  rank,  or  progression 
of  arithmetical  or  algebraical  quantities  connected  together  by 
one  or  both  of  the  signs  +  and  -,  and  proceeding  according 
to  some  determinate  law. 

Thus,  we  have  seen  that  1+2+3  +  4  +  &c.  is  an  arith- 
metic  series,  whose  terms  increase  by  the  common  difference 
1 :  and  1+^  +  ^  +  ^+  &c.  is  a  geometric  series  whose  terms 
are  connected  throughout  by  the  same  commoa  ratio  ^. 

A  Diverging  Series  is  one  whose  terms  continually  in- 
crease, and  its  value  becomes  more  divergent  from  any  quan- 
tity that  can  be  assigned,  the  further  it  is  continued. 

Thus,   1—2  +  4-8+16  —  32  +  &c.  is  a  diverging  series. 

A  Converging  Series  is  one  whose  terms  decrease  suc- 
cesnvely,  and  its  value  becomes  more  and  more  convergent 
towards  some  quantity  which  is  supposed  capable  of  being 
assigned. 

Thus,  1+-^  +  ^  +  ^  +  &c.  is  a  converging  series,  for  its 
value  has  been  seen,  in  example  (1)  of  article  (204),  to  become 
more  and  more  nearly  equal  to  2,  as  the  number  of  terms 
taken  is  increased. 

418.  Def.  Arithmetical  and  Geometrical  Series,  as  con- 
sidered in  a  preceding  chapter,  naturally  present  themselves  in 
the  ordinary  course  of  calculations :  but  series  of  other  forms 
arise  in  a  variety  of  ways,  and  many  of  them  from  the  expansion 
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or  developement  of  expressions,  according  to  the  generalizea 
processes  of  symbolical  algebra :  thus,  by  algebraical  division, 
we  have 

1  I       h       y"      h^ 

= ^  +  — :  +  &c. 


a  +  6      a      a^      a?      a* 

where  the  latter  member  is  merely  a  symbolical  expression,  eqm- 
valent  to  the  former,  when  no  particular  values  are  supposed  to 
be  given  to  the  symbols  employed :  if  we  suppose  a  =  6  =  1, 
this  becomes  i=i-i-|-i-i4.i-i+&c.  which  is  called  a 
Neutral  Series^  but  to  which  no  arithmetical  value  can  be 
attached,  without  reference  to  the  mode  in  which  it  originated: 
and  this  proves  its  value  to  be  ^. 

In  the  same  way,  the  series  a  ■\'  ar  ■¥  ar^  '\-  &c.  to  n  terms, 

is  an  expression  equivalent  to  — ^^ :  and  each  may  at  any 

r  —  1 

time  be  substituted  for  the  other,  when  convenient,  as  has  been 

seen  in  articles  (197)  and  (204). 

419.  Def.  The  Summation  of  Series  is  the  expressing 
the  sum  of  any  number  of  terms  by  means  of  a  concise  general 
formula :  or,  it  is  the  determining  the  nature  and  form  of  the 
equivalent  expression  from  which  the  series  may  have  been 
derived  by  algebraical  expansion :  thus, 

the  sum  of  n  terms  of  1  +  3  +  5  +  7  +  &c.  is  expressed  by  n^• 
and  the  sum  of  1  +  -J  +  ^  +  &c.  in  infinitum  is  2 ,  which  when 

put  in  the  form  ,  is  symbolically  equivalent  to  it. 

This  subject  is  of  far  too  extensive  a  nature,  to  admit  of 
a  full  discussion  in  an  elementary  treatise  like  the  present: 
and  we  shall  therefore  confine  our  attention  to  the  considerar 
tion  of  a  few  simple  examples,  so  selected  as  to  point  out  the 
diflferent  methods  that  are  usually  applied,  in  addition  to  the 
formulae  of  the  eighth  chapter. 

420.  The  sums  of  series  may  frequently  be  found  by 
their  Resolution  into  two  more  others,  either  arithmetical  or 
geometrical. 
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Ex.  1.     Find  the  sum  of  n  terms  of  the  series 

1,  5,   13,   29,  &c. 

This    =  (4  -  3)  -f  (8  -  3)  +  (l6  -  3)  +  (32  -  3)  +  &c.   to  n 
3rms, 

=  4+8  +  16  +  32  +  &c.  to  n  terms, 
-{3  +  3-^^3  +  3  +  &c.  to  n  terms} 
=  4 . 2"  -  4  -  3n  =  2"+^  -  3»  -  4. 

Ex.  2.     Required  the   sum  of  n  terms  of  the  series  1, 
,   7,   15,  31,  &c. 

Here,  the  terms  of  the  series  are  1,  (l  +2),  (l  +  2  +  4), 
1+2  +  4  +  8),  &c. : 

a  (r"  —  1 ) 

ad  from  the  formula  s  = ,  we  have  the  sum 

r-1 

r-1         r^-  1         r^- 1 

=  a +  a H  a h  &c.  to  n  terms 

r  —  1  r-1  r-1 

= { (r  -  1)  +  (r^  -  1)  +  (r^  -  1)  +  &c.  to  n  termsJ 

a 

= ir  +  r^  +  7^  -{-  &c.  to  n  terms  -  n\ 

r-  1  ^  * 

a     fr(r"-l)        1       ar(r"-l)        na 
r  -  1  I    r  -  1  j         (r  -  1)^        r-1 

=  2(2"  -  1)  -  n  =  2"+^  -  71  -  2,  since  a  =  1,  and  r  =  2, 

Ex.  3.     Find  the  value  of  the  expression 

1  1 1 

/i(l+v/2)       (1  +  \/2)  (2  +  \/2)        (2  +  v/2)  (3  +  \/2) 

1  1  +  \/2  1  1 

Here,    — rr=  =  —7= ^ir-  =  —7= rrr-  + 


y/i       \/2(l  +  V^)       '>/2(l  +  ^2)       1  +  ^2  * 

1  g  +  v/i  1  1 

:=-  + 


+\/i       (l+V^)(2  +  v/2)       (1  + -^2)  (2  +  \/2)       2  +  ^/2' 
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1  3  +  \/2  1  1 

2  +  \/2       (2  +  \/2)(S4-\/2)        (2  +  \/2)(S+\/2)       S+V2 
&c.      «  &c.  =  &c. : 

whence,  by  adding,  and  cancelling  the  terms  which  are  common 
to  both  sides  of  the  result,  we  have 

11  1  1 

a/2       \/i(l+\/2)       (l+\/2)(2  +  '>/2)       (2  +  \/2)(3-fV2) 

+  &c.  in  infinitum. 

In  the  same  way,  an  equivalent  expression  for  an  infinite 
number  of  terms  of  this  series  may  be  obtained,  at  whatever 
term  it  commence. 

421.  The  sums  of  series  may  often  be  obtained  by  thp 
method  of  Indeterminate  Coefficients, 

Ex.  1.  Find  the  sum  of  n  terms  of  the  series  1*,  2^ 
3%  42,  &c. 

Assume  1^  +  2^  +  3^  +  &c.  +  n^  =  An?  +  Bv?  +  Cn :  then, 
since  the  values  oi  Ay  B^  C  are  independent  of  the  value  of  w, 
we  shall  have 

whence,  by  subtraction,  we  obtain 

^*4  27i+  1  =^sAn^  ■¥  (3 A  +  2B)n  +  A+B  -^C: 
and  by  equating  coeflScients,  the  values  of  A,  5,  C  are  found 

to  be  ^,  2>  6  respectively: 

1          1          1         n(n  +  l)(2n -{- 1) 
.'.  the  required  sum  =  ^n^  +  ^n^  +  ^n  = 1^3 '' 

which  is  the  result  of  (3)  of  article  (2l6),  where  it  is  obtained 
by  a  more  laborious  process. 

If  higher  or  lower  indices  of  n  had  been  introduced 
into  the  assumed  expression,  their  coefficients  would  have 
been  found   equal  to  0. 
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By  a  similar  assumption,  the  sum  of  n  terms  of  the  series 
1*,  2^,  S»,  4^  &c.  will  be  found  to  be 

—J — -^;  and  .-.  1^  + 2^  +  3' +  4^  +  &c.  to  n  terms, 
-(I4.24-S  +  4  +  &c.  to  n  termsy. 

Ex.  2.     Required  the  value  of  n  terms  of  the  series 

1.2  +  2.3  +  3.4  +  4.5  + &C. 

Let    1 . 2  +  2 . 3  +  &c.  +  »  (ti  +  1)  =  An^  +  Bv^  +  Cn : 

.-.  1 . 2  +  2 . 3  +  &c.  +  n  (72  +  1)  +  (w  +  1)  (72  +  2) 

^  A  (n  +  If  +  B  (n  -¥  ly  +  C  (n  +  1): 

whence,  by  subtraction,  we  shall  have 

»*  +  S»  +  2  =  3^»*  +  (3 A  +  2jB)  n^A-hB  +  C: 

.-.  ^  =§,    S=  1,    and  C  =  |: 

and  the  sum  of  the  series  is  ^  w^  +  w*  +  ^  n 

=  ^n  (n^  +  3n  +  2)  =  ^  w  (n  +  1)  (n  +  2). 

This  result  might  have  been  obtained  from  the  last  example : 
for  1.2  =  1^  +  1,  2.3  =  2^  +  2,  3.4  =  3^+3,  &c.:  and  there- 
fore the  suni  of  1.2  +  2.3  +  3.4  +  &c.  to  n  terms  =  the  sum 
of  1*  +  2*  +  3^  +  &c.  to  n  terms  +  the  sum  of  1  +  2  +  3  +  &c. 
to  n  terms 

» (w  +  1) (2n  +1)      w (w  +  1)  ^  n (n  +  l)(w  +  2) 
~  1.2.3  1.2      ""  i  ' 

Ex.  3.     Find  the  sum  of  n  terms  of  the  series 

l2  4.4«  +  7'  +  &c.    . 

Here,  1,  4,  7j  &c.  being  in  arithmetical  progression,  the 
n^  term  will  be  3w  —  2 :  whence,  assuming 

1«  4.  4«  +  72  +  &c.  +  (3n  -  2y  =  An^  +  Bn^  +  Cn : 

we  have,    1^  +  4*  +  7^  +  &c.  +  (Sn  -  2)*  +  (Sn  +  1)^ 

=  ^(»  +  1)^  +  S  (n  +  1)V  C  (»  +  1)  : 
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whence,  9n^  +  6w  +  1  =  sAn^  +  (3 A  +  9,B)  n  '\'A  +  B  +  €: 

.'.  A  =  3,  5  =  - 1  and  C  =  -  ^, 

so  that  the  general  form  expressive  of  the  sum  of  n  terms 
of  the  series  is  ^n  (6n^  ~  3n  -  l). 

The  same  course  may  be  pursued  whatever  be  the  value 
of  the  index,  provided  the  quantities  be  in  arithmetical  pro- 
gression :  and  when  n  is  very  large,  it  will  easily  be  seen  that 
an  approximate  value  of  the  sum  of  n  terms  of  the  series 

a*"  +  (a  +  d)"  +  (a  +  2d)"*  +  &c. 

IS     . 

m  +  1 

Ex.  4.  Required  a  general  expression  for  the  sum  of  n 
terms  of  the  series  1.2.3-f2.3.4-f3.4.5  +  &c. 

Let  l.2.3  +  kc.  +  n(n  +  l)(n-¥2)  =  An*  +  Bn^  +  Cn^  +  Dn: 

.'.   1 .2 .3  +  &c.  +  (n'\-l)(n  +  2)  (n  +  3) 

=  A{n  +  ly  -^  B  {n  -^^  If  -^  C  (n+  if  +  D(n+  I): 

whence,  by  subtraction,  we  obtain, 

n^  +  6n^  +  1 1  n  -f  6 

=  4^n'  -f  (6A  +  3B)n'  +  {4>A +3B -{-^Qn  ■^A+B+  C^D: 

1  3  11         ,    _      3 

.-.  ^  =  -,   S  =  -,    C  =  —   and  />  =  -: 

4  2  4  2 

and  the  sum  required  is  expressed  by 

-ij4  +  -rj?  ^  — n^  +  -w  =  -(n'  +  67i^  +  l\n  +  6) 

4  2  4  2  4 

n  (^  +  1)  (^  +  2)  {n  +  3) 

4 

From  this,  we  may  find  the  sum  of  1^  +  2^  +  3^  +  &c.  to 
n  terms  :  for  since,  n^  =  (n  -  1)  n  fi»  4- 1)  +  w,  we  have 
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1^  =       0       +  1  : 
2^=  1  .2.3  +  2: 
3^  =  2  .  3  .  4  +  3  : 
&c.  =  &c. : 

.*.  the  sum  of  1^  +  2^  +  3'  +  &c.  to  n  terms 

e=  the  sum  of  0  +  1.2.3  +  2.3.4  +  &c.   to  n  terms 

+  the  sum  of  1  +  2  +  3  +  &c.  to  n  terms 

(w  -  1)  71  (w  +  1)  (w  +  2)      n(n  -h  l) 

4  "*"  2 

"      (1    2)2    '  ^^  ^^^^^^  ^^^^• 

422.     The  sums  of  a  great  variety  of  series  whose  terms 
are  fractional,  may  be  obtained  by  the  method  of  Subtraction. 

Ex.  1.     Find  the  sum  of  n  terms  of  the  series 

1  1  1 

+  ~—  + +  &c. 


1 .2       2.3       3.4 

1        1        i       o  1  1 

Let  -  +  -  +  -  +  &c.  +  —  + =  s : 

12       3  72       W  +  1 

1  1        1        o  1 

.*.  -  +  -  +  -  +  &c.  H =  «  -  1  : 

2  3       4  n+  1 

1.                1             1             1         «                   i                   1 
whence, 1- +  —  +  &c.  + + =  1 : 

1.2      2.3      3.4  7i(»+l)      n  +  1 

which    is    obtained   by   subtracting   the  lower  line  from  the 
upper : 

.'.  the  required  sum  =  1 = 


n  +  1      w  +  1 

If  n  be  infinite,  the  sum  of  the  series 

111 
1- 1 +  &c.  m  infinitum  =  1. 

1.22.33.4  "^ 
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Ex.  2.     Required  th<;  sum  of  n  terms  of  the  series 


1  1  1 

+ +  — I  +  &c. 


1.3       2.4       S.5 

^111  11  1 

JLet    -  +  -  +  -  +  &c.  +  -  + +  =  s : 

123  nw+lw-  +  2 

111  1  3 

.'.    -  +  --»--  +  &c.  + =  « : 

3       4       5  n+  2  2 

whence,  subtracting  the  latter  from  the  former,   we  have 

2  2  2  2  lis 

+ + +  &c.  +  —7 + + =  - : 

1.3       2.4       3.5  7i(»  +  2)w+l       n  +  2      2 

.-.  the  sum  of  the  proposed  series  will  be 

1  f3  1  1     1  Sn^  '\-  5n         _       ^  (^^  +  5) 

2  [2      n+  1  "  w  +  2j  "  4  (n  +  1)  (n  +  2)  ""  4  (fH-  1)  (»  +  2)' 

When  the  series  is  supposed  to  be  indefinitely  continued, 

3n*      S 
we  have  t^  =  oo  :     and  the  limit  of  the  result  =  — -  =  -,  so 

4n       4 

that  the  sum  of  the  infinite  series 

1  1  13 

+ +  - —  +  &c.  IS  -  . 


1.3       2.4       S .5  4 

No  difficulty  will  be  found  in   proving  that  the  sum  of 
n  terms  of  the  series 

+  -. — . ,-.-  +  -; 77—;^ =T  +  &C. 


a  (a  +  6)      (a  +  b)  (a  +  26)       (a  +  26)  (a  +  36) 

is ;: ,  which,  when  n  is  infinite,  becomes  -t« 

ab      6  (a  +  nb)  ao 

A  similar  process  will  shew  that  the  sum  of  the  infinite 

series + &c.  is  -  . 

1.32.43.5  4 
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Ex.  3.     Required  the  sum  of  n  terms  of  the  series. 


^  1  ^  o 

+  — -:: —  + +  &c. 


1.2.3       2.3.4      3.4.5 

T    *     ^  ^  1         o  1  1 

JLet H + J.  8ic.  H 1- : =  8  : 

1.2      2.3      3.4  n  (n  -I- 1)      (w  +  1)  (n  +  2) 

111^                     1                        1 
+  -—-  + +  &c.  + —- ^^  =  * : 


2.3      3.4      4.5  (n +  !)(»  + 2)  2 

whence,  by  subtractidn,  we  have 


2                2  „  2 

+ +  &c.  + 


1.2.3      ^.3.4  *      «(7i+l)(n  +  2)      (n+l)(»  +  2)      2* 

and  the  sum  of  the  proposed  series  will  therefore  be 

1  f  1 1  1  _        nin-hS) 

iji  "  (n  +  1)  (n  +  2)1  "  4  (»  +  1)  (w  +  2)  ' 

If  w  be  infinite,  and  therefore  1,  2,  3  be  neglected  in 
comparison   with   it,   the   sum  of  the  corresponding  infinite 


series  will  be  -. 

4 


On  the  same  principles,  it  will  be  easy  to  prove  that  the 
sum  of  n  terms  of  the  series, 


aia  +  b)  (a-h  2fc)      (a  +  6)  (a  +  2fc)  (a  +  Sb) 

4-  ; ■ ■ H  &c., 

(a  +  2fc)  (a  +  3b)  (a  +  46) 

is  expressed  by  the  compound  quantity 

1  1 

2ab  (a  +  b)      2fc  (a  +  nfc)  {a  +  (n  +  1)  fc}  ' 

^'^bich  becomes  — —- --,  when  n  is  infinite. 

2ab(a  +  b) 

In  a  manner  precisely  similar  to  the  one  adopted  above, 
lay  be  treated  the  series 

z  z 
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1  c  c-hb  _ 

-  4. J. +  &c. 

a      a(a  +  b)      o  (a  +  6)  (a  +  2fc) 

whose    sum  in  infinitum    will    be   expressed    by  »  m 

which  fc  does  not  appear. 

Also,  the  sum  of  the  following  series, 

, — h  &c.  i»  tw/tmrttOT, 


a  (a  +  6)  (a  +  2fc)      (a  +  6)  (o  +  26)  (a  +  3b) 

be  -^  (a  -¥  b)d    . 

will  be  found  to  be  equivalent  to  7^^ — ttt^j  ^y  assuming 

^  2a  (a +  6)  A*        "^ 

-  — ^--  + — —^ — ,    +  &c.  m  infinitum  =  0-: 

a  (a  +  Z>)       (a  +  5)  (a  +  26)  "^ 

then  transposing  and  subtracting,  and  equating  the  numerators 
to  c  +  d,  c  +  2d,  &c.  in  succession,  from  which  the  values  of 
Of  and  y  will  be  obtained. 

423.     The  sums  of  a  variety  of  series  are  easily   ascer- 
tained by  the  method  of  Multiplication. 

Ex.  1,     To  find  the  sum  of  + -^ +  &c.  in 

1.3       2.4       3.5 

infinitum. 


X      w^      00^ 


Let  1  +  —  +       +  —  +  &c.  in  infinitum  =  g  : 
2       3       4  "^ 

then,  multiplying  both  members  by  1  -  cv^^  we  have 

1  +  -  +--+  --+&C. 
2        3        4 

=  (1-0?^)  (7: 


^3  f 

«a?2 &c. 

2  J 


w      ^ar^       ^a?      9,0;^      0.0. 

or,    1  + &c.  —  {l-aryfT'. 

2       1.3       2.4       3.b  ^ 
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whence, 


a^ 


47' 


ai" 


X 


+ + +  &c.  =  -  + (l  -  a;*)  (T, 

K3       2.4       S.5  2       4       2"^  ^ 


is  universally  true,  whatever  be  the  value  of  wi 

and  in  order  to  eliminate  the  symbol  o",  let  1  —  .t?^  =  0,  which 
gives  a;  =  1,  or  a?  =  -  1 : 

111  3 

therefore, h +  +  &c.  in  infinitum  =  - . 

1.3      2.4      S.5  "^  4 


Also,  by  using  the  negative  value  of  a?,  we  have 


1  1  1 

+  - — r  —  &c.  in  infinitum  =  - . 


1.3      2.4      S.5 


Ex.  %     Required  the  sum  of  the  infinite  series, 


5  6  7 

+  — r—  +  - — —  +  &c. 


1.2.3       2.3.4       3.4.5 
Assume  l  +  --f—  +  —  +  &c*  in  infinitum  =  cr : 

<w  l)  4 

then^  multiplying  both  sides  by  {os  -  1)  (2  a?  -  1),  we  have 
2^  +  -r-  +  — r-  +  &c. 


-3cV- 


2  3 

3a?^      Sa^      Sx* 


2 


3 


4 

.3  ^1 


-&c. 


ai        or.       tV        w 

+  1  +  -+     —+    —+     -+&C. 

2         3  4  5 


=  (.!l?  -  1)  (2a?  -  1)  (T  ! 


5a?^  6.1?^  7^7*         o       .     .   ^   . 

whence,  H + +  &c.  m  innmtuni 

1.2.3       2.3.4       3.4.5  "^ 

=  (a?  -  1)  (2a?  -  1)  cr  -  1  +  — : 


and  by  making  a^s  1,  we  find  the  sum  required  to  be  -. 
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If  we  take  Jr  =  ^  >  the  sum  of  tbe  infinite  aeries, 

-^                     6                     7  . 

-  + — -r  + -.  -•-  &C. 


1.2.3.2-       2.3.4.2*       3.4.5.2* 
is  found  to  be  ^. 

Ex.  3.    To  find  the  sum  of  n  terms  of  the  aeries 

c  c  -k-d  c  -h^d 

+  -z TT-: r:  +  -; rrz rrr  +  &c. 


a  (a +6)      (a +  6)  (a +26)      (a +  26)  (a +  36) 

Let  -  + -+  rr+&c.  + ;yT'»" ^  =  ** 

a      a+b      a-^Zb  a  +  (n-l)6      a  +  n6 

.•.  imx  -  r)  «  + 

a      a  +  n6 

(i»  -  r)  a  +  m6         (m  -  r)  o  +  (2i»  —  r)  5   „     „ 
aia-k-h)  (o  +  6)  (a  +  26) 

to  n  terms: 

whence^  by  assigning  proper  values  to  m  and  r,  and  assuroing 

m«r  — r=0,  or  0?=  — ,  the  sum  of  a  series  of  this  kind  will 

m 

be  determined. 

If  m=  1,  r  =  1,  and  therefore  «!?=  1,  we  shall  have  tbe 
sum  of  n  terms  of  the  series, 

6  6  „  1  1 

+  &c.  = 


a  (a +  6)      (a +  6)  (a +  26)  a      a  +  n6 

If  m  =  2,  r  =  1,  and  therefore  «a?  =  ^5   we  have 

a  -^Qb  a-\-  3b 

+  7 77-7 — — 7i  +  «c.  to  w  terms 


a  (a  +  6)  2      (^  +  6)  (a  +  26)  2 

1  1 


a      (a  +  nb)T 

In  the  applications  of  this  method,  it  is  to  be  borne  in 
mind,  that  the  multiplier  used  must  always  consist  of  a  num- 
ber of  terms  equal  to  that  of  the  consecutive  factors  in  the 
denominators. 
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424.     The  sums  of  many  series  may  be  ascertained  by 
modifications  of  the  Binomial  Theorem, 

Ex.  1.     To  find  the  sum  of  the  infinite  series, 
2m  2m, 3m  9,m.Sm  .Aim 


m         \       ml  \        ml 


The  sum  =  1  -  — —  at  +  — — —  w^  -  &c. 

2  2.3 


\m       l\m       I 


1 
1 

s=  1  +  «_  X  ^  I     or  +  &c. 

2  2.3 


wfl         m  \TO       )    ,     ni\m       I  \m       /    ,      „    1 

=  — <— fly-f  /i^^H-  — — — ^—  ^  +  8z:c.> 

.v^m  1.2  1.2.3  J 

1 
«*  -{(l+a?)--  1} 5^ ^ . 

Ex.  2.     Required  the  value  of  the  infinite  series 

1       3     1       3.4      1       3.4.5    1 

— h  -  .  —  + .  —  4- .  —  +  &c. 

3       2     3*      2.3     3'       2.3.4  3* 

From  article  (265),  we  have 

^/    a?    \       m(m  +  l)    ^f    at    y  •     •  ^   -^ 

fna^  { j  +  ^— ^ • — -  o™  I 1    +  &c.  m  infinitum 

\a  +  wl  1.2  \a  +  atl 

=  (a  +  0?)*  -  a*" : 

^      at  1 

whence,  if  ma"*  =  1,  w  +  1  =  3,  and =  -, 

a  -^at      3 

we  shall  find  m  =  2,  a  =  — ^,  and  at  = 


\/2  2V2 


...  the  required  sum  -  (^)    -  (-^-)''  =  1 
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THE    DIFFERENTIAL   METHOD. 

425.  Def.  If  we  have  any  number  of  similar  quan- 
tities, and  the  differences  between  the  first  and  second,  the 
second  and  third,  the  third  and  fourth,  and  so  on,  be  taken, 
the  several  remainders  form  what  is  called  the  First  order 
of  Differences:  and  if  the  differences  of  these  differences  be 
taken  in  the  same  manner,  and  the  process  be  continued,  the 
successive  results  are  termed  the  secondy  thirds  Sec,  orders 
of  differences. 

Thus,  if  the  series  be  the  squares  of  the  natural  numbers, 
1,    4,    95    16,    25,    36,    49,    64,    &c.: 
the  first  order  of  differences  will  be 

3,    5,      7,      9,    11,    IS,    15,    &c.: 
the  second  order  of  differences  will  be 

2,       2,       2,       2,       2,       2,     &€.: 

and  the  third  order  is  0,  0,  0,  &c. :    that  is, 

there  are  in  this  case  only  two  orders  of  differences,  which 
are  finite. 

426.  If  5i,  ^2,  ^3,  ^4,  ^5,  &c.,  denote  the  first  terms  of 
the  successive  orders  of  differences  of  the  quantities  a,  6,  c, 
dy  e,  /,  &c. :   we  shall  have 

Si  =  a  —  b : 

^2  =  a  —  26  +  c: 

Ss  =  a  -  3b  +    3c  -  d: 

5^  =  a  -  46  +    6c  -    4d  +  e : 

4  =  a  -  56  +  10c  -  lOd  +  5e  -/:  &c. 

where  the  numerical  coefficients  are  evidently  those  of  the 
expansion  of  (l  -  «)^,  corresponding  to  the  values  1,  2,  3, 
4,  5,  &c.  of  m :  and  consequently  we  shall  have 

.  r(r-l)         r(r-l)(r-2)  ^     ^ 

dr^a-rb-^    \    ^     c ^: — ~  d  +  &c. 

1.2  1.2.3 
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427.     From  the  last  article,  we  have  immediately 
6  s     o  —  5i : 

c  =  —  a  +  26  +  ^2=  o  -  2S1  4-  5^: 

rf  =     o  -  36  +  3c  -  ^3  =  o  -  3^1  +  3S2  -  ^3  • 

and  so  on,  where  the  numerical  coefficients  of  S  are  those 
of  the  expansion  of  (l-v)*,  as  before:  whence,  the  n^^  term 
of  the  series  will  manifestly  be 

^  ^  1.2  1.2.3 

If  the  terms  of  the  series  increase,  it  will  be  found  in 
the  same  manner  that  the  n^^  term  will  be  expressed  by 

,  ^  ^        (71  -  1)  (w  -  2)  . 

^  '  1.2 

Ex.     Required  the  rif^  term  of  the  series  of  numbers, 
1,    3,     6,     10,      15,     21,     &c. 

Here,  we  have  the  following  orders  of  differences: 

2,     3,       4,        5,       6,     &c.  : 
1,       1,       1,       1,     &c. : 
0,       0,       0,     &c. : 
so  that  Si  =2,    ^2  =  1,    03  =  0,     &c. : 

th  ,  V  (7l-l)(7Z-2) 

.-.  the  rr"  term  =  l+(w-l)2+-^^ —     ^^  ^^ 


=  1  +2n-2  + 


1  .2 
w*  —  3w  +  2      'T?  ■\'  n      n(n  +  1) 


428.  Cor.  Whenever  the  differences  at  last  become 
equal  to  0,  the  value  of  the  n^^  term  will  be  obtained 
exactly;  but  in  other  cases,  the  result  will  be  merely  an 
approximation  to  the  true  value. 
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429.    To  eapresa  the  sum  of  a  series^  by  means  of  t 
first  terms  of  the  successive  orders  of  differences. 

Since,   o  =  a : 

b  =  a  +  5i : 

c  =  a  +  2^1  +  ^g: 
d^a-^sh^  +  35,-*-^: 
e  =  a  +  4^1  +  6^2  +  4^  +  ^4 :  &c. 
we  shall  have  a  +  6  +  c-|-d  +  e  +  &c.  to  n  terms 
=  »a  +  {l  +  2  +  S  +  4  +  &c.  to  (w  -  1)   terms}  i^ 
+  {l  -f  S  +  6  +  10  +  &c.  to  {n  -2)  terms}  ^2 
+  {l  +  4  + 10  +  20  +  &c.  to  (n  -  S)  terms}  ^  +  &c 

wO*-l)         n(n-l)(n->2)^ 

=  w  a  H —  di  -»- 02  +  &c., 

1.2  1.2.3 

as  appears  from  article  (414). 

Ex.     To  find  the  sum  of  n  terms  of  the  series, 

1 V  2«  +  3«  +  4*  +  &c. 

Here,  we  have     1,  4,  9,   l6,  &c., 

3,   5,     7,  Sec,  or  5i  =  3 : 

2,     2,  &c.,  or  ^2  =  2  : 

0,  &c.,  or  ^3  =  0  :   &c. 

n  (n  -  \)         »(n-l)(7i  — 2) 

.-.    thesum  =  w  +  — ^^ ^3+—^ — -^-^ ^2 

1.2  1.2.3 

n(w-l)f         2w-4l  nin—l)^ 

1.2       I  3       J  1.2.3^  ^ 

6w  +  2n^  +  3/1*  -  5w      2»^+37z*  +  w      w(7^+  1)  (2n+l) 
""  1.2.3  "         1.2.3        ""  1.2.3 

430.  The  formulae  for  the  n*^  term  and  the  sum  i 
n  terms  of  a  series,  above  investigated,  are  very  easily  recol- 
lected :  and  whenever  any  order  of  differences  vanishes,  they  nuf 
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be  immediately  applied  :  but  the  chief  use  of  the  method  is  in 
the  interpolation  of  series,  which  will  be  briefly  pointed  out  in 
the  first  Appendix. 

THE  METHOD  OF  INCREMENTS. 

431.  Def.  Any  quantity  suscq)tible  of  increase  or  di- 
minution, is  called  an  Integral^  and  the  quantity  by  which  it  is 
increased  or  diminished  at  any  state  of  its  magnitude,  is  termed 
its  Increment  or  Decrement 

Thus,  of  the  arithmetical  series  1,  2,  3,  &c.  n^  which  is  an 
integral,  the  sum  will  be  increased  by  »  +  I5  if  we  proce^  one 
step  further:  or,  the  increment  of  the  sum  of  n  terms  is  here 
equal  to  n  +  !• 

If  «  denote  the  integral,  the  increment  of  «,  without  regard 
to  its  algebraical  sign,  is  usually  expressed  by  prefixing  the 
Greek  letter  A  before  it,  and  we  have  in  this  case  A«  =  w  +  1. 

Ex.  1.  To  find  the  increment  of  of^  having  given  A  a?  the 
increment  of  oc. 

Here,  A  {a^)  =  (.v  +  Aa?)*  -  a?^  =  2a?  Ao?  +  (Aa?)* : 
and  if  Acr  =  1,  we  have  A  {0^)  =  2a?  +  1. 

Hence  also,  the  integral  of  2«r  +  1  will  be  o?^  +  C,  where  C  is 
a  constant  quantity  to  be  determined  from  circumstances,  be- 
cause 

A  (a?«  +  C)  =  {(a?  +  1)^  +  C}  -  a?*  -  C  =  2a?  +  1, 

in  which  C  is  not  found. 

The  quantity  C  is  termed  the  Correction  of  the  integral, 
found  by  reversing  the  direct  process. 

Ex.  2.  Required  the  increment  of  aar^+bcV  +  c,  where  the 
increment  of  a?  is  1. 

Here,  A  (aa?'*+  ft  a?  +  c)  =  o  (a?+  l)^+fc  (a?+ 1) +c  -  aai^-  bw-^c 

^2aaf  +  a  +  b, 
3  A 
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Hence,  denoting  the  reverse  operation  by  the  symbol  2,  so 
that  the  two  processes  implied  by  A  and  2  neutralize  each 
other,  we  have 

2(2aa7  +  a  +  6)  rs  2A  {aa^  +  6^  +  c)  =  aa^  +  baf  +  c. 

432.  To  find  the  increment  of  the  continued  product 
of  any  number  n  of  factors,  in  arithmetical  progression. 

Let  s  denote  the  continued  product 

o  (a  +  5)  (a  +  2fc)  &c.  {«+(«-  1)  6}, 

which  changes  its  magnitude  by  the  increase  of  each  factor  by  h\ 

then  Atf  =*  (o  +  6)  (a  +  26)  &c.  {a  +  (»  -  1)  6}  (a  +  nh) 

-  a  (a  +  6)  (o  +  2ft)  &c.  |a  +  (w  -  l)  6} 

=  (a  +  6)  (o  +  2ft)  &c.  {«+(»-  1)  ft}  \a  •\'  nb  -  a\: 

^nb(a  +  b)  (a  +  26)  &c.  \a  +  (w  -  l)  ft}. 

433.  From  this  we  obtain  conversely,  the  integral  of  a 
continued  product  of  factors  in  arithmetical  progression. 

For,  the  integral,    2  (a  +  ft)  (a  +  2ft)  &c.  {o  +  (»  -  1)  6} 

s        a  (a  +  ft)  (a  +  2ft)  &c.  {a  +  (w  -  1)  ft } 
nb  nb 

and  this  in  words  amounts  to  the  following  rule  : 

Prefix  the  term  of  the  progression  next  inferior  to  the 
lowest  of  the  proposed  quantity,  and  divide  by  the  common 
difference  multiplied  by  the  number  of  factors  thus  increased. 

Ex.  1.     Find  the  sum  of  n  terms  of  the  series, 

1.2  -f-  2.3  +  3.4  +  &c. 
Here,  the  n^^  term  will  manifestly  be  w  (w  +  1)  : 
and  the  next  term,  or  A*  =  (»  +  1)  (n  +  2)  : 
whence,  proceeding  according  to  the  rule,  we  have 

n(n+l){n  +  2) 


s  = 


+  C: 
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and  when  11^0,  we  know  that  «  »  0,  which  give$  0  »  0  4-  C : 
therefore  subtracting  the  terms  of  the  latter  equality  from  those 
of  the  former,  we  have 

n  (w  +  1)  (w  +  2) 

8  = ^-^ — ■■ : 

3 

and  in  this  case  it  appears  that  no  correction  of  the  integral  is 
necessary. 

Ex.  2.     Required  the  sum  of  n  terms  of  the  series, 

1«  +  32  +  5^  ^.  &c. 

Here,  As  =  (2w  +  1)*  =  4n*  +  4n  +  1  =  4w  (n  +  1)  +  1 : 

.-.  «=.24«(7i+  1)  +  21  -f-  C 

4(n-l)n(n+l)   .  ^  ,  ^, 

s +  w  +  c  t 

3 
also,  0  =  0  -^^  0-¥  C: 

4 (n  -  1)  n  (w  +  1)  n  (2n  -  1)  (2n  +  1) 

.•.     «  ar ^n  —  - . 

3  3 

Ex.  3.     Determine  a  general   expression  for  the  sum  of 
n  terms  of  the  series,  1  +3  +  6+10  +  &c. 

Here  the  n^^  terra  =  — ^ ^,  by  article  (427)  : 

^        (n+l)(n  +  2) 

2 

being  the  (n  +  1)***  term  of  the  series : 

n  (»  +  1)  (»  +  2)      ^ 

1.2.3 

also,  0  =  0  +  C :  as  before ; 
n  (»  +  1)  (w  +  2) 


whence,   «  = 


1.2.3 


whidi  may  easily  be  verified  for  any  particular  value  of  n, 
and  agrees  with  the  result  of  article  (402). 
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In  the  same  manner,  when  the  general  term  of  the  series 
18  »  (»  +  1)  (n  +  2)  &c.  (n  +  r),  we  shall  have 

A«  «  (n  -I-  1)  (n  +  2)  (n  +  S)  &c.  (»  +  r  +  I)  : 

whence,  ,,«(*^  + 0(»  +  a)  &c.  (n  +  r  +  l)  ^ 

r  +  2 

and  in  this  way,  the  sum  of  n  terms  of  the  r^  order  of  figurate 
numbers  may  be  ascertained. 

434.     To  find  the  increment  of  a  fraction^   whose  de- 
nominator consists  of  n  factors^  in  arithmetical  progression. 

Let  s  denote  the  proposed  fraction 

1 

^       * 

a  (a  +  ft)  (a  +  26)  &c.  {a+(n  -  1)6}  " 


then    A« 


{a  +  6)  (a  +  26)  (a  +  Sb)  &c.  (o  +  nb) 

1 

a(a  +  b)(a-^  26)  &c.  {a  -f  (»  -  1)  6} 

I /_J ij 

(a  +  6)  (a  +  26)  &c.  {a  +  («  -  1)  6}  \a  +  »6     a 

1  nb 


(a  +  6)  (a  +  26)  &c.  {o  +  (w  -  1)  6}  a(a  +  nb) 

nb 
""  ~  a  (a  +  6)  (a  +  26)  &c.  (a  +  »6)  ' 

435.     Conversely,  we  shall  have  from  the  result  above, 

1  1    . 

= 7  A*: 


o  (a  +  6)  (a  +  26)  &c.  (o  +  nb)        nb 

and  therefore  the  integral  of  any  expression  of  the  form, 

1 

«  (a  +  6)  (a  +  26)  &c.  (a  +  nb)  ' 

1  1 

will  be r 


w6  a  (a  +  6)  (a  +  26)  &c.  {a^  (n-- 1)  b\ ' 
derived  from  it  according  to  the  following  rule : 
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Reject  the  last  factor  of  the  denominator,  and  divide  the 
result  by  the  number  of  factors  left,  and  by  the  common  dif- 
ference taken  negatively :  and  thus  the  integral  is  found,  and 
may  be  corrected  according  to  the  circumstances  of  the  case 
in  which  it  is  used. 

Whenever  the  factors  of  the  denominator  do  not  form  a 
continued  arithmetical  progression,  but  can  be  rendered  so  by 
interpolation,  the  same  rule  will  manifestly  be  applicable. 

Ex.  1.     Find  the  sum  of  n  terms  of  the  series, 

m(m+  1)      (m  +  l)  (m  +  2)      (i»  +  2)  (m  +  3) 
if  8  denote  the  sum  required,  we  have  the  n^  term 

:  and  .*.  A*  = 


(m  +  »  -  1)  (m  +  «) '  '  (m  +  w)  (w  +  w  +  1) 

whence,  *  = h  C  : 

m  +  n 

also,  0  = +  C :  since,  when  w  =  0,  «  =  0 : 

m 

.•.  by  subtraction,  «  = — ,  is  the  sum  required : 

m      fn  +  n 

which,  when  n  is  infinite,  gives  cr  =  — . 

m 

Ex.  2.     Required  the  sum  of  the  series, 

12  3 

+ + h  &c.  to  n  terms. 


1.3.5      3.5.7       5.7.9 

n+  1 


Here,  A*  = 


(2»  +  1)  (2n  +  3)  (2n  +  5) 


^j. 2W  +2 (2w  +  5)-3 

"■*(2n+l)(2n  +  3)(2»  +  5)  ■"*(2»  +  l)(2n  +  3)(2n  +  5) 


(2«  +  l)(2»  +  3)      *(2«  +  l)(2n  +  3)(2«  +  5)' 
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which  is  in  a  proper  form  for  the  immediate  applicatioh  of 
the  rule : 


•••  «=-i 1- 3- 7 

'*  2«  +  1  (2«  + 


+  C: 


8 


(2«  +  l)(2«  +  3) 
also,  0  =  -^  +  ^+C:  or  C»^: 
whence,  the  required  sum  will  be  expressed  by 

^i     1     *     ,-3  ' 

and  by  making  n  infinite,  we  have  the  sum  of  the  series  in 
infinitum^  or  (r  =  j« 

Ex.  3.     Required  the  sum  of  n  terms  of  the  series, 

1  3  5  „ 

+  ' +  ;:  +  &C, 


1.2.4       2.3.5       3.4.6 
2n+l 


Here,   A«  =  7 —  ^, 

(w  + 1)  (n + 2)  («  +  4) 

(2/i  +  l)(«  +  3)  f2(ntl)-l|{(»  +  2)  +  l} 

(/i  +  l)(n  +  2)(»  +  3)(7i-^4)      (n+l)(n  +  2)(w  +  3)(ri  +  4) 


(w  +  3)  (n  +  4)      (/i  +  2)  (w  +  3)  (n  +  4>) 
/i  +  2  1 


(w  +  l)(w  +  2)(w  +  3)(7l  +  4)       (7l  +  l)(7l  +  2)(n  +  3)(7l  +  4) 


(n  +  3)(n'h4>)      (n  +  2)(w  +  3)(/i  +  4) 


(n  +  l)(w  +  2)(/i  +  3)(w  +  4) 

^21  2 

n  +  3      2(«  +  2)(n-f-3)       3(w  +  l)(»  +  2)(w  +  3) 

^21  2  ^23 

0=  C + ,  or  C  =  — : 

3      2.2,33.1.2.3  S6 
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,  23  2 

nrnence,  «  = 


36     n  +  8     2(7H-2)(n  +  3)     3(w  + l)(w+2)(w+3) 

^3 

md  therefore  the  sum  in  infinitum,  or  o-  =  — . 

Cx.  4>.     Sum  the  series 

2*  3^  4^^ 

+ + —  +  &c.  to  n  terms. 


1.3.4.5       2.4.5.6       3.5.6.7 

Here.  As  = (^  +  ^)' 

(w  +  1)  (n  +  3)  (n  +  4)  (w  +  5) 

_       (n  +  2)  (n  -H)  4-  (n  +  2)  n  +  2 

(w  +  1)  (n  +  3)  (w  +  4)  (w  +  5)  "  (71+  3)  (n  +  4)  (w  +  5) 

w  +  2  w  +  2 


(n  +  1)  (w  +  3)  (w  -♦-  4)  (/i  +  5)       (/i  +  3)  (w  +  4)  (n  +  5) 


(»  +  3)  («  +  4)  (w  +  5)       (/i  +  1)  (n  +  3)  (w  +  4)  (/i  +  5) 

1 n-f  2 

(n  +  4)  (»  +  5)      (n  +  1)  (n  +  2)  (n  +  3)  (w  +  4)  (»  +  5) 


(w  +  4)  (n  +  5)       (n  +  2)  (n  -h  3)  (n  +  4)  (w  +  5) 

1 
{n  +  1)  (w  +  2)  (w  +  3)  (»  +  4)  (w  +  5) 

1  1 


«  +  4       3(7i  +  2)  (W  +  3)  (n  +  4) 


4(w  +  1)  (/i  +  2)  (w  +  3)  (n  +  4^ 


C: 


O-:-!.-.-— i ? +C,  or  C  =  -^: 

*       3.2.3.4      4.1.2.3.4  288 
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,  79  1 

whence,  8  > 


288      n  +  4      3(«  +  2)(n  +  3)  (n  +  4) 

1 
"  4f(n  +  1)  (ti  +  2)  («  +  3)  (n  +  4)  * 

79 


and  the  sum  of  the  series  in  infinitum^  or  a-  = 


288 


In  the  last  three  examples,  the  chief  part  of  the  process 
has  been  the  reduction  of  the  increments  to  the  form  men- 
tioned in  the  article. 

436.  To  Jind  the  increment  of  a™,  where  a  is  an  in- 
variable magnitudej  and  m  increases  in  arithmetical  pro- 
gression. 

Let  b  be  the  increment  or  difference  of  m,  then 

Ao*"  =  «*"+*  -  a*"  =  (o*  -  1)  a~, 

is  the  increment  required :  and  if  6  =  1,  we  shall  have 

Aa*«  =  (a- l)©*", 

which  is  the  formula  most  frequently  wanted. 

437.  Hence  also  conversely,  we  shall  have  the  integral  of 

1  a^ 

a"  = X  the  inte£rral  of  Aa"*  = +  C, 

0-1  ^  a- 1 

where  the  value  of  C  is  to  be  ascertained  as  in  the  preceding 
cases. 

Precisely  in  the  same  way  we  shall  have 

.  _1.  ^  J: L^LfL^    \ 

=  -  I  — r—  )  -r  =  -  ( 1  -r  9  when  6  =  1: 

\    a^    )  a"^         \    a    )  a"^ 

and  2—  =-  f j  —  +  C,  by  reversing  the  process. 
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Ex.  1.     Find  the  sum  of  n  terms  of  the  series, 

1  +  2  +  4  +  8  + &C. 

Here,  the  n*^  term  is  2*"*,  and  therefore  A«  =  2" : 
whence,  «  =  2*  +  C,  by  the  formula  above : 
also,  0  «  2^  +  C,  since  «  =  0,  when  w  =  0 : 
.•.  the  required  sum  «»=2*  — 1. 

Ex.  2.     Required  a  general  expression  for  the  value  of 
+  ar  +  ai^  +  &c.  to  n  terms. 

Here,  the  n*^  term  =  or*"',  and  therefore  A«^  =  or" : 

whence,  «  ■=  I \t*  -^  C: 


-(^) 


.'.  s  =  a ^,  is  the  expression  required. 

r  — •  1 

Ex.  3.     Determine  the  sum  of  n  terms  of  the  series. 

Here,  the  n^^  term  = r,  and  therefore  A«  =  — : 

a**~*  a* 

whence,  «  =  —  f )  —  +  C : 

\a-  1/  a" 

also,  0=-  I I — +C: 

(    a    \   /I         1  \       g  (o*  -  1)  _       o"-  1 
U-lj  \a^  "*  a"/  "  a»  (a  -  l)  ""  «»-*  («  -  1) ' 


« 


438.  It  has  before  been  observed  that  the  chief  labour 
equired  in  the  application  of  the  Inverse  Method  of  Incre^ 
lents  or  in  the  process  of  Integration^  is  the  resolution  of 
Sie  quantity  proposed  into  factors  in  arithmetical  progression 

3B 
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sometimes  termed  its  Factorials:  and  this,  when  not  imme- 
diately apparent,  may  generally  be  effected  by  means  of  inde- 
terminate coefficients. 

Ex.  Resolve  w*  into  its  factorials,  beginning  with  a  and 
increasing  by  the  common  difference  1. 

Assume  J?*  =J<»(a?+l)(a?-h2)(a?  +  3)  +  Ba?(a?+l)(4?  +  2) 

+  Ca?  («r  + 1)  +  2>^  +  iJ : 

then,  effecting  the  multiplications  of  the  latter  member,  we 
have 

a^  =  J^  +  (6J  +  B)^  +  (llJ  +  S-B  +  C)a?* 

+  (6J  +  2S  +  C  +  2>)a?  +  jB: 
and  by  equating  the  corresponding  coefficients,  we  find 
A  =  l,  B=~6,  C=7,  2>=-l,  and  £  =  0: 
.-.  a?*  =  a?(zp  +  1)  (a?  +  2)  (ar  +  3)  -  6/v  {x  +  l)  (a?  +  2) 

+  7^  C«  +  1)  -  <J? : 

to  each  term  of  which  the  general  rule  of  integration  is  ini' 
mediately  applicable. 

439.  The  very  brief  sketch  of  the  Method  of  Incre- 
ments here  given,  which  will  enable  the  student  to  effect  the 
summation  of  a  great  variety  of  series,  must  suffice  for  the 
present,  until  he  arrives  at  the  Calculus  of  Finite  Differences^ 
of  which  this  is  one  of  the  most  elementary  applications. 

RECURRING   SERIES. 

440.  Def.  a  Recurring  Series  is  so  constituted  that 
every  term  is  connected  with  some  number  of  the  terms  which 
precede  it,  by  an  invariable  law,  usually  dependant  upon  the 
operations  of  addition,  subtraction,  &c. 

Thus,  1  +  2«!i7  +  So?  +  4^  +  5«!i7*  +  &c.  is  a  recurring  series, 
because  the  third  term  =  2a7  x  the  second  term  —  a?*  x  the  first 
term  :  the  fourth  term  =  2  a?  x  the  third  term  —  a^  x  the  second 
term,  and  so  on,  according  to  the  same  invariable  law,  the 
numerical  coefficients  2  and  —  1  of  ^  and  o^,  being  termed  the 
Scale  of  Relation, 
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441.  To  find  the  sum  of  the  infinite  series  a  +  bx  +  ex* 
-h  dx^  +  &c. ,  whose  scale  of  relation  w  a  +  /3. 

Here,     a  =  a : 

hat  =  hx : 

ca?  =  aOB  (bai)  +  fia^  (a)  : 

dai^  =  ax  (ca^)  +  (ia^  (bw)  : 

ew^  =  aof  (da^)  +  fia^(cai') :  &c. 

whence,  by  addition  and  substitution,  we  obtain 

(T  =^  a-k-hof  -k-aw  (bw  +  ca^  +  da^  +  &c.  in  infinittmi) 

+  (iai^  (o  +  6a?  +  ca^  +  &c.  in  infinitum) 

^  a  +  bx  +  ax  (a  -  a)  +  (ia^a : 

-  a  +  6a?  —  aax     .      ,  .     . 

and  .•.  a  = ^-7- ,  is  the  sum  required. 

1  —  ao?  —  par 

If  the  sum  of  the  series  after  n  terms  when  continued 
in  infinitumy  be  found  from  this  formula  by  the  proper  sub- 
stitutions, it  is  evident  that  the  sum  of  the  first  n  terms  will  be 
obtained  by  subtraction. 

Ex.  1.     Find  the  sum  of  the  series  1  +  20?  +  3a^  +  4a?^  +  &c. 
Here,  a  =  2  and  /3  =  — 1,  as  is  manifest  from  a  few  trials: 

1  +  (2  -  2)  0?  1 

1  -2a?  .+  07^        (1-0?)^' 

alao,  after  n  terms,  the  series  is 

(n  +  1)  0?"  +  (n  +  2)  0?"+*  +  (w  +  3)  0?*+*  +  &c. : 

whence,  substituting  (y^  +  l)a?"  and  {n  +  2)a?*+^  in  the  places 
of  a  and  6  a?  respectively,  and  retaining  the  values  of  a  and  /3, 
we  have 

(r^  + 1)  0?"  +  (ri  +  2)  a?"+^  -  2  (rn-  l)a?**+^ 


O"  = 


1  —  2a?  +  0?^ 
(»  +  1)0?*  -no?""*"^ 

(1  -  ^vy 
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and  therefore  the  sum  of  n  terms  of  the  series. 

By  changing  of  into  -  x^  we  find  the  sum  of  n  terms  of 
the  series  1  —  2j?  +  ^^  —  ^af  +  &c.  to  be  expressed  by 

where  the  upper  or  lower  sign  is  to  be  used,  according  as  n  is 
odd  or  even. 

Ex.  2.     Required  the  sum  of  the  recurring  series  l  +  3jr 
+  5j?*  +  7«*  +  &c.,  whose  scale  of  relation  is  of  the  form  a  +  i3» 

First,     Ha^^Saa^  -^-fiaf^  or  5  =  Sa  +  /3: 

7a?»=i5a«*  +  3/3«*,  or  7  =  5a +  3)3: 

and  from  these  we  find  a  *=  2,  and  )3  *=  -  1 : 

1  +  3ar  —  2af         1  +  a? 
1  -  2a?  +  a?*       (1  -  0?)* ' 

also,  the  n^  term  of  the  series  being  (2w  -  1)  jf" S 

we  have  cr'  =  (2 w  +  l)a?"  +  (2 w  +  3)  a?"+^  +  (2n  +  5)  jf +*  +  &c. 

(2»  +  1)  a;*  -  (2w  -  1)  a?»+*     ,  ,     .^     . 

==  ^- ^ ^^ ,  by  substitution : 

(1  --(vY  ^ 

whence,  the  sum  of  n  terms  of  the  series  =  c  —  cr' 

1  -f  «i?  -  {9,71  +  1)  0?"  -f  (271  -  1)  af"^^ 

If  the  sign  of  w  be  changed,  the  sum  of  the  corresponding 
series  will  be  had  by  the  same  formula. 

442.     To  find  the  aura  of  the  infinite  series  a+bx  +  cx^ 
+  dx^  +  ex*  +  fx*+&c.,  whose  scale  of  relation  is  a  +  j3+7' 

Here,     a  =  a : 

hw  =  6a?: 
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dsf  as  aw  (ca^)  +  (ia^  (bai)  +  70?^  (a)  : 
eaf'  =  aa  {dsf)  +  j3a?*  (ca?*)  +  7.1?^  (6<r)  : 
faf  =  oa?  (eo?*)  +  /3j?*  (djr*)  +  7jr*  (co^)  :  &c. 
nrhence,  <r  =  a  +  6^  +  c^  +  ao?  (c^  +  da?'  +  ea^  +  &c.) 
+  ^df  {bttf  +  c«»*  +  dcfi  +  &c.)  +  7  J?*  (a  +  fea?  +  co?*  +  &c.) 
=  o  +  6a?  +  c^  +  aa?  (o-  -  a  -  hai)  +  j3«z?*  (cr  -  o)  +  70?^^ : 

and    .•.    (T  = ;;r— -r . 

1  -  ax  --  par  -yar 

By  the  same  mode  of  proceeding,  it  will  appear  that  the 
sum  <^  an  infinite  recurring  series  will  always  be  expressed  in 
a  similar  form,  whatever  be  the  number  of  terms  composing 
the  scale  of  relation :  and  that  the  sum  of  n  terms  may  be 
obtained  by  the  plan  above  adopted. 

Ex.  To  find  the  sum  of  1* + 2* a?  +  3*^*  +  4*ar*  +  &c.,  whose 
«cale  of  relation  is  a  +  /3  +  7. 

Here,  we  have  16  «  9a  +  4)3  +  7 : 

25  =  160  +  9/3  +  47: 

36  =  25a  +  l6/3+97: 
from  which  are  readily  found  a  =  3,  /3  =-  3  and  7  =  1: 

1  +  4<r  +  ga^  -  3ti?  -  12a?*  +  Sa^         I  +  x 

1 -3a?  +  3a?*-a?^  "  {\  -  xf' 

I     (»  +  l)V-(2n*  +  2n-l)a?»+*  +  n*a;»+* 

also.  ^  « -^ ■- : 

(1  -  a?y 

and  thus,  the  sum  of  n  terms  of  the  series  will  be 

1  +  gy  -  (n  +  l^qy*  +  (2n^  +  9.n  -  l)  af^^  -  y^V+* 

44f3.  Whenever  the  series  is  known  to  be  a  recurring 
one,  and  the  number  of  terms  in  the  scale  of  relation  is 
given,  there  can  be  no  difficulty  in  finding  the  sum  both 
in  infinitum  and   to  n  terms:  and  when  the  form   of  the 
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scale  of  relation  of  a  recurring  series  is  not  known,  a  few 
trials  will  in  general  enable  us  to  discover  it,  unless  it  be 
very  far  extended. 

444.  From  what  has  preceded,  it  appears  that  the  sum 
of  a  recurring  series,  whose  scale  of  relation  is  a  +  /3  +  7  +  &c., 
is  always  capable  of  being  expressed  in  the  form, 

A^  Bw^Caf'  '\'  Da^  +  &c. 
I  -  aOB  -'  fia^  -  yaP  —  &c. 

Hence,  conversely,  if  we  assume  the  more  general  form, 

7 r ,0,0 =  il  +  AiX  +  JgOT*  +  &C., 

we  shall  have  a  +  aiX  +  a^a?  +  &c. 

=  (-4  +  JiO?  +  AzO?  +  &c.)  (6  +  61 0?  +  h^w^  +  &c.) 
=  Ah  +  Aihx  +  A^ha?  +  &c. 

+  AbyW  +  Aih^af^  +  A^fiiO?  +  &c. 

+  A  h^aP  +  Aib^a^  +  A^h^isf"  +  &c. 
+  &c. : 

and  equating  the  coefficients  of  the  same  powers  of  <r, 

Ah  —  a\ 
Alb  +  Ahi  =  ttii 
Azh  +  Aihi  +  -4  62  =  ^  •  &c. 

which  shews  that  the  coefficients  A^  -4i,  -^g,  &c.  are  con- 
nected with  each  other  according  to  a  certain  determinate 
law:  also,  that  the  number  of  these  connecting  equations 
will  be  the  same  as  the  number  of  dimensions  of  w  in  the 
denominator,  and  consequently  that  the  scale  of  relation 
will  consist  of  as  many  terms  as  the  said  number  of  di- 
mensions, because  the  general  term  will  be  of  the  form, 

hi  h^  bs 


V 

\ 
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445.  Every  recurring  aeries  is  equivalent  to  as  many 
geometrical  progressions^  as  there  are  terms  in  its  scale  of 
relation. 

For,    since   every   recurring    series   originates   from    the 

expansion    of    the    form    ; ; ; — ,    which    may 

o  +  hiW  +  Ogor  +  &c.  '' 

generally  be  resolved  into  as  many  fractions  with  binomial 
denominators  of  the  form  p  •¥  q^v  as  there  are  units  in  the 
highest  power  of  a?  in  the  denominator,  and  each  of  these 
inay  by  actual  division  be  made  to  assume  the  form  of  a 
geometrical  progression,  it  follows  that  the  number  of  geo- 
metrical progressions  must  be  the  same  as  that  of  the  terms 
in  the  scale  of  relation. 

446.  Whenever  these  geometrical  progressions  can  be 
determined  a  priori,  the  n^  term  and  the  sum  of  n  terms 
of  the  recurring  series  will  be  obtained  at  once  by  means 
of  them:  but  this  process  is  little  less  laborious,  and  in- 
volves higher  principles,  than  what  has  been  pointed  out  in 
the  preceding  pages. 

5        7         9 
Ex.     Resolve    1  —  a^  +  -a^  —  a^  +  &c.   into   its  consti- 

2  4  8 

tuent  geometrical  progressions. 

Here,  the  scale  of  relation  is  -^,  +^: 

2—4^  2  —  4zp 


and  the  sum  =: 


2  +  a?  -  /r^      (2  -  0?)  (1  +  ^v) 


3s2|l-a7  +  .2?*-/p^  +  &c.  in  infinitum] 

-  { 1  +  ^  ti?  +  :j^  r^  + 1"  <r'  +  &c.  in  infinitum] : 
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but  as  we  have  first  found  the  generating  expression,  we 
should  be  enabled  to  form  a  better  judgment  of  it,  than 
of  its  symbolical  developements,  though  they  will  readily 
furnish  the  means  of  discovering  the  n^  term,  and  the  sum 
of  n  terms  of  the  series:  thus,  the  n*^  term 


(-2-^) 


a?»-', 


and  the  sum  of  n  terms 


where  the  higher  or  lower  sign  of  the  former  term  in  each 
is  applicable,  according  as  n  is  odd  or  even. 

In  this  chapter,  the  student  will  perceive  that  much  of 
the  detail  of  the  particular  examples  has  been  omitted,  be- 
cause it  is  supposed  that  by  this  time  he  has  acquired  a 
facility  in  all  the  fundamental  operations  of  the  science: 
and  for  further  information  connected  with  its  subdivisions, 
he  is  referred  to  Bonnycastle's  Algebra:  Emerson's  Incre- 
ments: Demoivre'^s  Miscellanea  Analytica:  Euler'*s  Analysis 
Infinitorum:  the  Acta  Petropolitan^,  and  most  of  the  pe- 
riodical Scientific  Journals. 


CHAPTER  XVII. 


THE    APPLICATION    OF    ALGEBRA    TO    GEOMETRY- 


447.  Def.  In  the  preceding  pages  the  numerical  values 
of  concrete  magnitudes  have  frequently  been  represented  by 
algebraical  symbols :  and  it  is  on  the  same  principle  that  the 
objects  of  Geometry^  or  Geometrical  Magnitudes^  as  Lines 
or  Distances^  Superficies  or  Areas^  and  Solid  Contents  or 
Voltunes^  are  valued  or  compared  by  means  of  the  symbols 
representing  their  respective  dimensions :  also,  a  line,  having 
length  only,  is  considered  as  possessed  of  only  one  dimension : 
a  superficies  having  both  length  and  breadth  comprises  two 
dimensions,  and  a  solid  has  three  dimensions,  inasmuch  as  it  is 
defined  by  means  of  three  magnitudes,  lengthy  breadth^  and 
depth  or  thickness. 

448.  Def.  A  Measure  in  Geometry  is  a  certain  magni- 
tude assumed  as  an  Unit^  with  which  other  magnitudes  of  the 
same  kind  may  be  compared :  and  though  one  magnitude 
neither  contains  another,  nor  is  contained  in  it,  an  exact  num- 
ber of  times,  there  may  still  be  a  third  and  smaller  magnitude 
which  is  capable  of  measuring  them  both.  A  Measure  thus 
defined  has  therefore  the  same  relation  to  quantity^  as  the 
unit  or  1  has  to  number-^  and  all  quantities  and  numbers 
are  said  to  be  equal  to  the  aggregates  or  sums  of  their  measures 
and  units  respectively. 

It  appears,  therefore,  that  when  the  magnitudes  of  lines 
are  once  numerically  expressed,  the  Theorems  of  Geometry 
must  themselves  furnish  the  means  of  valuing  or  comparing 
with  each  other,  those  of  both  superficies  and  solids,  whereof 

3C 
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lines  are  the  natural  dimensions :  and  on  this  account  we  shall 
first  establish  the  Theory  of  Lineal  Measure^  and  then  deduce 
those  of  Superficial  and  Solid  Measure  from  it. 

LINEAL   OR  LONG  MEASURE. 

449.  Def.  An  Unit  of  lineal  or  long  measure,  is  a 
line  of  a  certain  length,  arbitrarily  fixed  upon :  and  by  the 
determination  of  the  ratios  which  other  lines  bear  to  it,  we  are 
enabled  to  compare  with  each  other,  all  magnitudes  of  that 
description :  thus,  if  the  line  ah  be  considered  the  lineal 
unit,  and  be  denoted  by  X;  the  numerical  magnitude  of  the 
straight  line  AB^  will 


a 


D 


be  determined  from  the  following  proportion: 

the.magnitude  of  AB  :  the  magnitude  of  a 6  ::  the  lineal  units 
in  AB  :  a  lineal  unit : 

that  is,  the  numerical  magnitude  of  AB  =  the  magnitude  of 

the  lineal  units  in  AB       ,  .     i      /.    t       , 

aft  X =  the  magnitude  oi  ao  x  the  nvm- 

a  lineal  unit 

ber  of  lineal  units  in  AB :  and  denoting  this  number,  which 

may  be  either  integral,  fractional,  or  incommensurable,  by  j), 

we  have  the  magnitude  of  AB  represented  by  Xjo,   or  by  j), 

when  the  unit  X  is  taken  identical  with  the  arithmetical  unit 

or  1, 

._  the  lineal  units  in  CD  .  .    _,  .     , 

Also,  II ; ; be  numerically  equivalent 

a  lineal  unit 

to  q^  we  have 

the  magnitude  of  AB  :  the  magnitude  of  CD  =p  :  q: 

,  the  magnitude  of  AB      p 

whence,   -i ^—. — r :r-=r^  =  -  ' 

the  magnitude  of  CD      q 

and  consequently  in  the  valuations  or  comparisons  of  the  mag- 
nitudes of  any  lines  AB^  CD,  the  algebraical  symbols  p  and  ^ 
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thus  obtained,  may  always  be  used  instead  of  the  magnitudes 
themselves:  and  the  algebraical  operations  when  properly  ap- 
plied, will  produce  symbolical  results  accordant  with  the  re- 
lations of  the  geometrical  magnitudes  which  they  represent. 

SUPERFICIAL  OR  SQUARE    MEASURE. 

450.  Def.  An  Unit  of  superficial  or  square  measure  is 
a  square  surface  or  area,  whereof  the  dimension  of  each  side  is 
equal  to  the  lineal  unit:  thus,  if  a 6  represent  the  lineal  unit. 


J) 


I  I  II    ^^B-i^^^a^.^ 


the  square  abed  described  upon  it  will  be  the  superficial  or 
square  unit,  having  the  two  dimensions  ab  and  «rf,  which  may 
be  regarded  as  its  length  and  breadth :  and  the  arithmetical 
magnitude  of  any  proposed  surface  or  area,  will  manifestly  be 
obtained  by  finding  what  multiple,  part  or  parts,  the  surface 
or  area  is  of  this  unit. 

451.  The  numerical  value  of  the  area  of  a  rectangular 
parallelogram,  is  equal  to  the  product  of  those  of  its  adjacent 
sides. 

Let  A  BCD  be  a  rectangular  parallelogram,  whereof  the 
adjacent  sides  AB  and  AD  contain  p  and  q  lineal  units  re- 

£ 


A 


E 


B 


spectively  j  take  AH  =  AK  =  the  lineal  unit,  and  draw  KE 
and  HF  parallel  to  AB  and  AD  intersecting  in  G,  so  that  the 
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square  AG  being  equal  to  the  square  abcdj  may  represent 
the  superficial  unit:  then,  by  Euclid  vi.  1,  we  have 

area  of  ABEK  :  area  of  AHGK  =  AB  :  AH «  p  :  1 : 

.•.  area  of  ABEK  ^p  x  area  of  AHGK: 

also,  area  of  ABCD  :  area  of  ABEK  =  AD  :  AK  =  g  :  1 : 

.'.  area  of  ABCD  =  gf  x  area  of  ABEK 

=  g  X  p  X  area  of  AHGK^  by  what  precedes : 

that  is,  the  area  of  ABCD  -  pq  x  the  area  of  AHGK 

=  pq9  when  the  magnitude  of  the  superficial  unit  AHGK  is 
supposed  to  be  identified  with  the  arithmetical  unit  1. 

If  7  =  jt>,  the  parallelogram  ABCD  becomes  a  square,  and 
we  have  the  area  of  the  square  whose  side  is  p^  represented 
algebraically  by  p^ :  that  is,  if  A  denote  the  area  of  the  square 
whose  side  is  p,  we  have  A  =pS  and  .*.  p^y/A,  expressing 
their  relations  by  algebraical  symbols. 

Ex.  1.  Let  the  base  AC  and  the  perpendicular  altitude 
BC  of  the  triangle  A  BC,  right-angled  at  C,  be  equal  to  p  and 


q  lineal  units  respectively :  then,  denoting  AB  by  r,  we  have 
from  Euclid  i.  47, 

AB^^AC+BC:  and  .-.  r^  =  p^  ^  ^  : 
whence,  the  value  of  r  =  \/p^  +  9^,  is  obtained. 
Also,  if  q  =^  P9  we  have 

AB  =  r  =  \/^+j?  =  a/sjo^  =  p \/2  : 

that  is,  if  the  side  AC  of  a  square  be  a  rational  numerical 
magnitude,  the  diagonal  AB  whose  arithmetical  magnitude  is 
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the  surd  quantity  pv  2,  is  incommensurable  with  it.  See 
article  (182). 

462.  By  means  of  the  formula  r  =  y/j/^  +  <f^  we  may 
trace  the  origin  of  all  the  primitive  arithmetical  surds :  and 
conversely  their  geometrical  representations. 

Thus,  if  p  =  1,       and  ^  =  1,      we  have  r  «=  v  2 

j:>  =  \/2,  ...  9=1,       r  =  \/i 

p  =  2,        ...  7=1,       T  —  y/b 

p  =  2,        ...  q^y/i^ r  =  \/6\   &c. 

and  all  these  quantities,  though  their  exact  arithmetical  values 
can  never  be  ascertained,  are  quite  distinct  and  clear  when 
received  in  connexion  with  the  geometrical  magnitudes  which 
they  respectively  represent. 

Ex.  2,  Given  the  base  and  perpendicular  altitude  of  a 
triangle,  to  find  its  area. 

Let  the  base  AB  =  p  and  perpendicular  altitude  CD  =  q, 
according  to  the  principles  of  article  (449):  ' 

c 


then,  by  Euclid  i.  41,  the  area  of  the  triangle  ABC  is  equal 
to  half  the  rectangular  parallelogram  whose  base  is  AB  and 
perpendicular  altitude  CD  ^^AB  x  CD  =  ^pq:  that  is,  if 
the  base  and  altitude  be  equivalent  to  p  and  q  lineal  units, 
the  area  of  the  triangle  will  be  equivalent  to  ^pq  superficial 
units  of  the  same  denomination. 

In  the  same  way,  if  we  have  the  four-sided  figure  ABCD 
called  a  trapezium. 
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and  find  the  lineal  magnitude  of  the  diagonal  BD  equivalent 

D 


to  p,  and  those  of  the  perpendiculars  AG^  CH  let  fall  upon 
it  from  the  angles  A^  C  to  q  and  r  respectively,  we  shall  have 

the  area  of  ABCD  =  the  area  of  ABD  +  the  area  of  BCD 

=  ^BDx  AG  +  \BD  X  CH 

^iM  +  i^** 

=  ^p  (g  +  r)  : 

that  is,  the  area  of  a  trapezium  is  found  by  multiplying  half 
a  diagonal,  by  the  sum  of  the  perpendiculars  let  fall  upon  it 
from  the  opposite  angles. 

Similarly,  the  area  of  any  rectilineal  figure  may  be  found, 
by  adding  together  the  areas  of  the  triangles  of  which  it  is 
made  up. 

Also,  conversely,  the  value  of  any  one  of  the  dimensions 
of  the  figure  here  used,  may  be  ascertained,  when  the  rest 
together  with  the  area,  are  given. 

SOLID   OR   CUBIC   MEASURE. 

453.  Def.  An  Unit  of  solid  or  cubic  measure,  is  z 
cube  or  rectangular  parallelopiped,  whose  length,  breadth 
and  thickness  are  each  equal  in  magnitude  to  the  lineal 
unit :  thus,  the  solid  af  represented  below,  wherein  ah  =  ac 
=  ad=  the  lineal  unit  as  before,  denotes  the  solid  unit : 
and  the  solid  content  or  volume  of  any  other  body  of  three 
dimensions  will  evidently  be  ascertained  by  finding  what 
multiple,  part  or  parts,  it  is  of  this  unit,  the  liineal  dimen- 
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breadth    and    thickness    being     first 


nous,  or    the  length, 
determioed. 

4£4.  The  numerical  value  of  the  solid  content  or 
volume  of  a  rectangular  parallelopiped,  is  equal  to  the 
continued  prodttct  of  those  of  its  length,  breadth  and 
thickness. 

Let  JBFM  represent  a  rectangular  parallelopiped,  where- 
of the  length  JB=p,  the  breadth  AC  =  q,  and  the  thick- 
ness AD  =  r,  the  denominations  of  the  dimensions  being  the 
same  in  each : 
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take  AH  =  AK  =  AL  =  the  lineal  unit,  and  complete  the 
constructioD  as  in  the  diagram :  then  it  is  manifest  that 
AG  will  be  a  cube  whose  magnitude  is  equal  to  that  of  the 
solid  unit  af:  and  bj^  Euclid  xi.  S5,  we  have 

the  parallelopiped  AF  :   the  parallelopiped  AI 

=  DCD  :   DCL  =  AD  :  AL  =  r  :   l  : 

.'.  the  parallelopiped  AF^^r  x  the  parallelopiped  AI: 

also,  the  parallelopiped  AI  :  the  parallelopiped  AP 

=  DBI  :    DBP=AC:   AK  =  q  ;   1  : 

.*.  the  parallelopiped  AI=q  x  the  parallelopiped  AP: 

again,  the  parallelopiped  AP  :  the  parallelopiped  AG 

~nBL  :   UHL=AB  :  AH  =  p  :  l: 
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.'.  the  parallelopiped  AP  =  p  x  the  parallelopiped  AG : 

whence,  we  have  now,  the  parallelopiped  AF 

=  r  X  the  parallelopiped  AI 

=  r  X  q  X  the  parallelopiped  AP 

=  r  X  q  X  p  X  the  parallelopiped  AG 

=:  pqr^  since  the  parallelopiped  AG  =  J  : 

that  is,  the  volume  of  a  rectangular  parallelopiped,   is  ex- 
pressed  by  the  continued  product  of  its  lineal  dimensions. 

If  AD  =  AC9  or  r  =^  q^  the  volume  of  the  parallelopiped 
will  he  p(f:  and  if  the  three  edges  AB^  AC 9  AD  be  all 
equal  to  each  other  and  to  p,  the  parallelopiped  becomes  a 
cube  whose  volume  =  p^. 

Hence,  if  V  be  assumed  to  represent  the  volume, 

V  V  V 
we  have    V—pqr^    p  =  — ,    g  =  — ,    and   r  =  —  : 

qr  pr  pq 

V  /V 
also,    V  =  p^y    p  =  -- ,    and   q  =  \/  ~  • 

T  P 

again,  V  =  p^,  and  p  =  \/  F,  in  the  respective  cases  above 
considered  :  and  thus,  the  relations  between  the  correspond- 
ing geometrical  magnitudes  have  been  expressed  algebraically, 
according  to  the  principles  before  established. 

In  the  same  manner,  it  appears  from  the  Elements  of 
Geometry  that  the  volume  of  any  parallelopiped  whatever  is 
found  by  multiplying  the  area  of  any  of  its  plane  faces,  by 
its  perpendicular  altitude  with  reference  to  it. 

455.  Before  we  proceed  further,  we  will  illustrate  the 
theorems  already  laid  down,  by  their  application  to  a  fev 
useful  practical  examples. 

Ex.  1.  A  rectangular  court,  the  sides  of  which  are 
p  and  q  yards,  has  a  path  r  yards  wide  cut  off  from  two 
of  its  sides :  required  the  area  of  the  path,  and  of  the  remain- 
ing portion. 
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Here,  the  area  of  the  whole  court  =^  pq: 
also,  the  area  of  the  portion  left  =  (p  -  ^)  (^  -  ^) 

=  pg  -  (p  4.  gr)  r  +  r* : 

.'.  the  area  of  the  path  =  (p  +  Q')  r  -  r*. 

If  the  path  be  continued  for  every  side,  we  shall  have 
the  area  of  the  portion  left  =  (p  —  2r)  (g  —  2r) 

and    .'.  the  area  of  the  path  «  2  (p  +  Q')  ^  -  4r*, 

which   differs  from    twice   that   found   above  by   2  r^,   as  it 
manifestly  ought  to  do. 

Ex.  2.  Given  the  three  sides  of  a  triangle,  to  find  its 
perpendicular  altitude,  and  the  corresponding  segments  of 
the  base. 


Let  AB=^Cf  AC^bj  and  BC^a:  also,  x^ADi 

.'.  DB  =  c-  0?: 

now,  Ciy^AC-A]y^h^--x^i 

also,  ay^CB"^  DB"  =  a*  -  (c  «  xfi 

whence,  d^  —  a?  -{•  2caf  —  ^  =  6*  -  a?* : 

2c 

a^  +  c^  ^  h^ 
and  c  -  47 «  — -^ ■-  =  BD. 

3D 
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Hence, 

6»  +  c*  -  a*\  »      (260)*  -  (6«  +  <?  -  ay 


ciy 


...(51±£-) 


4C* 

(26c  +  y  -f  c^  -.  pg)  (26c  -.  6»  -  c^  +  g«) 

4^ 
4C* 

(a  +  6  +  c)  (a  +  6  -  c)  (o  +  c  -  6)  (6  4-  c  —  a) 


II    I  >    >^».»— ^ 


4c* 

and  CD  «  —  '\/(a  +  b  -k- c){a'^b  ~c)(a -k- c  -6)  (6  +  ©  —  a): 
2c 

which,  if  Stfsa  +  ft  +  c  and   .•.  2 («  —  «)  =  ft  +  c  —  o,    2(«-6) 
«a  +  c-6,  and  2(«-c)  -  o  +  6- C)  becomes 

CD  =  '  \/8{8  -a)  (8^ b)  («  -  c) . 

A  similar  demonstration,  and  the  same  results  will  be 
found  to  obtain,  when  the  perpendicular  falls  without  the 
base  of  the  triangle. 

See  Propositions  12  and  13  of  Euclid^  Book  11. 

Ex.  3.  To  express  the  area  of  a  triangle  in  terms  of 
its  sides. 

Using  the  diagrams  and  notation  of  the  last  example, 
we  have  the  area 

^^AB^  CD 

c       2      J 
=  -  X  -  V  ^(«  —  «)(«-  b)  {a  —  c) 

^       c 

=  V  «  (a  —  a)  («  -  b)  (a  -  c), 
which  enunciated  at  length  gives  the  following  rule: 
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From  half  the  sum  of  the  sides,  subtract  each  side  sepa- 
rately: multiply  the  half  sum  and  the  three  remainders 
together,  and  the  square  root  of  the  product  will  be  the 
area. 

Ex.  4.  Required  the  area  of  a  triangle  whose  sides 
are  \/2o«  +  26*-c%  \/2a^  +  2c*-6^    and   \/26*  +  2c*-a^ 

By  the  last  example,  (the  area)* 
■"  4    ^  4c'* 

9 
=  —  (o  +  6  +  c)(o  +  6-c)(a  +  c-6)(6+c-a),  by  substitution: 

therefore  the  area  required 
=  J  \/(o  +  6  +  c)  (a  +  6  -  c)  (a  +  c  -  6)  (6  +  c  -  a) 
tas  3  times  the  area  of  a  triangle  whose  sides  are  a,  6,  c. 

Ex.  5.  To  express  the  radii  of  the  inscribed  and  cir- 
cumscribed circles  of  a  plane  triangle,  in  terms  of  the 
sides. 

Let  0  be  the  centre  of  the  circle  inscribed  in  the  triangle 


B 

JLBC^  so  that  oaso&s=oc  =  the  radius  r:  then,  if  S  denote 
the  area  of  the  triangle,  we  have 

S  =  H^AoB  +  A^oC  +  AjBoC 

«-]^cr  +  ^6r  +  ^ar  =  -^(a  +  6  +  c)r  «  tb  : 
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whence,  ^  ^^  ^Vsj,- a)(, -b)is -c) 

8  8 

Next,  let  O  be  the  centre  of  the  circle  circumscribed 
about  the  triangle  ABC,  so  that  OArr^OB^OC^  the  radius 
Ri  then,  if  CD  be  drawn  perpendicular 


to  AB^  we  have  by  Euclid  vi.  C,  ^R  x  CD^JC  x  BC: 

,  ^        ah        ahc 

whence,  R  =     ^^  « >  ,         ,  ,       ,^  ,    ==. 

2C2>      4\/*(« -«)(««  6)  («-c) 

Ti  1.    .  .1.  \      T.        2S  abc         ahc 

From  this  it  appears  that  2i(r  = —« ; . 

8    ^S      a+6+c 

Ex.  6.  To  find  the  volumes  of  a  triangular  prism  and 
of  a  pyramid  with  a  triangular  base. 

If  a  rectangular  parallelopiped  be  cut  by  a  diagonal  plane, 
so  as  to  divide  it  into  two  parts  exactly  similar  and  equal  to 
each  other,  it  is  evident  that  two  of  its  opposite  and  parallel 
surfaces  are  likewise  bisected ;  whence  the  solid  content  of  each 
of  the  upright  prisms  with  right-angled  triangles  for  their 
bases,  into  which  the  parallelopiped  is  divided,  will  be  ob- 
tained by  multiplying  the  quantity  expressing  the  area  of  its 
base  by  that  denoting  the  height  or  edge  at  right  angles  to  it. 

Also,  since  by  Euclid  xii.  7,  any  prism  having  a  trian- 
gular base,  may  be  divided  into  three  pyramids  that  have 
triangular  bases  and  are  equal  to  one  another,  it  is  manifest 
that  the  solid  content  of  a  triangular  prism  will  be  obtained 
by  multiplying  the  area  of  its  base  by  one  third  of  its  per- 
pendicular altitude. 
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Again,  because  every  other  upright  prism  aud  pyramid 
may  be  divided  into  prisms  and  pyramids  respectively,  with 
triaDgular  bases,  we  may  conclude  generally,  that  the  volumes 
of  all  upright  prisms  and  pyramids  will  be  expressed  in  the 
same  terms. 

What  has  been  proved  of  upright  solids,  holds  good  of 
all  solids  whatever  of  the  same  kind,  as  appears  from  Euclid 
XT.  31,  and  xii.  6. 

The  following  results  which  are  not  attainable  by  the 
application  of  Algebra  to  Geometry  without  reference  to 
higher  principles,  may  be  found  in  the  introductory  chapter 
of  the  Author's  Principles  of  the  Differential  Calculus, 

(l)  If  r  be  the  radius  of  a  circle,  and  w  =  3.14159  &c., 
then  will  the  circumference  be  expressed  by  2  7rr,  and  the 
area  by  wr*. 

Whence,  of  different  circles  the  circumferences  are  propor- 
tional to  the  radii,  and  the  areas  to  the  squares  of  the  radii. 

Also,  if  a  be  the  arc  of  a  circular  sector  whose  radius  is  r, 
its  area  will  be  ^ra. 

(i)  If  r  be  the  radius  of  the  base  of  a  right  cylinder,  and 
h  its  perpendicular  height :  then,  the  convex  surface  =  27rr A : 
the  whole  surface  =  g-irr  (r  +  A)  :  and  the  volume  =  wr^h, 

(3)  If  r  be  the  radius  of  the  base  of  a  right  cone,  h  its 
perpendicular  height,  and  I  the  length  of  its  side :  then  will 
the  convex  surface  =  irrl :  the  whole  surface  =  Trr  (r  +  /)  : 
and  the  volume  =  ^  7rr*A. 

If  R  and  r  be  the  radii  of  the  ends  of  the  frustum  of  a 
right  cone,  h  its  height,  and  I  the  length  of  its  side : 

then,  the  convex  surface  =  tt  (i?  +  r)  /: 

the  whole  surface  =  tt  {iZ  (i?  +  Z)  +  r  (r  +  /)}  : 

and  the  volume  =  ^ttA  {R^  +  Rr  +  r*}. 

(4)  If  r  be  the  radius  of  a  sphere,  the  convex  surface 
«4wr*:  and  the  volume  =^7rr^. 
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These  values  of  the  surfaces  and  solid  contents  of  what 
are  termed  the  Rotmd  Bodies^  are  of  very  considerable  prac- 
tical importance :  and  they  are  deduced  by  means  of  a  very 
simple  process  in  the  work  above  referred  to. 

456.  We  have  now  seen  how  geometrical  magnitudes  in 
general  may  be  expressed  by  means  of  the  symbols  of  Algebra, 
and  the  converse  of  the  preceding  propositions  will  of  course 
obtain :  but  algebraical  quantities  considered  with  respect  to 
number  only,  may  always  be  represented  by  lines,  according 
to  the  following  principle. 

Let  p,  g,  r,  &c.  be  represented  by  lines: 

a  third  proportional  to  the  lines  p  and  q  will  represent 

— ,  or  ^  if  p=l,  or  -  if  g=  1. 
P  P 

QT 

Again,  since  p  :  q  ::  r  :   — ,   a  fourth   proportional  to 

P 

qr 
the  lines  p,  q   and  r  will  represent  —  ^  or  qr  if  p  =  li  or 

P 
q^  if  r  =  g  and  p  =  1 :    and   the   same    may  be    extended  to 

other  quantities  thus  represented. 

Also,  if  g  be  a  mean  proportional  between  p  and  r,  we 

have  p  :  q  ::  q  :  r^  or  q^  ^  pr :  that  is,  q  =  y/pr^  or  ^/ff 
is  represented  by  a  line  which  is  a  mean  proportional  between 

the  lines  p  and  r :   and  this  becomes  y/py  when  r  =  1. 

The  same  process  is  applied  to  represent  by  lines  such 
quantities  as  y/pr  and  Vj? :  but  for  surds  whose  indices 
are  odd  numbers,  or  involve  odd  factors,  the  principles  of 
Geometry,  as  at  present  understood  will  not  be  sufficient, 
and  approximate  values  only  can  be  obtained. 
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457.     To  determine  the  algebraical  affections  of  geome- 
Heal  magnitudes. 

Let  DAB  be  a  straight  line,  along  which,  from  any  fixed 
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)oint  A  in  it,  difierent  distances  are  to  be  measured  and 
estimated;  then,  if  Jf  be  any  point  in  AB^  we  have 

AM^AB-MB, 

irhich,  since  AB  is  greater  than  MB^  is  evidently  a  positive 
[uantity :  but  if  M  be  situated  in  ^2>,  then  MB  is  greater 
ban  AB^  and  therefore  the  corresponding  value  of  AM 
lecomes  negative,  and  we  have 

AM^MB^AB^^  (AB  -  MB)  : 

irhence,  if  lines  measured  from  the  fixed  point  A  towards 
be  rigM  be  called  positive^  lines  measured  from  the  same 
loint  A  towards  the  left  must  be  termed  negative.  In  the 
ame  manner,  if  lines  measured  from  A  upwards  alcmg  AC 
\e  positive,  those  measured  from  A  downwards  along  AE 
riH  be  negative. 

The  converse  is  evidently  true :  and  of  course  the  same 
^g^9eii€H9  belong  to  all  parallel  lines  drawn   in   the   same 

Also,  if  the  algebraical  value  of  a  line  be  a  negative 
[uantity,  the  line  must  be  measured  in  a  direction  opposite 
Q  that  which  is  assumed  to  be  positive. 

458.  The  following  examples  will  furnish  illustrations 
if  the  use  of  the  preceding  propositions. 
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Ex.  1.     Given  the  difference  between  the  side  and  the 
diagonal  of  a  square,  to  find  its  area. 

Draw  a  square  JBCD,  whose  diagonal  is  AC,  and  let 
the  given  difference  =  d :  then,  if  JB  =  ^,  we  have 

AC  =  \/a^  +  af  =  d7\/i  : 
whence,  oo  v  2  —  co  —  d,  by  the  question  : 

.•.   CB  =  — ;;= =  (1  +  \/2) ^>  the  side  of  the  square : 

\/2  -  1 

and  its  area  =  (l  +  \/kfd^  =  (3  +  2  \/i)  d^. 

If  we  had  taken  AC  =  — «» y^?  which  is  admissible  by 

reason  of  the  radical  sign,  we  should  have  —  d?\/2""^  =  ^j 
an  equality  which  plainly  cannot  subsist  unless  d  be  affected 
with  the  negative  sign :  and  this  would  entirely  alter  the 
nature  of  the  problem. 

Ex.  2.  Produce  a  given  line,  so  that  the  rectangle  of 
the  given  line  and  the  whole  line  produced,  may  be  equal 
to  the  square  of  the  part  produced. 


Let  AB  the  given  straight  line  =  a,  BC  the  produced 
part  =  x :  then,  AC  =  a  +  ^ : 

and  a  {a  +  ai)  =  0^9  or  a?^  -  ao?  =  a',  by  the  question : 

whence,  a?  =  ^  a  (l  ±  v  5),  one  value  of  which  is  positive 
and  the  other  negative. 

Hence,  the  value  a?  =  ^  a  (l  +  v  5)  is  alone  consistent 
with  the  production  of  the  given  line,  and  answers  the 
condition  of  the  question:  but  the  value 

a?  =  ^  a  (1  -  y/d)  =  -  ^  a  (y/s  -  l), 

accords  with  the  position  of  C  between  the  points  A  and  J, 
and  therefore  gives  the  solution  of  Proposition  11  of  the 
second  Book  of  Euclid's  Elements. 
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The  student  will  find  no  difficulty  in  constructing  for 
the  solution  of  the  question  proposed :  thus,  upon  AB 
describe  the  square  ABDG:  bisect  BD  in  JEJ,  join  AE  and 
produce  DB,  so  that  EF^EA :  then  the  side  of  the  square 
described  upon  DF^  will  cut  AB  produced  in  the  required 
point  C,  as  is  easily  demonstrated. 

Ex.  3.  With  a  given  hypothenuse,  find  a  right-angled 
triangle  whose  sides  are  in  continued  proportion. 


A  C 

Let  AB  =  c,  BC  =  .a?,  and  .*.  AC  =  \/c^-  a^ : 
whence,  c  :  y/c^-of^  -  y/c^-a^  :  w^  by  the  question: 
.-.  cx^(?-  w\  and  al'-^-cw^  (?, 
•which  solved  gives  ^  -\  c(\/5  -  1)  : 

and  .-.  y/&  -  ou^  =  \cy/^ y/l -  2 : 
or  the  sides  are  c,  ^c-x/sy^-g,  and  \c{\/1-\\ 

The  value  ^=-^c(\/5  +  l)  renders  y/ (f  —  o?  imaginary, 
and  therefore  furnishes  no  real  solution  of  the  problem. 

From  this  result  a  geometrical  construction  may  easily 
be  derived. 

Ex.  4.     Given  two  sides  of  a  triangle,  and  the  length 

c 


A  £  B 

of  the  line  bisecting  the  included    angle    and   meeting   the 
base,  to  find  the  triangle. 

3E 
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Let   BC^a,    AC^b,   CE  =  dj  and   AB  ^ 

Euclid  VI.  3,   we  have 

AE  :  EB  ^    AC    :  BC  =  b  :  a: 

.*.  AE  :     a?    =     6      :  a  +  6,  or  AE  = 


and  .r  :  EB  ■=  a  +  6  :      a,      or  BE  = 


^p:   then,  by 


a  +  6 

aw 
a  +  6 


whence,  a6  =  d*  + 


aha? 
(a  +  6)« 


,  by  Euclid  vl  fi : 


/o6  -  cP 

and  this  solved  gives  «r  =  (o  +  6)  \/ r — . 

ao 

From  this  result  it  follows  that  d  must  be  less  than 
y/ah  to  ensure  the  existence  of  a  triangle  with  the  pre- 
scribed data:  also,  when  d^y/ahy  the  triangle  vanishes; 
and  when  d  is  greater  than  y/ah^  the  data  are  incongruous. 

Ex.  5.  Given  the  segments  of  the  base  made  by  a 
perpendicular  from  the  opposite  angle,  and  the  ratio  of 
the  remaining  sides  of  a  triangle,  to  find  it. 


BC 

Let  AD  «  p,  DB  =  g,  and  — ^  =  m :    then,  if  BC 

and  AC  =  y,   we  have  w  =  my : 

also,  at"  ^f  =  {Biy  +  DC)  -  (Aiy  -^  DC)  ^  f  "I?: 

whence,  w  =  m  \/  ^        ,  and  y  =  x/  ^-r — ^  , 

m'  -  1  w*  -  1 

are  the  values  of  the  remaining  sides. 


=  a?. 
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The  solution  shews  that  q^  —  p^  and  m?  —  1,  must  have  the 
same  algebraical  sign  in  order  to  ensure  the  existence  of  a 
triangle:  and  when  m  =  1,   we  must  have  q  =p,  bo  that  a? 

and  y  assume  the  form  - ,  in  which  case  the  problem  becomes 

indeterminate,  the  data  being  insufficient  for  its  solution. 

Ex.  6.  In  a  given  circle,  to  inscribe  a  rectangle  of  given 
area. 

In  the  diagram  of  article  (457),  suppose  a  circle  to  be 
described  with  the  centre  A  passing  through  the  points 
By  P,  C,  2>,  JB:  and  let  JB  =  a,  AM^w: 

then,  by  Euclid  iii.  35,  we  have  DM. MB  =  MP* : 

.'.  MP  ■=  y/(a  +  /»)(«-  w)  =  v^a*  -  .a?* : 
whence,  if  A'  be  the  given  area,  we  shall  have 

^CDy/c?  -^  ^  ar  Af",  or  l6a?*  -  l6a*a?*=  -  Ap*  : 
.-.  l6a?*  -  l6aW  +  4o*  =  4o*  -  V" : 

••.  4ai*-2o"«±\/4a*-A^,    and  a?  =  ±  ^ y/2a^  ±  \/4a*  -  A?* : 
that  is,  AM  =  ±  ^  y/^^^y/T^^^, 

and  MP  =»  ±  ^\/2a*  =f  \/4a*  -  A;* : 

and  the  four  values  of  each  of  these  lines  admit  of  their  geo- 
metrical interpretations,  by  reference  to  the  four  rectangles 
situated  about  the  centre  of  the  circle. 

It  is  obvious  also  that  A^  cannot  be  greater  than  2  a'; 
and  when  I^=:2a*y  or  is  the  greatest  possible,  we  have 

JJf=±-^,  and  MP=± 


so  that  the  rectangle  becomes  a  square  whose  area  =2a^. 

Ex.  7*  From  two  given  points  draw  two  straight  lines 
to  a  given  line,  so  that  their  sum  shall  be  of  a  given  mag- 
nitude. 
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Draw  BC  and  DE  perpendicular  to  the  given  line  CAE 

D  B 


E  A  C 

also  let  BC^a^  DE-h^  EC=c,  AC^w,  and  .•.  AE^c-ob: 

then,  y/a^  +  a?*  +  y/l?  +  (c  -  aif  =  AB  +  AD  =  d,  suppose : 

and  this  by  reduction  becomes 

4  (eP  -  c«)  <2?*  -  4c  (a*  -  y  -  c*  +  cP)  a? 

+  {A^a^dr  -  (a^  -  6^  -  c^  +  cP)*}  =  0, 

the  solution  of  which  gives  the  required  values  of  x. 

When  the  two  values  of  w  become  equal  to  each  other, 
the  former  member  becomes  a  complete  square,  so  that  four 
times  the  product  of  the  extremes  is  equal  to  the  square  of 
the  mean ;  whence,  effecting  the  multiplications,  &c.,  we  find 
cP  =  (a  +  &)^  +  c^ :  and  the  equation  becomes 

4  (a  +  hfa^  -  8ac  (a  +  &)  «2?  +  4a^c^  =  0 : 

.-.  2  (a  +  0)  Off  -  2ac  =  0,    or  a?  = : 

a  +  6 

whence,  c  -  a?  = ,   and  therefore  =  - : 

a  +  0  c " X      h 

AC      AE 

that  is,  ——  =  — — ,  and  the  triangles  BACy  DAE  are  similar: 
BC      DE 

also,  it  will  readily  appear  that  the  value  of  d  is  then  the 
least  possible. 

If  D  be  on  the  other  side  of  the  given  line,  the  solution 
will  be  the  same :  and  when  d^  =  (a  +  Vf  +  c^,  BA  and  AD 
form  a  straight  line,  which  is  manifestly  the  least  possible. 

Ex.  8.  To  find  the  side  of  a  regular  decagon  inscribed  in 
a  circle  of  given  radius. 
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Taking  the  diagram  of  Euclid  iv.  10,  we  shall  manifestly 
have  BD  =  the  side  of  the  decagon  inscribed  in  the  circle 
whose  radius  is  AB  :  then,  if  BD  =  AC  =  a?,  and  AB  =  r, 

/.  BC  =  r  -  J?,  and  r  (r  —  a?)  =  o^ : 

from  which,  w  =  ^r  {y/s  -  l)  the  side  required. 

Ex.  9.  To  divide  the  area  of  a  circle  into  n  equal  parts, 
by  means  of  concentric  circumferences. 

Let  T  =  the  radius  of  the  circle :    then  Trr*  =  the  whole 


area,  and  each  part  = 


n 


let  ofij  W29  cPa,  &c.  be  the  radii  of  the  required  circumferences 
taken  in  order : 


2        'TTT^ 


\  TT^i  = ,  or  Wi 

n  '    n 


=  r>s/i: 


27rr^  /2 

TT^J  = ,  or  x^^T  \/  —  •   &C'  • 

that  is,  the  radii  of  the  circles  beginning   with   the   inner- 
most are 


V-      rV-,    rV-,  &c.,  r  \/- 


.   .  w  -  1 


n  n  n  n 

and  the  breadths  of  the  concentric  annuli  will  therefore  be 

(\/n  -  \/n  -  i\  fy/n  -  1  -  \/n  -  2\ 

— v^—y  n — v^ — )'^"= 

beginning  with  the  outermost. 

From  these  results  a  neat  geometrical  construction  may  be 
derived. 

Ex.  10.    Find  where  a  section  must  be  made  parallel  to  the 
base  of  a  cone,  that  the  two  parts  may  be  in  a  given  ratio. 
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Let  AC  «  r,  CP  =  A,  Pc  =  a?,  and  let  the  upper  part  be 
to  the  lower  part  as  m  :  1 : 


therefore,  the  whole  cone  :  the  frustum  ::  m  +  I   :   l  ; 

ac      (B  rw 

now  —  =  75    •■•  oc  =  -7-:  and  Cc  ^  h  ^  w: 
r       h  h 

therefore,  the  volume  of  the  frustum 

and  the  volume  of  the  cones-^Trr^A: 

whence,  (m  +  1)  (A  -  zp)  (A*  +  Ao?  +  a?^  =  A% 

is  the  equation  for  finding  w : 

^r—— 

that  is,  (w  +  1)  (A' -  ^)  «=  A^,  and  .*.  ^  =  h\/ — ^— . 

m  +  1 

If  m  =  1,  or  the  volume  of  the  cone  be  bisected,  we  have 
^ps=-rT=,  as  it  manifestly  ought  to  be. 

On  this  subject  the  Student  may  consult  BonnycastUz 
Algebra,  and  Simpson's  Select  Exercises  for  additional 
Examples. 


APPENDIX  I. 


MISCELLANEOUS    THEOREMS    AND    PROBLEMS,    WITH    THEIR 

SOLUTIONS. 


1.  We  will  now  present  to  the  student  a  few  additional 
articles  connected  with  the  preceding  pages,  a  great  portion  of 
which  were  incorporated  into  the  text  of  the  last  edition  of 
this  work,  but  not  being  essential  for  a  correct  apprehension 
of  the  principles  of  Algebra,  they  are  now  removed  out  of  his 
way,  so  that  the  progress  he  has  made,  or  the  leisure  he  may 
possess,  will  direct  him  to  their  perusal  or  not. 

FUNDAMENTAL   OPERATIONS. 

2.  The  chief  distinctions  between  Arithmetical  and  Sjrm- 
bolical  Algebra,  consist  in  the  following  particulars : 

In  Arithmetical  Algebra,  the  quantities  upon  which  oper- 
ations are  performed  are  always  supposed  to  be  numbers  or 
their  representations  by  means  of  general  symbols  the  letters 
of  the  alphabet,  whereas,  in  Symbolical  Algebra,  they  may 
be  any  kinds  of  quantities  whatever. 

In  Arithmetical  Algebra,  the  signs  made  use  of,  are  merely 
symbols  of  operaHorij  whereas,  in  Symbolical  Algebra,  they 
are  frequently  supposed  to  denote  affections  or  qualities 
inherent  in  the  symbols  to  which  they  are  prefixed. 

Arithmetical  Algebra  is  grounded  entirely  upon  axioms 
arising  from  the  nature  of  number;  but  Symbolical  Algebra 
is  a  science  which  treats  of  all  kinds  of  quantities  as  influenced 
by  the  affections  or  qualities  of  the  symbols  employed,  and  its 
principles  are  asstMned  to  be  such  that  its  results  are  always 
accordant  with  those  of  arithmetic  as  far  as  it  goes. 
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On  this  subject,  see  Professor  Peacock's  Algebra^  where 
the  distinction  is  fully  and  clearly  pointed  out. 

jf*  —  a*  . 

3.  In  article  (S5).   it  has  been   shewn  that    is 

m    —a 

always  a  complete  quotient,  whatever  positive  whole  number  m 

may  be:    and  in  precisely  the    same   manner,    if  we    divide 

af^  —  a^  by  w  +  a^  the  remainder  will  always  be  of  the  form 

±  a^.r"*""  —  a"*,  which  cannot  become  =  0  when  n  =  f?»,  unless 

the  first  term  be  positive,  and  this  is  the  case  only  when  n  is  an 

,  .      ,      or  -  a"^  ,  .     .     , 

even  number :  that  is,  is  an  exact  quotient  when  m  is 

w    +  a 

even,  but  not  when  m  is  odd.  j 

Similarly,  may  be  shewn  to  give  a  complete  quo- 

tient  when  m  is  odd,  but  not  when  m  is  even ;  and  that 

w  -fl 

is  never  a  complete  quotient,  as  expressed  in  general  symbols. 

These  results  are  easily  established  by  means  of  the  ex- 
pansion of  the  binomial  (a?  ±  a)^. 

4.  CoK.  1.     Since  af^  -  paf^'^  +  qx"^'^  -  &c.  +  tw-u^ 
may  be  written  in  the  form 

(^  -ar)-p  (a***-^  -  a*"-^)  +  q  {jxT'^  -  oT'^)  -  &c.  +  ^  (a?  -  a) 

+  a*"  -  pa"*"^  +  qaJ^'^  -  &c.  +  ifa  —  w, 

and  every  binomial  quantity  in  the  first  line  is  divisible  by 
a?  —  a,  it  follows  that  the  remainder  not  involving  j?,  will  be 

a«  -pa"*-^  +  ga"*"^  -  &c.  +  ^a-  w  : 

and  of  this,  the  third  example  of  article  (34)  is  a  particular 
case. 

5.  CoE.  2.     Hence,  we  shall  have  also, 
(1  +  v)"*  -  1 


(1  +  v)  -  1 


=  1  +  (1  +  v)  +  (l  -^vf  +  (i  +t))'  +  &c.  to  m  terms; 


&c.,  ^,    ;^,     -5,    -,    1,    a,    a%    a%    a\   &c. 
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••.  (1  +«)"=  i+t>+«  {(!+«)  +  (!  +t?)^  +  &c.  to  (m-1)  terms} 

=  1  +m«  +  Bxr  +  C«*  +  &c. : 

which  proves  that  the  coefficient  of  the  second  term  of  the 
expansion  of  (l  + 1?)"  is  equal  to  the  index,  when  it  is  a 
positive  whole  number,  as  in  article  (244). 

6.  We  have  seen  in  (4)  of  article  (13),  that  a®  =  1,  and 
it  may  not  be  improper  to  explain  how  this  happens  to  be  the 
case,  from  simple  principles. 

If  we  put  down  1,  and  perform  successive  multiplications 
and  divisions  of  it  by  a,  we  shall  have  the  following  scheme : 

1111 

^'    73'    ^'    "^ 
or       or      cr       a 

which  may  also  be  written  in  the  form, 

&c.,    a"*,    a~^    a~^    a"S    1,    cr',    a*,    a%    a*,    &c. : 

and  from  this  we  derive  the  conclusions  below: 

o^  =  1  X  a : 

a*  =  1  yi  a  y^  a\ 

€^  =  lxaxaxa: 

a*  =  lxaxaxaxa:    &c: 

o"*  =  I  -7-  a: 

a"*  =  (1  -7-  a)  -r-  a  : 

a-'=  |(l-i.a)-e-o}  -=-o: 

a"*  =  [{(1  -f-  a)  -e-  a}  t-  a]  -r-  a :   &c. : 

so  that  the  index  in  reality  denotes  how  many  successive  mul- 
tiplications or  divisions  of  1  by  the  quantity  a  are  implied: 
and  consequently  when  no  multiplication  or  division  by  a  is 
sapposed  to  take  place,  we  shall  have  a!^  equivalent  to  1,  con- 
sistently with  this  view  of  the  subject.     Also,  the  cipher  or 
f     0,  being  the  connecting  link  between   positive  and  negative 
jr   quantities,  it  is  found  convenient  to  consider  it  subject  to  the 
^    lune  operations  as  any  other  symbol:  and  accordingly  we  shall 
have  0^  s  1,  by  the  same  notation,  for  the  scheme  will  then  be, 

^"  h'  h'  ^'  5^'  *' "''  ^' "''  ^*  '"^ 

sr 


410  FUNDAMENTAL    OPERATIONS. 

7*  The  square  of  every  number  consisting  of  n  digits, 
will  contain  either  2n-l,  or  2n  digits. 

For,  a  number  consisting  of  n  digits  must  either  be  equal 
to  10*""^,  or  lie  between  10*"^  and  10*:  and  consequently  its 
square  must  either  be  10^"~%  or  lie  between  lo*"*"*  and  10^*: 
that  is,  the  square  must  comprise  either  2n  —  1,  or  2n  digits, 
since  10^*"*  and  10^"  contain  exactly  27^-1  and  2«  +  1  digits 
respectively. 

Hence  also  conversely,  the  square  root  of  a  number  con- 
sisting of  either  2n  -  1  or  ^n  digits,  will  contain  n  digits. 

Similarly,  the  cube  of  every  number  consisting  of  n  digits 
will  contain  either  Sn  -  2,  3w  -  1,  or  Sn  digits. 

Whence  the  rules  for  pointing  in  the  extraction  of  the 
square  and  cube  roots  of  numbers. 

8.     To  investigate  the  form  of  the  square  of 

a  +  6-fc  +  rf  +  &c.  +  /. 

Regarding  6  +  c  +  rf  +  &c.  +  /,  as  if  it  were  represented  by 
a  single  symbol,  we  have 

{a  +  (6  +  c  +  d  +  &c.  +0}^ 
=  a^  +  2a  (6  +  c  +  d  +  &c.  +/)  +  (6  +  c  +  d  +  &c.  +  If  - 

similarly,    {6  +  (c  +  rf  +  &c.  +  /)}^ 

=  6^  +  26  (c  +  c^  +  &c.  +  /)  +  (c  +  d  +  &c.  +  Vf : 

also,    ^c  +  (d  +  &Co  +  l)Y 

=  c^  +  2c  (d  +  &c.  +  /)  +  (d  +  &c.  +  Ifi  &c. : 

whence  will  be  obtained  by  substitution, 

(a  +  6  +  c  +  d  +  &c.  +  /)* 
=  a^  +  2a  (6  +  c  +  d  +  &c.  +  Z) 
+  fe*-l-  26(c  +  d  +  &c. +  0 
+  c^  +  2c  (d  +  &c.  +  /) 
+  &c. 
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that  is,  the  square  of  the  sum  of  any  number  of  quantities,  is 
always  equal  to  the  sum  of  their  squares,  augmented  by  twice 
the  sum  of  all  the  products  that  can  be  formed  by  taking  two 
of  them  together. 

9.  Cor.    Hence  we  may  arrange  this  result  in  a  different 
form:  for 

(a  +  6  +  c  +  ci  +  &c.  +  Z)* 

=  a*  +  (2a  +  6)  6  +  {^(a  +  b)  +  c]  c 

+  {2  (a  +  6  -f  c)  +  d}  d  +  &c. : 

from  which  the  rule  for  the  extraction  of  the  square  root  given 
in  article  (38)  is  immediately  derived,  the  first  term,  the  first 
two  terms,  the  first  three  terms,  &c.,  beiiig  the  complete 
squares  of  a,  a  +  6,  a  +  6  +  c,  &c. 

10.  By  a  similar  process,  we  shall  have 

(a  +  6  +  c  +  &c.  +  ly 

=  a«  +  (3(^  +  Sab  +  6^)  b  +  f  3  (a  +  6)^  +  3  (a  +  6)  c  +  c^  c 

+  {3  (a  +  6  +  c)*  +  3  (a  +  6  +  c)  d  +  cP}  d  +  &c, : 

from  which  a  rule  for  the  extraction  of  the  cube  root  is 
immediately  obtained. 

Ex.     Extract  the  cube  root  of  122615.327232. 

122615.327232  (^49.68 
64 


5960  5S6\5     Sc?  ^  4800 


7291 56 j  4966327     S{a^^  hf  =  720300 
4374936 

73923904J  591391232     3  (a  +  6  +  c)^  =  73804800 
591391232 


where  the  trial  figures  in  the  root  are  determined  by  means  of 
the  quantities  on  the  right  hand,  and  the  complete  divisors 
are  found  as  follows : 
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a  =  40,  6  =  9: 

.-.  Sa^  =  4800,    Sa-k-h  ^  129: 

.-.  Sah  -vW  =  1161 : 

whence.  So?  +  Sah  -{■  h^  ^  596I : 

a  +  6  =  49,   c  =  ,6: 

.-.  3  (a  +  by  =  7203.00,  3  (a  +  6)  +  c  =  14.76 : 

.-.  3  (a  +  6)  c  +  c^  =  88.56  : 

whence,  3  (o  +  6)^  +  3  (a  +  6)  c  +  c^  =  7291.56  : 

a  -1-6  +  c  =  49.6,  d  a  .08  : 

.'.  Sia-'^  h  '\-  cf  =  7380.4800,  3(a  +  6  +  c)  +  d  =  148.88 : 

.-.  3  (a  +  6  +  c)  d  +  d*  =  11.9104, 
whence,  3 (a  +  6  +  c)*  +  3(a  +  6  +  c)d  +  d*«  7392-3904. 

11.  To  extract  any  root  of  a  compound  algebraical 
quantity. 

Since,  (a  +  a?)"*  =  a*"  +  maJ^~^  w  +  &c.,  it  is  obvious  that 
when  the  quantities  are  properly  arranged  and  the  first  term 
of  the  root  is  found,  the  second  term  of  the  rr^  root  will  be 
obtained  by  dividing  the  second  term  of  the  proposed  quantity 
by  ma^"^^  or  by  m  times  the  first  term  raised  to  the  (m  — l)* 
power :  and  if  the  terms  in  the  root  thus  obtained  be  raised  to 
the  m^^  power  and  the  result  be  subtracted  from  the  quantity 
proposed,  and  the  process  be  repeated,  any  root  of  a  compound 
quantity  may  be  determined. 

Ex.  1.  Extract  the  cube  root  of  a^  -  Sd^h  '\-  Sa^  -^  SaV 
-Gab-i-  3a-  W  -^Sb^  -36  +  1. 

a^-3a^6  +  3a''^  +  3a6*^-6a6  +  3a-6^+36^-36+l  (^a-6  +  1 
a^ 


Sa:^)-Sd'b 
a^  -  30^6  +  3a6'^  -  6^  =  («  -  6) 


2  \  o>,2 


Sa^)Sa 
a^-3a^b-{-3a^  +  Sab^-6ab'\'3a-P'^3l^-Sb+l=^{a-rb-^\y' 
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Ex.  2.  Find  the  fifth  root  of  or*- I0a?*y  +  40^y*-80^y' 
+  80a?^-S2y*. 

af"  -  lOtT^y  +  40a?^j/*  -  ^Oo^y^  +  SO^py*  -  S2y*  (^^r  -  2y 

or*-  10a?*y  +  40a?^j/*  -  SO^y'  +  80a?y*-32y^=«  (a?-2y)'. 

12.  The  purport  of  the  observations  made  at  the  end  of 
article  {p?^  may  be  expressed  by  means  of  symbols,  in  the 
following  form. 

Let  A  and  Bh  be  two  compound  quantities,  of  which  the 
highest  common  factor  is  required,  A  not  being  of  lower 
dimensions  than  Bh :  and  let 

.ia  be  divided  by  B,  and  leave  a  remainder  Cc: 

B^ C,  Dd: 

&c. 

where  6,  c,  &c.,  a,  )3,  7,  &c.,  contain  no  factor  common  to  A 
and  B :  then,  if  the  operation  be  continued  till  the  remainder 
»  O9  the  last  divisor,  if  it  contain  no  factor  common  to  a,  /3,  y^ 
&c.,  will  be  the  highest  common  factor  of  A  and  Bb, 

For,  if  the  quotients  be  P,  Q,  i?,  and  the  last  divisor  Z>, 
we  shall  have 

:^  =  P  +  ^,  or  Ja  =  PS  +  Cc: 
H  Jo 

^^  =  Q  +  :?^,  or  BI3=QC+Dd: 


C 
Cy 


=  i?,  or  Cy  =  Di?  : 


D 

whence,  Z>  is  a  divisor  of  C7,  and  .*.  of  C: 
.'.  Z>  is  a  divisor  of  QC  and   QC  +  Dd  or  B  : 
.  .-.  X)  is  a  divisor  of  PB  and  P5  -^  Cc  or  ^ : 
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that  is,  D  is  a  common  factor  of  A  and  Bbi 

also,  since  Aa  —  PB  =  Cc : 

and  5/3-  QC^Ddi 

every  common  factor  of  A  and  56  is  a  common  factor  of  Ja 
and  PB: 

and  .*.  of  Aa  -  PB  or  Cc  : 

and  .*.  of  C  and  5)8  -  QCj  and  .-.  of  D  : 

that  is,  since  no  common  factor  of  A  and  56  is  greater  than 
X),  and  D  is  a  common  factor  of  A  and  56,  it  follows  that  D 
is  the  highest  common  factor  of  A  and  56. 

It  will  readily  be  seen  in  what  parts  of  this  process  the 
considerations  of  article  (51)  and  the  one  above  referred  to, 
are  introduced. 

PROPOSITIONS    IN   FRACTIONS. 

13.  It  sometimes  happens  that  when  a  particular  value  is 
assigned  to  one  of  the  symbols  involved  in  the  terms  of  . 

fraction,  the  result  appears  in  the  indeterminate  form  - ,  from 

which  no  determinate  value  can  be  inferred :  but  this  peculi- 
arity being  the  consequence  of  some  common  factor  of  the 
numerator  and  denominator  becoming  equal  to  0,  it  is  manifest 
that  the  true  value  will  be  obtained  by  divesting  them  of  such 
factor  determined  by  the  rule  of  article  (56), 


Ex.  1.     Find  the  value  of  the  fraction 


ar^  -  1 


when  a?  =  1. 

a^  -1  (^  -  1)  (o?^  +  ^  +  1) 

Here     ^  

'   a^  "^af^  +  ^w-  I      (,r- 1)  (a?^  +  a?  + 1) -2j?(ir-l) 

0?^  +  a?  +  1      3  - 

=  -r =  -  =  3,  when  07  =  1. 

or  -  Of  -\'  1       1 
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Ex.  2.     Find  the  values  of  w  which  will  cause  the  fraction 

—z r r  to  assume  the  form  -,  and  the  corres- 

nr  —  aar  —  ^arw  +  4o'  0 

ponding  values  of  the  fraction. 

By  the  usual  method,  the  common  factor  of  the  numerator 
and  denominator  is  found  to  be  a?*  -  3a^  +  2  a*, 

,        a;'- 2a«*- o*a?  + 2a'       (/»  +  a)  (<r^  -  Saa?  +  2a*) 

so  that  -s =  — ~T-3 — ^  • 

—  aar—  ^drw  +  4a'      (a?  +  2a)  {or  -  Saw  +  ^a?) 


whence,  if  *r*  -  Sao?  +  2a*  =  0,  which  gives  ^«a  and  <2^s2a, 

the  fraction  assumes  the  form  -;   but  at  the  same  time,  in 

0 

its  simplest  terms,  it  is  = ,  whose  values,   when  j?  «  a 

a?  +  2a 

and  w  ss  2a,  are  |-  and  ^ . 

iA      Ti?       ad -he  ac-bd         .  .     ,    ^ 

14.     If  ; ■  = ; -,  It   IS   required    to 

a  —  b  —  c  +  d      a -b  +  c  —  a 

prove  that  a  +  6  *«  c  +  d. 

ad—  6c  ac  —  bd 


Here, 


(a  -  6)  -  (c  -  d)      (a  -  6)  +  (c  -  d)  ' 
.'.  ad  (a  -  6)  -  6c  (a  -  6)  +  ad  (c  -  d)  —  6c  (c  -  d) 
=  ac  (a  —  6)  -  6d  (a  -  6)  -  ac  (c  -  d)  +  6d  (c  -  d)  : 

whence,  (ad+  6d-  ac  —  6c)  (a  -  6)  =  (5d  +  5c  -  ac  -ad)  (c -  d), 
or  (a  +  6)(d-c)(a-6)  =  (c  +  d)  (6-a)  (c-d): 

.'.  a  +  6  =  c  +  d. 

Hence  also,  ad-6c  =  ^(a+6  +  c+d)(a-6-c+d), 

and  ac-5d  =  ^(a  +  6  +  c  +  d)(a-6  +  c-d): 

ad  —  be  ac  —  bd 


a  —  h  —  c-^d      a  -b  ^  c  -  d 


=  i  (a  +  6  +  c  +  d). 
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15.  Shew  that  the  value  of  the  fraction  Ues 

p  +  9  +  r 

between   those   of   the  greatest    and    least    of    the   fractions 

a     b        -   c 
- ,   -  and   - . 
p     q  r 

CL  C 

Let  -  be  the  greatest,  and  -  the  least  of  the  fractions: 
p  r 

0  +  6+C      c      .(a  +  b)r  -  (p  +  q)c 

then, = ;- : 

p  +  q  +  r      r  T{p  -{-q  •\-r) 

.a      a  +  6  +  c      (a  +  r)a-(6  4-c)j» 

and = z r : 

p      p+9  +  r  p(p+^  +  r) 

a      c  .be 

but  -  >  - ,    and  -  >  - : 

p      r  9      ^ 

.*.  ar>pc^  bT>qc,  and  (a  +  6)  r  >(p  +  ^)c: 

or  {a  ^b)r  —  {p  -\-q)c  is  a  positive  quantity : 

b      a         ^'  c      a 
also,  -  <  -  ,    and   -  <  -  : 

q      p  r      p 

.-.  bp<qa^  cp<ra^  and  (6  +  c)  p<  (g^  +  r)a: 
or  {q  ■¥  r)  a  "  {b  +  c)  p  is  a  positive  quantity  : 
whence  it  follows  immediately  that  the  value  of 

is  intermediate  in  magnitude  to  those  of  -  and  -. 

p+9  +  r  "^  p  r 

Similarly  of  more  fractions. 

PROPOSITIONS  IN  SURDS. 

16.  If  the  w!'^  root  of  a  quadratic  surd  can  be  extracted, 
it  will  be  of  the  form  \/^  +  \/lf . 

For,  (v  cT  +  Vy)"*  =  <r2  +  ma?  2   v y  +  — ^^ -w   2    y+&c.: 

1 . 2 

and  therefore  when  m  is  odd,  the  odd  terms  are  irrational) 

involving  v  a?,  and  the  even  terms  are  irrational,  involving 

Vy:  whence,  denoting   these  by  y/a  and  y/h  respectively) 
we  have 
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(V^  +  x/y)" « \/o  +  \/6i  and  /.  \/y/a  ^^  y/h^y/w-^-y/yi 
also,   when  m  is  even,  the  odd  terms  will  be  rational,  and 

the  even  terms  irrational  involving  vy,  so  that  (va?  +  vy)* 
is  of  the  form  a  +  y/h,  and    /.  V  a  +  y/b  =  y/w  +  y/y. 

From  this  it  appears  that  the  m^  root  of  y/a  +  \/6  can 
be   expressed  in   the   form    of  a    binomial    quadratic    surd 

y/w  +  vy,   only  when  m  is  an  odd  number :  also,  that  the 

m*^  root  of  a  +  y/h  may  be  expressed  in  the  form  y/w  +  y/y 

when  m  is  an  even  number,  and  in  the  form  w  +  y/y  whether 
m  be  even  or  odd. 

17.  When  the  square  root  of  a  -\-  y/h  +  y/c  -H  y/d  can 

be  exhibited  in  the  form  \/a  +  \/p  +  y/y :    find  the  rela- 
tion between  a,  6,  c,  d. 

Here,    a  +  y/b  +  y/c  +  y/d  =:^  (\/a  +  a/JS +'\/7)* 

-a  +  )3  +  7  +  2  {\/a/3  -f  \/a7  +  \/^}  : 

whence,    a  +  )3  +  7  =  a,    2  \/aJ3  =  y/bj    2  v  07  =  vc, 

and  2  \//37  =  v  d : 
from  which   a,  )3,  7  may  be  eliminated  as  follows: 

4fay/fiy^'ybc,    4f(iy/ay  =  v  6d,    and  4  7  \/aJ3  =  vcd : 

.-.  64.a*/?7^  =  6cd:    and  2a6cd  =  128  (a +/3 +  7)  a*/?  7* 

=  128a'/3*7-+128a'*)3^y+128o*)3'7' 

=  (6V  d)J  +  (ft^d^c)*  +  (cr»^  6)i  =  (6c  -^bd  +  cd)  (6cd)i, 

.'.  2a(6cd)i  =  6c  +  6d  +  cd, 
which  is  the  relation  required. 

In  9  +  2  y/s  +  2  v^  +  2  V^j  ^Ws  criterion  is  satisfied, 
and  the  square  root  =  1  +  y/s  +  v  5. 

18.  By  effecting  the  operation  of  Involution,  and  in- 
dicating the  reverse  one  of  Evolution,  surds  may  be  trans- 
formed into  others  of  different  forms. 

3G 
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Thus,  since  («-y  +  \/2^y-y*)*  =  /p*  +  2(j?-y)\/2^y-^, 

we  have  ^-y+\/2^y  -y*  =  {^4-  2(a?  -y)\/2j?y-y*}i 

Again,    {(a  +  6*)*  +  (a -6*)*}* 
=  (a  +  6i)i  +  (a  -  6i)i  +  2(a^  -  6)*  : 

and  (a  +  hi)i  +  (a  -  fei)i  =  {2a  +  2  (o«  -  6)*}  * : 
.-.  (a  +  6i)i  +  (o  -  6i)i  =  [{2a  +  2 (a^  -  6)J}*  +  2(a«  -  6)i]l. 

A  similar  expression  holds  for  (a  +  6i)«"»  +  (a  —  fei)*" . 

19.     For   every   compound    surd,    there    exists    another 
compound  surd,   which  being  multiplied  by  it,  will   give  a 

rational  product :  thus,  the  compound  surd  y/a  +  \/b  being 

multiplied  by  the  compound  surd  y/a-y/b^  gives  the 
rational  product  a  -  6 :  and  the  following  process  contains 
the  general  investigation  of  the  multiplier,  which  wiD 
rationalize  any  binomial  surd  whatever. 

Since,  =  ^"*  +  a?'""*y+&c.  +  a?y"'~^  +  y*~*,  m  being 

a  positive  whole  number  equal  to  the  number  of  terms: 

whence,  if  oo  and  y  represent  any  two  surds,  the  latter 
member  will  manifestly  become  rational  whenever  m  is  as- 
sumed of.  such  a  magnitude  as  to  render  both  af^  and  y" 
rational:  and  the  rationalizing  multiplier  will  be 

af^  +  af^-^y  +  &c.  +  wy^'^  +  y'""^ 

If  the  sign  of  the  latter  surd  be  positive,  we  have 

{w  +  y)  {pf""^  -  w^~'^y  +  &c.  =F  wy"^"^  ±  iT'^)  =  a?"*  ±  y", 

where  the  upper  or  lower  sign  is  to  be  used  according  as 
m  is  odd  or  even,   and  the  rationalizing  multiplier  will  be 

a?"*"*  -  aT^^y  +  &c.  sp  ^py*"*  ±  y"'"^ 
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Ex.  1.  Required  the  factor  which  will  render  ai^lA  a, 
rational  quantity. 

Here,  m  is  manifestly    equal   to  4,   and   the   multiplier 

will  be 

a*x3  4.  ^ix2  5ixi  +  ^Jxi  jix»  ^  ffixs^ 

or  ai  +  oi^  +  o<^  +  ftS, 
and  the  rationalized  result  is  a^  —  6^ 

Ex.  2.  What  is  the  surd  multiplier  requisite  to  ra- 
tionalize ai  +  b^? 

Here,  m »  6,  and  the  required  multiplier  will  be 

a«-  a* 68  +  os68-a6  +  os6»-&«, 

and  the  resulting  rational  quantity  is  a^  —  6*. 

20.  Cor.  By  continuing  the  process  of  the  article,  the 
same  effects  may  be  produced  upon  surds  consisting  of 
three  or  more  terms. 

Thus,  let  ai  +  6i  +  c^  be  the  quantity  proposed  : 
then,    {(ai  +  b^)+c^{(ai  +  bi)-c^ 
=  (ai  4-  b^y  -  (c^y  =  (a  +  6  -  c)  +  2(a6)*  : 

again,   {(a  +  6  -  c)  +  2(a6)i}  {(a  +  6  -  c)  -  2(a6)J} 

=  (a  +  6  -  c)*  -  4.06  =  a*  +  6^  +  c^  -  2  (a6  +  ac  +  6c), 

which  is  a   rational   quantity,    the   factors  requisite   to  pro- 
duce it  being 

ai  +  b^  -^  ci,   and  a  +  6  -  c  -  2 (ab)i, 

21.  The  values  of  what  are  called  Continued  Surds 
may  always  be  found  as  in  the  following  examples. 

Ex.  1.     Find  the  value  of 

a/«'  +  6'  +  v^+  ^'  +  \/&c.  in  infinitum. 
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If  ^  be  the-  value  required,  we  shall  manifestly  have 
J7*  ■=  a"  +  6*  +  ^,  or  07*  -  47  =  a*  +  6* : 
whence  is  found  a^^^{l  +\/4(o*  +  6^)  +  ij. 
If  a*  +  6*  SB  m(w  —  l),  we  have 

a?  «=  ^  {l  +  y/iim^  -  4!m+  l\ 
=  ^{l  +  2iii  -  l}  =iw: 
also,  if  a^  +  6*  =  rrt^{m'*  -  l),   then   a?  =  m* : 

from  which  it  appears  that  the  continued  surd  corresponding 
to  the  latter  value  of  a*  +  6*  is  equal  to  the  n^  power  of 
that  corresponding  to  the  former. 

Ex.  2.     Required  a  finite  expression  for 

^^s/dy/hc.  in  infinitum. 
Here,  we  have  tV*  =  aw^  and  .*.  w  ~  a. 

IMAGINARY   QUANTITIES. 

22.     By  actual  evolution,  it  is  easily  proved  that 

/ 111 

^  a!^  —  1  =  ^  -  — -— -  —  &c.  in  infinitum : 

whence,  if  a?  =  ±  0,  we  shall  have 

y 1  1  1 

0       0       0 
=  07007007007  &c. 

to  which  no  definite  arithmetical  meaning  can  be  attached: 

and  consequently  v- 1  or  (-1)*  cannot  be  arithmetically 
assigned,  and  not  even  an  approximation  can  be  made  to  its 
value. 

This  circumstance  shews  that,  though  it  may  have  arisen 
from  the  generalizations  of  symbolical  algebra,  its  origin 
and   meaning  must  be   looked  for   in   other  quantities   than 
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ntimbersj  and  the  student  is  referred  to  Professor  Peacock^s 
Algebra  for  an  ample  •elucidation  of  the  subject. 

23.     By  reference  to  article  (124),  we  may  find  the  real 
values  of  a?  and  y  which  satisfy  the  equation 

a  -by/  —1 
For,  ^ 

J —      (a  +  b\/  -l)(a  +  b\/^)      a^-V       2ab      j — 
whence,  se  =  -r — — ,  and  y  = 
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24.  The  following  equations,  possessing  certain  pecu- 
liarities in  their  characters,  will  suggest  to  the  student  some 
additional  information  as  to  their  natures  and  solutions. 

Ex.  1.     Find  the  value  of  x  from  the  equation, 

Sac  €?b  (2a  +  b)baf      SCtV      w 

a  +  6      (a  +  6)^        a{a  +  6)*  b        a' 

-_  Sac  €?b  3cx      w      (2a  +  h)ba} 

Here, + —  =  -^  + t rrr » 

a  +  o      {a'\'by        b        a       aya-^by 

3ac(a  +  6)*  +  a^b      {3ac(a  +  6)*  -»-  a*6}  a? 
^^  (a  +  6)3  "  a6(a  +  6)2  " 

whence,  we  find  »i?  = . 

a  -\-  b 

_,              _, .          a^  -  {a  -  (a^  -  a.i?)H ^      ,  .    _ 

Ex.  2.     Given    -. — J j-r ^tti  -  ^»  to  find  a?. 

Here,  ai  -{a  -  (a*  -  a^)^}^  =  a^b  +  6{a  -  (a^  -  aoff)^^: 
.'.  (l-6)ai  =  (l+6){a-(a'^-aa?)i}^: 
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whence,  a  -  (a^  —  aai)i  =  I 7  j    a : 

Ex.  3.     Given  -1—7 irr  +  "i — ; in  =  ^*»  to  find  a?. 

a^  +  (a  +  ^^)^        a^  +  (a  -  a?i)i 
.-.  at  +  a?i  (a  -  x^)^  =  ^7^  (a  +  a?i)i  +  a^  {a^  -  iv)^ : 
whence,  a^  {a  —  (a*  -  o?)^}  =  a?^  {(a  +  a?^)^  -  (a  -  ti?^)^} : 
and  dividing  both  sides  by  {a  +  .r^)^  —  (a  —  a?^)^,  we  have 

fli  I  (a  +  ^^)^  -  (a  -  a?i)i}  =  2a?i : 
.-.   a^  -  a(a^  -  «!i?)i  =  2ci?,    and   a^  -  2a?  =  a(a^  -  a?)^, 
from  which  we  find  immediately  a?  =  ^  a^. 

In  this  instance,  the  value  0  of  w  which  also  satisfies 
the  equation,  has  been  passed  over  by  reason  of  the  equal 
divisions  performed  in  the  solution. 

Ex.   4.      Given    (a?^  +  a)5  -  (^2  -  «)»  =  (2a)5,  to  find  a?. 

Here,    ^  +  a  -  5  (a^a  +  a)5  (a?5  -  a)5  +  lO(a^  +  a)5  (a^  -  a)i 

-  10(<272  4.  a)5  (a?s  -  a)i  +  5 (072  -»-  a)?  (a^  -  a)5  -  era  +  a  =  2a: 

.-.    5  (a?  ~  a^)5  {  (o?2  +  a)5  —  (a?8  -  a)?} 

=  10  (ct?  -  a^)^(a^  +  a)5  -  (ots  -  0)5} : 

.*.  (o?2  -I-  a)5  -  (a?8  -  a)3  =  2(<27  -  a^)i{(aj^  +  a)5  -  (<2?i  -  a)i\  : 

but  since  («»2  +  a)^  —  (.rs  —  a)5  =  (2 a)*,  we  have 

(ofl  +  a)i  -  (078  -  a)5  -  3(o?  -  a^)5  {(a?8  +  a)5  -  (/its  -  a)5j  =  (2a)5: 

.-.  (ots  -»-  a)5  -  (o?«  -  a)5  =  (2a)5  +  3(2a)5  (x  -  a^)5 : 
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whence,    (2  a)i  +  S  (2  a)5  {x  -  a*)B «  2  (2  0)5  (a?  -  o*)5 : 

that  is,    (a?  —  a*)5  =  -  (2a)5,    and  .*.  a?  =  -  Sa^. 

If  ^  =  a%  and  .*.  a?i  =  ±  a,  the  equation  will  be  satisfied  : 
but  we  have  not  met  with  this  value  in  the  solution  above 
given,  in  consequence  of  the  equal  divisions  by  5  (a?  —  a^)^, 
which  being  put  =  0,  gives  at  =  a*. 

Ex.  5.     Given  \/l0^  +  11  =  44  -  5.r,  to  find  x. 

Proceeding  by  the  ordinary  method,  we  have 

df  -  18a?  =  -  77,    and    .*.  a?  =  1 1  and  a?  =  7. 

Here,  a?  =  7  alone  satisfies  the  proposed  equation :  and 
in  fact,  by  the  process  of  rationalizing,  a  new  condition 
has  been  introduced  which  did  not  originally  belong  to  it, 
but  is  satisfied  by  a? »  11:    thus,  giving  the  double  sign   to 

V  10a?+ 11,    the    reduced    equation    comprises  both  the  fol- 
lowing 

±  V^lOa?  +  11  =  44  -  5a?, 
in  one  of  which  0?  =  7,  and  in  the  other  a?c=  11. 

Ex.  6.     Given  2a?  +  y/ a^  -7  =  5,  to  find  a?. 

__  y-r ,  o      20  32 

Here,  \/ or  —7  =  5-  2a?,    and    .-.  or a;-  = : 

3  3 

which  solved  gives  a?  =  4  and  a?  =  2-|^. 

Upon  trial  it  will  appear  that  neither  of  the  values  of  a? 
here  found  satisfies  the  equation,  and  as  there  is  no  other 
mode  of  proceeding  to  which  recourse  may  be  had,  it  is 
evident  that  a  congruent  answer  to  the  equation  proposed 
cannot  be  ascertained.  No  theory  can  prove,  nor  indeed  is 
it  true,  that  every  equation  has  even  one  root,  unless  it  be 
expressed  in  a  rational  form,  and  the  instance  here  selected 
evinces  it,  the  roots  above  found  belonging  to  the  equation 

2a?  —  va?*  —  7  =  5,  which  when  rationalized  assumes  the  same 
form  as  the  one  proposed. 
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See  an  Article  by  Mr  Homer  in  the  London  and  Edin- 
burgh Philosophical  Magazine  for  January,  1836. 

Ex.  7.     Given  x  +  v  a^  +  hw  =  a,  to  find  x. 
This  equation  gives  a^-(2o  +  6)^c!0: 

(2o  +  hf      (2a  +  by 


.'.  a^  -  {2a  +  b)w  + 


4  4 


•  . 


2a +  6          2a +  b  . 

X =  ± ,    and  a?  =  2o  +  o  or  0. 

2  2 


The    reduced    equation   is    {a?  -  (2a  +  6)}  ^  =  0,    which 
gives  0?  =  0,    and  x  —  (2a  +  6)  =  0,    or  a?  =  2a  +  6. 

^             ^.    ■     «!i7  +  va?^  —  a^      a?  .    , 

Ex.  8.     Given  =  - ,  to  find  a?. 

0?  —  \/a^  —  a*      ^ 

Here,    a<r  +  a  ^/ai^  —  a^  =  ^  —  a?  -x/a*  —  ^*  : 

.*.  (a  +  ^)  V  a?^  ^  a^  =  a^  —  ax  =  x(x  —  a): 

whence,  dividing  both  sides  by  \/x  -  a,  we  have 

(a  +  x)i  =  x(x  ^  a)^,    and  .•.  o?^  +  £  aa?  =  —  ^  a^ 

which  solved  gives  a?  =  ja(— 3±  v— 7). 

By  this  process  no  real  value   of  x  has   been  obtained, 
but  if  we  resume  the  equation  at  the  step  where 

(a  -f  x)  y/a^  —  a^  =  a  (x  —  a), 

and  put  it  in  the  form 

I  (,»  +  a)f  -  a  (a?  -  a)^}  (x  -  a)i  =  0, 

we    shall    have    likewise    (a?  —  a)i  «=  0,  which   gives   x  =  a^  b, 
real  quantity. 

Ex.  9.     Given  a?'  +  --  = ,  to  find  x. 

or  ox 

^       1        35/         1\        31 
Here,    ^  +  -=-U+-)--: 
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/  1\*       35  f         1\  25 

whence,  completing  the  square,  &c.,  we  find 

1       10  ,  15 

zp  -f  -  at  — ,    and  w  +  -  =  - , 
w       S  w      2 

the  former  of  which  gives  a?  =  3  and  ^ « -^9  and  from  the 
latter  we  have  w^2  and  ^»-|- 

Equations  whose  roots  are  of  the  form  a,  ~y  b,  -^  &c., 

are  termed  Reciprocal  Equations  from  the  forms  of  the  roots : 
also,  because,  after  the  proper  reductions,  the  coefficients  of 
the  terms  from  the  beginning  and  end  are  equal,  they  are 
sometimes  known  by  the  name  of  Recurring  Equations :  and 
it  will  appear  that  they  may  always  be  reduced  to  equations 
of  half  the  number  of  dimensions  when  they  are  of  an  even 
order;  also,  that  the  odd  root  is  1  or  -  1,  according  as 
the  last  term  is  negative  or  positive,  when  the  number  of 
dimensions  is  odd. 

Ex.  10.     Given  j^  -  5a^  +  6a^  -  5a?  +  1  =  0,  to  find  a. 

Here,  dividing  every  term  by  zp*,  we  have 

^-5d?+6 +    _«0,   or  (a?*  +  — 1 -5  (a?  +  -) +6  =  0: 

w      or  \        arj         \       Of/ 

whence,   assuming   ^  »  or  +  - ,    and    .•.   ^*  +  :t  =  y* ""  2j    the 

a?  Or 

equation  becomes 

y^  "i^  5y  +  4  =s  0,    from  which  y  =  4  and  y  =  1 : 

that  is,    a?  +  -  =  4,    gives  w  sz  ^  tk  y/s, 

w 

1  . 

and  a?  +  -  =  1,  gives  a?  =  A  (l  ±  v  -  3). 

w 

The   four   roots  here  found,  do  not  appear  in  the  form 
o,   - ,  6,  7  >  hut  they  are  easily  made  to  do  so  by  reduction : 

3H 
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thus,  if  a  =  2  -»-  \/s>  ^^  have 

1  1  2-\/i  2-\/i  y- 

a      2  +  \/i       (2  +  \/3)  (2  -  \/s)  1 

similarly,  if  6  =  ^  (1  +  \/~^),   then,    -  =  ^  (l  -  \/^). 

Ex.  11.     Given  a?*  +  1  =  0,  to  find  the  values  of  a?. 

Since  or*  +  1  =  (a?  +  1)  (a?*  -  a?^  +  a?^  -  ^  +  1)  =  0,  the  equa- 
tion is  satisfied  when  a?+l=0,  or  a?s=:— 1: 

also,  a?*  —  aT^  +  a^  —  a?H-l=0,  gives 

as  in  the  last  example :  and  the  values  of  a?  will  be  obtained 
as  before. 

Ex.  12.     Given  (o  +  a?)i  +  (o  -  aj)i  =  6i,  to  find  a?. 

Here,   (a  +  a?)i  +  2  (a^  -  ar^)i  +  (a  -  a?)*  =  6* : 

.-.   (a  +  w)i  +  (a  -  a?)i  =  6i  -  2  (a^  -  a?*)l : 

whence,  2a  +  2  (a*  -  a?^)^  =  6  -  46i  (a^  -  a?-)l  +  4  (a^  -  a^)^ : 

.'.   (a^  -  af^)^  -  26^  (a^  -  a?^)^  =  a  -  ^6,  a  quadratic  form  : 

which  gives  a?  =  J=  [a^  -  {b^  ±  (a  +  ^6)^}*]^. 
Ex.  13.     Solve  the  equation  a;^  +  4a7^  -  25a?  —  28  =  0. 

Here,  we  have  a?^  +  4tr  -  25  =  y,  if  y  =  —  : 

a? 

which  gives  a?  =  —  2  ±  \/y  +  29  : 

whence,  if  a?  be  a  whole  number,  we  must  have  y  +  29  a  com- 
plete square,  and  this  will  be  the  case  when  y  =  —  28,  and 
therefore  a?  =  —  1  :  also,  when  y  =  —  4,  and  therefore  a?  =  -7: 
and  when  y  =  7?  and  therefore  a?  =  4 : 

that  is,  the  roots  are  -  1,  -  7  and  4,  as  will  be  found  upon 
trial :  but  this  method  being  purely  tentative,  cannot  be  looked 
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upon  as  a  theoretical  solution,  although  it  restricts  the  value 
of  the  unknown  quantity  within  certain  limits,  which  will 
generally  facilitate  its  discovery. 

Ex.  14.  If  the  roots  of  an  equation  be  a,  b^  c,  such  that 
w  ^  a,  07  5=  6,  a?  =a  c :  we  have  /r  —  a  =  0,  /»  —  6  =  0,  a?  —  c  =  0: 
whence,  (x  -  a)  (a?  -  b)  (a?  -  c)  =  0,  is  satisfied  by  each  of  the 
quantities  a,  6,  c :  that  is,  a,  6,  c  are  the  roots  of  the  equation 

«r^-(o  +  6  +  c)a^+  (ab  +  ac  +  be)  x  -  abc  «=  0. 

Hence,  conversely  as  in  article  (143),  the  coefficient  of  the 
second  term,  with  its  proper  sign,  is  the  sum  of  the  roots  with 
their  signs  changed :  the  coefficient  of  the  third  term  is  the 
sum  of  the  products  of  every  two  roots  with  their  signs 
changed,  and  the  coefficient  of  the  last  term  is  the  product 
of  all  the  roots  with  their  signs  changed. 

Similar  conclusions  may  be  drawn,  whatever  be  the  number 
of  dimensions  of  the  equation. 

Ex.  15.  The  roots  of  the  equation  aP  —  6^  +  lla?-6  =  0, 
are  in  arithmetical  progression  :  find  them. 

Let  o  +  j8,  a  and  o  —  j8  be  the  roots : 

then  da  =  6,  or  a  =  2,  the  middle  root: 

also,  a^  +  aj8  +  a«-^^  +  a*-a/3=ll,  or  Sa«  -  )3' =  11: 

whence,  /J*  =  So*  -  11  =  12  -  11  «  1,  and  /3  =  ±  1 : 

.'.  a  +  ^  =  2  ±  1  =  3  or  1,  and  a-j3  =  2sfl  =  lor3: 

and  the  three  roots  are  1,  2  and  3. 

Ex.  l6.     Required  the  roots  of 

cP*  -  \0a?  +  S5iD^  -  bOx  +  24  =  0, 
which  are  in  arithmetical  progression. 

Let  a  -  3/3,  a- (i,  a  +  /3  and  a  +  3/3,  which  are  in 
arithmetical  progression,  represent  the  roots  : 

then  4o  =  10,  and  o  =  2-J. : 

also,   (a*  -  9)3^)  (a*  -  )3^)  -24,  or  a'  -  lOa^fi^  +  9^  =  24, 

from  which  ^=  ±-^:  and  .*.  the  roots  are  1,  2,  3,  4. 
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Ex.  17.     The  roots  of  j?^  -  7^  +  14^  -  8  =  0,  are  in  geo- 
metrical progression :   find  them. 

Let  — ,  a  and  a(i,  which  are  in  geometrical  progression, 
denote  the  roots:  then,  by  example  (14),  we  have  - 

^  X  a  X  a/3  =  8,  or  a'  =  8,  and  therefore  a  =  2  : 

P 

also,  ^H-a  +  a)3«7,   or  -  +  2  +  2)3=7, 

from    which  ft  is  found  to  be  :^  2 :    whence,   the  roots  are 
1,  2  and  4. 

Ex.  18.     Solve  the  equation  cr*-15a?^+7O^-12Oa?+64=0, 
whose  roots  are  in  geometrical  progression. 

Let  ^,  -J,  aj8  and  a)8'  represent  the  roots: 

then,  a^  =  6'4,  and  therefore  o *  =*» 2 v2 • 

also,   70  =  aM/3*+2  +  — +)3*  +  ^j  : 

/-  1 

which  solved  gives  /3  =  =*=  v  2,»  or  )3  =  ±  —7=  : 

so  that  the  four  roots  are  1,  2,  4  and  8. 

Ex.19.     The    roots    of  <!i/^  -  11  c^^  +  36a?  -  36  =  0,    are  in 
harmonical  progression :  find  them. 

Let  a,  )3,  y  be  the  roots  of  the  equation: 
then,  a:7  =  a  —  )3:/3  —  7,  or  oj8  -  a7  =  ay  -  ^87 : 
.\  a/3  -»-  /37  =  2a7,  and  a)3  +  07  +  ^87  =  3a7  : 

,        .        ^      3a/37      S  X  36 
that  is,  36  =      ^  '  »  — 3—  ,  or  /3  =  3 : 

P  P 
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also,  a  +  3  +  7  =a  11,  or  o  +  7  =  8,  and  07  «  12, 
from  which  we  have  a  =  2  and  7  =  6: 
and  the  three  roots  are  2,  3  and  6. 

If  we  put   or  Bs  ~  in   the  proposed  equation,  the  values 

of  y  being  the  reciprocals  of  those  of  of  will  be  in  arithmetio^l 
progression  by  article  (213),  and  may  therefore  be  found  as  in 
example  (15) :  lEmd  similarly  of  others  whose  roots  are  thus 
related. 

Ex.  20.  To  transform  the  equation  aP  —px' •{- qoa -r^O^ 
into  another  which  shall  want  the  second  term. 

Assume  w  ^  y  -¥  h^  and  substituting  we  have 

a^  ^  y^  -^  Shy^  +  Sh^y   +  h^ 

^  pai^  s=:      -  py^    '-  2phy  -  ph^ 

•^  qx  ^  -^  qy       -^  qh 

—  r      =  —  r 

.-.  0  8:y'  +  (3A-p)y*+  (3h^  -  2ph  +  q)y  +  h^  "  ph^  +  qh--r: 

whence,  if  A  be  so  assumed  that  SA  —  p  =  0,  or  A  =  ^p,  the 
resulting  equation  becomes 

y^  H-  (SA*  -  2ph  +  9)  y  +  A^  -  ph^  +  9A  -  r  =  0, 
in  which  the  second  power  of  y  is  not  found. 

If  A*  -  ph^  +  9A  -  r  =  0,  the  equation  is  reduced  to 
y^  +  (3 A^  -  2ph  +  9)  y  =  0,  or  y  {f  +  3h^  -  2pA  +  ^}  =  0, 
whose  roots  are  immediately  obtained. 

If  3A^  —  2pA  +  gf  =  0,  the  equation  becomes 

^  +  A^  -  ph^  +  qh  -r  =  Oj 
from  which  y,  and  thence  a?  =  y  +  A  are  found. 

Since  A»^j),  the  equation  may  be  reduced  immediately 
whenever  ^pp  —  9/>9  +  27r  =  0,  or  p^  -  3q  -  0,  which  are  the 
relations  of  the  coefficients  expressed  as  equations  of  condition. 
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Ex.  21.     To  solve  the  equation  a?^  -  qfa?  +  r  =  0. 

Let  a?  a  a  +  ^ :  then  by  substitution,  we  have 

a?3  =  (a  +  /3)«  =  a«  H-  Sd'fi  +  3ai3«  +  ^ 

=  a^  +  /3^  +  Safi  (a  +  /3)  =  a^  +  jS'  +  Safiof : 

••.  a?^  -  Safix  -  (a^  +  )8^)  =  0,   which,   being    identified    with 
^  -  Q'ci?  +  r  =  0,  gives 

3a(i=^q  and  .*.  )3  =  — :  also,  a^  +  /3^=-r: 

and  .'.  a^  + =  -  r,  or  a^  +  ra^  = : 

27  a^  27 

and  this,  by  the  ordinary  method,  gives 

V      2  ^    4       27/ 


-  z' -<-'-■)'-(- i -v'MP 


whence,  a?  =  f ±   \/ — )     +  (  —  =f   \/ 1  , 

V      2  ^    4       27/  V     2  ^    4       27/ 

is  one  of  the  roots  required. 

This  is  Cardan's  Solution  of  a  Cubic  Equation,  and  it 
may  be  observed  here  that  every  cubic  equation  is  reducible 
to  the  form  of  this  example  by  means  of  example  (20). 

r^                               (f                                 /  T^      <f 
If  —  be  greater  than  — ,  the  value  of    \/ is  a 

4  ^  27  4       27 

real  quantity,  and  therefore  the  value  of  x  is  also  real. 

If  —   be   less    than   — ,  the  values  of  a  and  /3  are  both 

4  27 

imaginary,  and  the  value  of  w  is  real,  as  appears  from  article 
(263) :  but  since  it  can  only  be  expressed  in  the  form  of  an 
infinite  series,  this  is  termed  the  irreducible  case  of  Cardan'*s 
Solution,  and  recourse  is  usually  had  to  Trigonometry  in 
order  to  avoid  it. 
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Ex.  22.     Solve  the  equation  a?^  -  9^  H-  28  =  0. 
Let  a?  =  a  +  )3 :   .-.  ^^  -  3a(i,v  -  (a^  -»-  /3^)  =  0 : 
whence,  we  have  Saj3  =  9,  and  a^  +  /3^=-28, 
from  which  are  obtained  o  =-  1,  and  ^  =-  3: 
and  one  root  =  a  +  /3  =  -  4 : 
.'.  a?^  -  9*v  +  28  =  (ci?  -»-  4)  (.r^  -  4cr  -f  7)  =  0, 
which  is  satisfied  also  by  a?^~4<27  +  7  =  0: 

and  this  gives  ^  =  2=fc\/— 3:   so  that  the  three  roots  of  the 

equation  are  -  4,   2  +  \/-  3  and  2  -  \/-  3,  one   of   which 
is  real,  and  two  are  imaginary. 

Ex.  23.      Solve  the  equation  ^^  -  3.i?^  +  4  =  0. 

Agreeably  to  example  (20)  puta?  =  y  +  l,  and  the  equation 
becomes  2/^  -  3y  +  2  =  0 :  whence,  if  y  =  a  +  /3,   we  have 

f  -  Safiy  -  (a'  +  /?')  =  0  =  2^  -  3y  +  2 : 
.*.  3aj3  =  3,  and  a^  +  /?=-2: 

from  which,*  a^  +  2  +  --  =  0,  or  a^  +  2a^  +  1=0: 

and  .*.  0^*+  1  =0,  or  a  =~  1 :   .'.  /3=-  1,  and  y  =~  2  : 
whence,  we  have  «a?  =  y+l=— 1: 
.-.  0^  -  3a?*  +  4  =  (<»  +  1)  (af^  -  4ci?  +  4)  =  0, 
and  the  two  remaining  roots  are  comprised  in 

a?^  -  4a?  +  4  =  0,  or  (a?  -  2)  (^  -  2)  =  0, 
and  are  therefore  2  and  2,  or  are  equal. 

Ex.  24.     To  find  the  three  cube  roots  of  1  and  -  1. 

Let  Of  =  V  1  •    .'.  a?^  =  1,  and  o?^  -  1  =  0 : 

but  a?^  -  1  =  (.r  -  1)  (a?^  H-  a?  +  1)  =  0, 

/ 
/ 
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is  satisfied  by  making  <r-lsO,  or  w^l:  also,  by  making 
a.»  +  ^+l=0,  which  gives  ^  =  ^{  — l±v— s}«  that  is,  the 
three  cube  roots  of  1  are  1,  which  is  real,  and  ^  |  -  l  ±  ^-.3|, 
whicli  are  imaginary. 

In  the  same  way,  the  three  cube  roots  of   —  1  are  - 1, 
and  i{l±\/^}- 

Hence,  in  the  preceding  examples,  a  +  )3  admits  of  nine 
different  values :  for  the  values  of  the  cube  roots  of  o'  are 

Q^  ^  j-l+y^-.3}a,  and  ^{-1 -\/-3}a,   and  those  of  jS* 

are  )3,  i{-l+V^})3,  and  ^{- i -. yCi}/?:  but  since 
the  product  of  aj3  is  real,  those  values  must  be  alone  re- 
tained, which  satisfy  this  condition :  and  the  admissible  values 
of  a  +  )3  are  therefore 

a  +  )3,  ^  {-  1  +  a/^}  a  +  i  {- 1  -V~s] /3, 

and  ^{-i-v^r3}a-f  ^{-l+\/^}/3, 

the  radical  quantity  in  the  values  of  a  and  j3  being  af- 
fected with  different  signs,  in  order  that  the  imaginary 
quantity  may  disappear  in  their  product. 

In   example  (22),    a  =  -  1    and    j8  =  -  3 :     therefore    the 
values  of  <r  are   —  1  —  3  =  —  4 : 

And   ^^{^i-^~3]-^\^l^y/~3\^2^y/~3: 
as  there  found. 

CardarCs  Solution  is  always  irreducible,  unless  two  roots 
are  imaginary  or  equal. 

For,   let  a  +  \/36j  a-y/sh  and  c  be  the  roots:   then, 
by  example  (14),  we  shall  have 

a?  -qw  +  T  -  {oc  --  (a-\-  y/sh)}  Jo?  -  (a  -  y/sh)}  {w  -  c) 
=  |(a?  -  a)  -  y/sh]  [{at  -  a)  +  y/sh]  (a?  -  c) 
=  {{w  -  of  -  Sh\  (<2?  -  c)  =  (a?«  -  2aa?  +  a^  -  36)(^  -  c) 
=  .TT*  -  (2a  +  c).i?^  +  (a^  -  36  +  2ac)tr  -  (o^  -  S6)c: 


I 

\ 
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whence,  equating  coefficients,  we  have  2a  +  c  =  0,  or  c  =  — 2a: 

qr  =  -  (a*  -  36  +  2oc)  «=  -  (o*  -  S6  -  4o*)  =  Sa^  +  S6, 

and  T  ^'•'  (a^  —  Sh)c  —  2a'  -  6a6: 

.-.   -.-  ^  =  (a»  -  SafcV  -  (a*  +  6V 

4       27 

«  -  9a'h  H-  6a* 6*  -  6'  =  -  h(Sa^  -  6)* : 

and    V^-^«(Sa«-6)y^, 

which  is  imaginary,  unless  h  be  negative  or » 0,  that  is, 
unless  two  roots  be  imaginary  or  equal :  and  this  has  ap- 
peared to  be  the  case  in  the  preceding  applications  of  the 
rule. 

Hence,  if  two  roots  be  equal,  the  relation  subsisting  among 
the  coefficients  will  be  expressed  by  27r*  =  4^,  as  has  just  been 
shewn. 

Ex.  25.  To  find  when  the  equation  a/^-^-pa^-^-qa^+rx-^-s^Oj 
can  be  solved  as  a  quadratic. 

For  w  put  ^  +  A,  and  the  equation  becomes 

^*  «  y*  +  4Ay3  +  QhY  +  4A»y   +  A* 
+  pa^  =  pj^  +  Sphi^  +  Sph^y  +  ph? 

-¥  qa^^  qf-\-  ^qhy  +  qh^ 

+  ro?  «s  -^     ry     -\-  rh 

+     «    «=  +  «: 

whence,  if  4A  +  p  =  0,  and  4A'  +  Sph^  +  2qh  +  r  =  0,  the 
equation  will  be  reduced  to  the  form  y*  +  i^y*  +  Q  =  0,  to 
which  the  solution  of  quadratics  is  immediately  applicable: 

but  A  =  -     ,  and  therefore,  by  substitution,  we  obtain 
4 

p^  -  4jt)gf  +  8r  =  0, 

which  expresses  the  relation  subsisting  among  the  coefficients 
of  Wj  whenever  this  transformation  renders  the  equation  capa- 
ble of  solution  by  completing  the  square. 

SI 
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P 

It  appears  also  that  by  assuming  h  ^  ---  y  the  trans- 
formed equation  wants  the  second  term,  and  thus  every 
biquadratic  equation  is  reducible  to  the  form 

w^  +  qa^  +  ra?  +  «  =»  0. 

Ex.  26.  To  reduce  the  solution  of  a?*  +  q^a?* +  rj?  +  «  =  0, 
to  the  solution  of  a  cubic. 

Let  w^  +  qa^  -\-  rw  -k-  8  ^  {w^  -^  ex  -^  f)  {a^  -^  ex  ^  g)  ^  0: 
then,  if  the  values  of  e,  /  and  g  can  be  determined,  the  roots 
of  the  equation  proposed  will  be  found  by  solving  the  two 
quadratics  x^  +  ex  +/ «  0,  and  a?*  -  Ct-r  +  ^ «»  0 : 

now,  x^  +  qx^  +  ra?  +  «  =  {x^  +  ca?  +/}  \aP  —  ca?  +  ^} 

««'  +  (/  +  g'  -  e')  .v'  -  if'-g)ex  +fg: 

whence,  by  equating  coefficients,  we  obtain 

T 

f-^g-^q  +  e^  f^g^-^-  and  fg^si 

e 

.-.  2/=  9  +  e^ ,  and  2^^  =  ^  +  e^  +  -: 

e  e 

2  2 

=  (9  +  e')'  -  ^  =  9'  +  29^'  +  e*  -  -2  : 

e  e 

.*.  c^  +  2qe^  ■»-  (^  -  4«)c2  -  r^  s=  0 : 

and  by  putting  y  «  e^,  we  have 

y^  +  2qy^'  +  (g^-4  5)y  -r^  =  0, 

which  is  a  cubic  equation,  by  means  whereof  the  value  of  y 
or  e^  may  be  found  by  CardarCs  Rule :  and  thus  the  values  of 
/  and  g  being  determined,  the  roots  of  the  biquadratic  will 
be  obtained  by  means  of  the  two  quadratics 

x^  +  ex  +/=  0,    and  x^  -  ex  +  g  ^  0. 
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This  solution,  which  is  due  to  Dea  Cartes^  will  be  com- 
plete only,  when  the  irreducible  case  of  Cardan's  Rule  is 
evaded:  and  that  is,  when  two  roots  of  the  equation  are 
real,  and  two  imaginary  or  equal,  as  appears  hereafter. 

If  a  be  a  root  of  the  reducing  cubic  equation,  the  four 
roots  of  the  equation  a?*  +  5^0?^  +  r«»  +  «  =  0,  will  be 


and   i^/ai  a/-?-^-^, 

2       4      2\/a 

as  appears  immediately  by  putting  e  =  \/a, 

and  then  solving  the  two  reducing  quadratics. 

We  may  also   express   the   roots  of  the  biquadratic  in 
terms  of  all  the  three  roots  of  the  reducing  cubic. 

For,  let  o*,  /5^,  y\  be  the  three  roots  of  the  cubic 
^  -f  ^qy^  +  (9*  -  4s)  y  -  r*  =  0  : 
.-.  g  =  -  i  {c?  -\-  (i^  +  7^),    and  r  =  afiyy  by  example  (14)  : 
whence,  the  equation  a^  +  ex  +f^  0^  becomes 

a^  +  ax  +  ^U  +  e^-A-Oy 

or,    0?*  +  ad?  +  —  =  ^  (/3  +  7)^ : 

4 

and    .'.  a?  =  ^  {  -  a  ±  j8  ±  7}  ,  two  of  the  roots  : 

similarly,  the  equation  /»*  -  «a?  +  g'  =  0,  becomes 

which  gives  a^  =  ^  {o  =t  /3  =f  7}  >  the  two  remaining  roots  : 
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that  is,  the  four  roots  of  the  equation  are 

-a  +  /3  +  7       -a-/3-7      a  +  j3  -  7      a  - /3  +  7 

- —  . —  , 

2  2  2  2 

If  instead  of  taking  c^a,  we  had  assumed  e  =  (i,  the 
four  roots  would  have  been 

- /3  +  a  +  7       - /3  -  a  -  7      ji  +  a-y      /3  -  a  +  7 
2  '  2  '  2  '  2  ' 

which  are  the  same  as  the  former :  and  hence  it  appears 
that  whatever  root  of  the  reducing  cubic  is  used,  the  same 
roots  of  the  proposed  biquadratic  are  obtained. 

If  e  be  the  sum  of  two  roots  of  the  equation    a?*  +  qw^ 
+  ra?  +  5  =  0,  it  may  be  shewn   that  e^  has  only  three  dif- 
ferent values,    without    the    consideration    of   the    reducing 
cubic. 

First,  let  all  the  roots  be  real  and  be  represented  by 
a,  bf  C9  d:  then  0  =  a  +  6  +  c  +  d,  since  the  coefficient  of 
a^  —  0:    and  this  gives  d  «=  —  (a  +  5  +  c)  : 

now,  e  =a  the  coefficient  of  the  second  term  of  the  reducing 
quadratics  =  the  sum  of  two  roots : 

.-.  all  the  values  of  e  are 

a  +  ftj    a  -k-  C9    —  h  "  Cj    6  +  c,    —  a  —  c,    and  —  a  —  6  : 

or,    ±  (a  +  5) ,     ±  (a  +  c) ,    and  ±  (6  +  c)  : 

whence,  the  values  of  e^  will  be 

(a  +  6)^     (a  +  c)S    and  {h  +  cf : 

which  are  three  in  number,  and  being  all  real,  cannot  be 
determined  by  CardarCs  Solution. 

Secondly,  let  all  the  roots  be  imaginary  as 

a  ±  jS \/-  1,    and   7  ±  5 \/ -  1  : 
then    0  =  2a  +  27,    or  7  «  -  a,  as  before : 
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or  the  roots  are  a  ±  /3  v  —  1 ,    and   —  a  =**  o  v  —  1  ; 
r.  the  values  of  e  are  comprehended  in  the  forms 

±2a,    ±(/3  +  S)V^^    and   ±  (jS  -  5)  \/^  : 
and  the  values  of  e^  are 

4aS  -  (/3  +  5)-,    and  -  (/3  -  S)', 
which  are  three  in  number,  and  all  real,   as  before. 

Thirdly,  if  the  roots  be  two  real  and  two  imaginary,  as 

o±/3\/-l,    and  -a  ±5, 
the  values  of  e  will  be 

±2a,     ±(S  +  /3\/^),    and  ±(5-/3\/^): 
and  the  corresponding  values  of  e^  are 

4aS    (S  +  /3^/^)^    and  (S-^y31)«, 

which  are  three  in  number,  one  being  real  and  two  imaginary, 
so  that  Cardan's  Solution  is  applicable  without  the  irre- 
ducible case. 

Ex.  27.     To  find  the  four  biquadrate  roots  of  1  and  —  1. 

Let  w  =  Vi,    and  .*.  a?*  —  1  «  0 : 

but  a?*  -  1  =  (ci?*  -  1)  (a?2  +  1)  «  0  : 
and  this  will  be  satisfied  by  making  ot^  -  1  =»  0,  which  gives 

^«  sa  1   and  .-.  a?  =±  1 : 
also,  by  making  tT^  +  1  =  0,   from  which  we  have  ot*  =  —  1, 

and  .'.  a?  =  sfc  V  — 1  ^ 

so  that  the  four  roots  are  1,  - 1 ,  *>/—  1  and  -  v  —  1,  two  of 
which  are  real  and  two  imaginary. 

Again,  let  y  =  \/--l,  and  .•.  ^+1=0: 

whence,  y*  +  -r  =  0,  and  y^  +  2  +  —  «  2 : 
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.'.  y  -^  -  ^:k  -y/s,  and  the  two  quadratics  y^  =p  v2y  +  1=0, 
contain  the  four  roots,  which  are  immediately  found  to  be 

■p= —   and _        . 

\/2  \/2 

Similarly,  the  ^veffth  roots  of  1  and  -1  are  found  by  means 
of  the  equations  a?*  —  I  =  0,  and  a^  -¥  1  =  0:  and  so  on. 

Ex.  28.     Given  «  ^^    ,^    and  =  ^    ,    -,  to 

Off  y  w  y* 

find  the  values  of  or  and  y. 

^         ^  ^    a      2b      b*     ^        ^  ^c      2d      d^ 

From  (1),  -  = 1 :  from  (2)  -  = zi 

^  '    w      y      y""  OD      y      y^ 

ad  ^9,bd      b^d  be  _2bd      ^ 

"    w         y         y2  '  w        y         y*  ' 

ad -be      bdid-b)  co  %f 

whence,  =  — ^^-r — ^,  or 


A'                   y^                 ad  — be      bd(d  —  b) 
again,  = -,  and  — : 

^        y         y^  Of        y         y* 

acP-b^c      9.bd(d-b) 

whence,  = : 

w  y 

x  ad?-b^c  y^  2bd(d-b) 

X   =  r — —    X 


ad  —  be  w  bd(d-'b)  y 

ad^  -  b^c  -  ad^  -  b^c 

or  — - — - —  =  2y,  and  y  = 


ad  -  be  2  (ad -6c) 

ad^-Wc      ad^-b^e      2bd(d-b)  ,  ,,^     ^, 

also,  — X  — ; — -—  = ^^ ^  X  2y  =  46d  (d  -  6) : 

OP  ad  —  be  y 

(ad!"  -  6^)^ 


46d(d  -  b)  (ad-  be)' 
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Ex.  29.     Find  all  the  values  of  x  and  y  which   satisfy 
the  equations, 

9aV  -  4d*  Sbw  +  14d* 

^-r =  Say , 

964?  ^  9  ' 

and  —^ ^  =  6d* -6^6^7-13^ ay. 

From  (1),  ary^  -  Shw  (ay)  = : 

and  by  completing  the  square,  8z;c.,  we  obtain 

,     86a? -2d*         ^  6a?  +  2d^ 

ay  s —^  and  ay  = : 

3  3 

bw      9     \  Ww^  +  ISfcd^a?  -  12d* 


from  (2),  ay  -  f -1  +  .^  cP J  ay 


6 
whence,  proceeding  as  before,  we  find 

ay  =  bw  ■{■  iidr,  and  ay  = . 

,  ^     Sfta?  -  2cf         ,  ^        .  14d- 

(1)     =s     6a?  +  4cr,    gives  ^=     — --• 

,,      8bw-2(jp         4ba!''3(P       .  TcP 

(2) = ,  gives  or  «=     : 

^  ^  S  6  ^  206 

^^     6a?  +  2cP  ^  ^        .  5(F 

(5)     =     6a?  +  4cr,    gives  «!?  = -— . 

3  b 

,     '    6a?  +  2d2            4fbw-3(P       .  (f 

(4)     — ^— ^ pves  «.=--: 

,,     86a? -2d*         6a'  +  2d'  .  4d^ 

(5) ^=     ,     gives  a?=       ■     : 

^  ^  S  3  ^  76 

,^  •  .  46a? -Sd*       .  21d* 

(6)  6a?  +  4d*  = ^ ,  gives  a?  =-  ^^ 
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And  the  simultaneous  values  of  x  and  y  are 


SB  = 


14(Pl 
34  cP 


J?  «s- 


6a 

66 
lld« 


^ 


7tP 
206 

4cP 
I5a 


1 


07 


y 


18  a] 


1  4d'l 

I  •       a?  =  - — I 


a?  =  — 


.y 


6<P 

"to" 


21  d* 

To6 
igdP 


lOa 


Ex.  SO.     Given  <r'+y=y**,  and  y^+^^a?",  to  find  a?  andy. 
From  (l),  a?  =  y+y:  from  (2),  w^y^  : 
.-.  y'+y  =  y  "»  ,  and  ^ 


w       a?  -H  y 

whence,  (of  +  y)^  =  4m^  and  .•.  a;  +  y  s:k  2m : 

(l),    we  have  a  ^y  ^  =  y^,  and  .*.  y^  +  y  =  2m, 
which  gives 
y  =  ^  {-  1  ±\/8m  +  l},  and  a?  =  ^{4m  +  1  =f -x/sm  +  \\ : 

(2),    we  have  a?  =  —  ,  and  .\  y^  +  2my^  +  1=0, 

which  may  be  solved  by  CardarCs  Rule,  when  possible. 
Ex.  SI.     Given  the  n  following  equations,  viz.: 
a^^i  +  a2<2?2  +  (H^z  +  &c.  +  a»^„  =  0, 

^1^1  +  ^2^2  +  *3^3  +  8CC.  +  6„^„  =  0, 

CjO?!  +  02^72  +  C3<r3  -f-  &c.  +  c„a7„  =  0,  &c., 
&i^i"*  +  A?2a72*"  +  ^3^73"*  +  &c.  +  A;„a?„"*  =  k  : 
to  find  the  values  of  Wi,  w^j  x^^  &c.,  <r,. 
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Here,  by  means  of  the  n  -  1  former  equations,  each  of 
the  quantities  w^^  ^s,  &c.,  w^  may  be  expressed  in  terms  of 
Wxi  whence,  if 

W%  s=  hOBi^    W^=  4«^M    &C.5  d?^  as  ^n^\9 

we  shall  have  by  substitution  in  the  last 

Ai*i?i"'  +  k^l^a^  +  k^lj^Wi"^  +  &c.  +  kJtT^i^  =■  * : 

/                        k  \i 

and  therefore  .Vi  =  |- 7-;— I*: 

from   which   the  values  of  a?^,  w^^   &c.,  ^^  ai*^  immediately 
derived. 

Ex.  52.     Given  the  n  equations  following,  viz. : 

Old?!  +  (h*^2  "*■  ^«^8  +  &C.  +  0«^«  —  -4, 

CiO?!  +  €2^2  +  ^8^3  +  &c.  +  c„a?„  =  C,  &c. : 
to  find  the  values  of  w^,  w^y  ^39  &c.,  w^. 

Multiplying  the  members  of  the  first,  second,  third,  &c. 
equations  by  1,  ^,  9,  &c.  respectively,  we  have 

p6ia?j+^ft2^2+i>^3^3+  &c.  +pb^afn=^pB, 
qCiODi  +  902^2  +  9^3  a?3  +  &c.  +  qc^oOn  =  9C,  &c. : 
and  by  addition  in  vertical  columns,  we  find 

(oi  +  jp6i  +  qcx  +  &c.)  a?i  +  (^2  +  JP62  +  9^2  +  &c.)  d?2 
+  («s  +  iP^  +  9^3  +  &c.)  a?8  +  &c.  +  (a„  -H  jp6«  +  9C„+  &c.) a^ 
«  -4  +  p-B  +  gC  +  &c. : 

whence,  if  the  coefiicients  of  0729  ^39  &c.,  x^  in  this  equation, 
be  assumed  =  0,  we  shall  have 

A  ■\-  pB  Jf  qC  +  &C. 
tti  +  pbi  +  qci  +  &c. 

where  the  values  of  jp,  9,  &c.  may  evidently  be  determined  by 
meant  of  the  n  —  1  equations, 

3K 
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fh  +  b^p  +  c^q  +  &c.  =  0, 

^3  +  hP  -*■  ^3?  +  &C.  =  0,    &C.  =  &C. 

««  +  bnP  +  c^g'  +  &c.  =  0, 
as  pointed  out  in  the  last  example :  and  similarly  of  w^^  tr,, 

Ex.  33,     Let  there  be  given  the  n  following  equations : 

Oi^icTg  4-  ^i^i  +  C1W2  -H  rfi  =  0, 

a2^2^3  +  ^2^2   +  C2**^3  +  dg  a=  0, 
fl3^3«^4  +  63«!P3  +  C3a?4  +  C^  ^  0,     &C. 
«n^ii^l  +  ft«^n  +  C„il?i  +  d„  =  0  : 

to  find  the  values  of  Wi^  x^^  ^-39  &c.,  <r„. 

From  (1),  we  have  oc^^ : 

whence  we  shall  find  x^  in  terms  of  x^  by  means  of  (2) :  and 
continuing  the  process,  we  shall  at  length  obtain  ^„  in  the  form 

Ccr,  +  D ' 
which  being  substituted  in  the  last  equation,  gives 

a  quadratic  equation,  from  which  x^  may  be  determined:  and 
thence  x^^  x^^  &c.,  <r„  will  become  known. 

ELIMINATION. 

25.     The  following  examples,   in   addition   to    what   has 
been  said  in  the  text,  will  further  illustrate  this  subject. 

Ex.  1.     Eliminate  x  by   means  of  the  equations 
x^  +  y^  -  (2y^  +  1)  (a?  +  1)  =  0,  and  x^  —y'  -  xy  -  1  ^  0. 
From  (2),  x^  —  xy^  —  af^y  —  a?  =  0 : 
from  (1),  a^  -^y^  "  (2^^  +  l)  (a?  4-  1)  =  0  : 


ELIMINATION.  443 

but  aFy  -  a^y*  =  y3  ^  ^^  from  (2)  : 
.-.  2y*  -  2j^  +  y  -  1  =  0,  or  (2y«+  1)  (y  -  1)  «  0, 
an  equation  involving  only  y, 

Ex.  2.     Given  the  three  following  equations 

a?  +  y  +  jjr  =  a,  «ry  +  a?«  +  y;?f  =  6%  and  a^y^jf  =  c^, 
to  eliminate  y  and  iv. 

From  (l),  ofi  +  a;*y  +  (^«  =  a^* : 
from  (2)5  s^y  +  j?*«  +  xyz  =  6^«t? : 
and  therefore,  ^  -  ^y^jf  =.aa?*  -  6'.?? : 
from  (3),  j?y;8r  =  c'  : 

.'.  s^  =  at»^  —  h^co  +  c',  or  jt'  -  a/p*  +  \?ai  -  c'  «=  0, 
a  cubic  equation  involving  only  one  unknown  symbol  w. 

Ex.  3.     By  means  of  the  three  equations  —  +  r^  =  1» 

From  (2),  aa^{f?-l?)  (-)  ,  and  .-.  {aa)^=(v?-Vf  (-]   : 

from  (3),  6/3=(a«-6«)  f l)  ,  and  .-.  (6/3)S=(o'-6»)*  (|)*: 
whence,  (aa)S  +  (6/3)i  =  (a*  -  6»)«  U  +  | )  =  (a*  -  6»)f, 

since  -—  +  7-  =  l,  by  the  first  equation. 
or      \r  • 

Ex.  4.     Given  .Ty  =  a*,  2oar^=a^+3j?S  and  2/3y'=a*+SyS 
to  eliminate  <v  and  y. 
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Here,  jS +  a  =  ^^  {a*  C^ +jO  +  3^y»(a? +y)} 

=  — -  (w  +  y)',  since  wy  ^  a^i 
2a* 


also,  j3  -  a  =»  — I  (a?  -  y)\  by  a  similar  process : 


\/2o*' 


and  (^  +  a)i-03-a)i  =  -^: 

whence,  (/3  +  o)i  -  (jS  -  a)i  =  4^  =  (*«)*' 
an  equation  which  does  not  contain  ^  or  y. 

Ex.  5.     Find  the  relation  of  the  coefficients  of 

a^  —  pa^  -H  ga?  —  r  =  0, 
when  the  roots  are  in  geometrical  progression. 

Let  — ,  a  and  aj3  be  the  roots :  then  we  have 

a  G? 

73  +  a  +  a/3  =  p,  -r  +  a*  -H  a^/3  =  g  and  a^  =  r, 
p  p 

to  eliminate  a  and  j3. 

From  (1)  and  (2),  we  have  pa^q^  and  from  (3),  a  =  r^: 

.'.  jpri  =  g,  or  p^r  =  g^  is  the  relation  required:  and  this  con- 
dition we  see  fulfilled  in  the  equation  t»^  — 7a?^+14a7-8=0, 
which  has  been  previously  solved. 

Similarly,  when  the  roots  are  in  arithmetical  or  harmo- 
nical  progression. 


IXEUUALITIES.  445 

INEQUALITIES. 

26.  Questions  involving  inequalities  are  always  treated 
according  to  the  principle  laid  down  in  article  (49). 

Ex.  1.  Prove  that  2w^  +  i  is  greater  than  2ai^  +  arf  what- 
ever positive  integral  value  be  assigned  to  w. 

Here,  2a^  +  1  is  >  or  <  2a^  +  of^ 

according  as  2a?*  -  9,0^  is  >  or  <  a?*  -  1, 

as  %cf  {x  -  1)  is  >  or  <  (a?  +  l)  {/v  -  1), 

as  207*  is  >  or  <  zp  +  1, 

as  2  (a?*  -  1)  is  >  or  <  a?  -  1, 

as  2  (a?  -  1)  (j?*  +  ^  +  1)  is  >  or  <  a?  -  1, 

as  2  (iT*  +  a?  +  1)  is  >  or  <  1, 

as  {4taf  +  4a?  +  1)  +  1  is  >  or  <  0 : 

but  (4/»*  +  4^7  +  I)  +  1  =  (2a?  +  I)*  -H  1^  being  the  sum  of  two 
squares  is  always  greater  than  0, 

and  .•.  2a^  +  1  is  >  2a?^  +  «r*. 

In  consequence  of  the  equal  divisions  by  a?  —  1,  which  has 
been  treated  as  an  arithmetical  quantity,  this  conclusion  will 
not  hold  good  when  a?  =  1 :  and  accordingly  we  find  that  the 
two  quantities  are  equal  for  this  particular  of  a?,  and  for 
no  other. 

Ex.  2.     Compare  the  binomial  surd  quantities 

\/J+\/l4  and  \/sH-3\/2, 
considered  arithmetically. 

Here,  \/T+  \/l4  is  >  or  <  \/s  +  3  V^» 

according  as  19  +  2  v70  is  >  or  <  21  +  6 \/6, 

as  \/70  is  >  or  <  1  +  S\/6^ 

as  70  is  >  or  <  55  +  6 ^/o* 


446  INEQUALITIES. 

as  15  is  >  or  <  6\/6j  as  225  is  >  or  <  2l6: 
that  is,  y/5  +  \/l4  is  greater  than  y/s  +  3 \/2. 

Ex.  3.  •    Prove  that  \/a^  +  V  -\ — .  is  greater  .than 

V  a^  +  6^ 

«  +  6,  whatever  be  the  unequal  values  of  a  and  ft. 
Here,  \/a^  +  ft^  +  — ,  is  >  or  <  a  +  ft, 

according  as  a^  +  ft*  +  aft  is  >  or  <  (a  +  ft)  y/a^  +  ft^ 

as  a^  -  ft^  is  >  or  <  (a*  -  ft^)  \/a^  +  ft*, 

as  a*  -  2a^ft^  +  ft''  is  >  or  <  €t^  -  a*ft*  -  a^ft*  +  ft«, 

as  a*ft*(a*  -  2aft  +  ft*)  is  >  or  <  p, 

as  (aft)*  (a  -  ft)*  is  >  or  <  0 : 

that  is,  v  a^  +  ft*  +      .  is  always  greater  than  a  +  ft. 

Va*  +  ft* 

Ex.  4.     What  is  the  integer  value  of  a?, 

when  ^  (a?  +  2)  +  ^  ^  is  less  than  ^  (a?  -  4)  +  3, 

and  greater  than  ^  (a'  +  l)  +  ^  ? 

Multiplying  all  the  quantities  by  12,  we  have 

7a?  +  6  <  6.2?  H-  12  and  >  6a?  +  10 : 

.-.  a?  is  <  6  and  >  4,  or  a?  =  5. 

Ex.  5.     Resolve  a  into  two  factors,  whose  sum  shall  be 
the  least  possible. 

Let   the  factors  be  a?  and  - ,  and  assume  a?  +  -  =  m  : 

a?  w 

which  gives  a?  =  ^  (w  ±  \/m^  —  4  a)  : 

therefore,  in  order  that  the  factors  may  be  real  magnitudes,  rn? 
must  not  be  less  than  4  a,  and  for  the  extreme  Case  in  which 
they  are  real,  we  have 

ct?  =  i m  =  va,  and  .•.  —  =  va, 


iV 
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80  that,  the  required  factors  are  equal  to  each  other,  and  their 
sum  =  2  va. 

The  same  result  may  be  obtained  from  «the  following 
consideration. 

Let  one  of  the  factors  oi  =  c  y/a^  and  .•.  —  = : 

X  c 

whence    /p  +  —  =  |c4--|  v  a,    which    will   be   greater    than 
2va,  unless  c  =  l,  as  appears  from  article  (81). 

MISCELLANEOUS    PROBLEMS. 

27.  The  following  small  collection  of  Problems,  depen- 
dent upon  the  principles  explained  in  the  text,  will  afford 
additional  hints  for  the  acquirement  of  dexterity  in  the  use 
of  Algebra. 

FaoB.  1.  A  garrison  which  had  provisions  for  30  months, 
was  doubled  at  the  end  of  4  months,  and  increased  by  400  men 
3  months  afterwards,  and  the  provisions  were  then  exhausted 
in  fifteen  months  from  the  first:  find  the  original  number 
of  men. 

Let  X  denote  the  original  number  of  men,  and  a  the  quan- 
tity of  provisions  consumed  by  1  man  in  i  month : 

.*.  30 ax  =  the  whole  quantity  of  provisions : 

also,  4a^  =  quantity  of  provisions  consumed  in  first  4  months ; 

2^x3xa  =  6aa?  nextS  months: 

and  (2d?  +  400)x8a=l6a<X'+3200o  =  next  8  months : 

whence,  SOax  ^  260 J?  +  3200a,  and  .'.  a?  =  800  men. 

Prob.  2.  A  gentleman  bequeaths  his  property  as  follows : 
to  his  eldest  child  he  leaves  £l800.  and  one-sixth  of  the  rest 
of  his  property :  to  the  second  twice  that  sum,  and  one-sixth 
of  what  then  remained :  to  the  third  three  times  the  same  sum, 
and  one-sixth  of  the  remainder,  and  so  on:  and  by  this  arrange- 
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ment  his  property  is  divided  equally  among  his  children :  how 
many  we^e  there,  and  what  was  their  fortune  ? 

If  <r  s  the  whole  property,  then  we  shall  have 

.2?-1800  w       ,       -      ' 

1800  +  — - —  =  1500  +  -  =  the  fortune  of  the  eldest : 
o  o 

also,  X  —  1500  -  -  = 1500  =  the  sum  remaining : 

o        6 

.'.   2750  +-—-«=  the  fortune  of  the  second : 

whence,   1500  -H  ^  =  2750  +  — ,  and  .-.  w  =  £45000 : 

also,  1500  +  -  =  £9000.,  the  fortune  of  each  : 

o 

,  45000  ,  ,  p    ,  .,  ^ 

and  .*.  =  5,  the  number  of  children. 

9000 

This  problem  will  furnish  the  student  with  a  good  exercise 
in  tracing  the  possibility  of  the  conditions  proposed,  by  finding 
the  general  relation  between  the  fortunes  of  any  two  consecutive 
children. 

Pbob.  3.  A  pack  of  p  cards  is  distributed  into  n  heaps,  so 
that  the  number  of  pips  on  the  lowest  cards,  together  with  the 
number  of  cards  laid  upon  them,  is  the  same  given  number  m 
for  each  heap,  and  the  number  of  cards  then  remaining  is  found 
to  be  r :  required  the  number  of  pips  on  all  the  lowest  cards. 

Let  w  =  the  number  of  pips  required : 

then,  since  mw  =  the  number  of  pips,  together  with  the  num- 
bers of  cards  laid  upon  the  lowest,  mn  -  ^  =  the  number  of 
cards  laid  upon  all  the  lowest : 

.'.  i»w  —  ^  +  w  =  the  number  of  cards  in  all  the  heaps : 

whence,  mn  -  .i?  +  w  +  r  =  p,  and  a?  =  (m  +  1)  w  +  r  -  p. 

This  trick  may  readily  be  performed  by  means  of  a  common 
pack  of  cards. 
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PaoB.  4.  A  and  B  travelled  on  the  same  road,  and  at  the 
same  rate  from  H  to  L.  At  the  50"*  milestone  from  Z,  A  over- 
took a  flock  of  geese,  which  were  proceeding  at  the  rate  of 
S  miles  in  2  hours;  and  2  hours  afterwards  he  met  a  stage- 
waggon  which  was  moving  at  the  rate  of  9  miles  in  4  hours. 
B  overtook  the  flock  of  geese  at  the  45^^  milestone,  and  met  the 
stage-waggon  40  minutes  before  he  came  to  the  31**  milestone : 
where  was  B  when  A  reached  L  ? 

Let  Of  =  the  rate  of  travelling  of  A  and  B : 

9 
.'.   B  approaches  the  waggon  oj  +  -  miles  per  hour : 

4 

and  -  :  5  ::   1  :  —  =  the  number  of  hours  in  which  B  over- 
2  3 

took  the  geese  after  A  : 

whence,    =  space  he  passed  over  in  that  time,  and  there- 

3 

fore 5  =  ffs  distance  from  A, 


Again,  A  met  the  waggon  50  -  2«r  miles  from  L,  and  B 

met  it  31  H miles  from  L : 

3 

8w 
.*.  it  had  travelled 19  miles  in  that  time : 

whence,    the   time   elapsed   between   A   and    B  meeting    the 

.4/8,2?  \ 

waggon  is  -  ^—  -  19j  : 

and  A'*s  distance  from  B  =  -  { 19 1  x   {«r+-|: 

9\S  )       \         4/ 

/8a?          \    /4a?         \        lO.i? 
.-.    I 191   Ir hlj  = 5,    by  the  question, 

which  gives  a?  =  9,  the  rate  of  travelling  of  A  and  B : 

and   .-. 5  =:  25  miles,  the  distance  required. 

#  3  L 


460  MISCELLANEOUS    PROBLEMS. 

Prob.  5.     To  find  two  magnitudes  whose  product  is  a, 
and  the  difference  of  whose  squares  is  26. 

Here,   xy  =  a,   or  2\/-la?y  =  2a\/--l,  and  ^-j^=26: 
.-.  0?*  +  2\/  -  1  j?y-y*  =  26  -f  2a\/  -  1, 
^2  _  2>y/3ia7y-3^*  =  2ft-2a\/  -  1 : 
whence,  ^  +y\/  -  1  =  (26  +  2a\/  -  1)^, 
and  X  -yy/  -  l  =  (26-2a\/  -  1)^: 
•••  a?  =  ^{(26  +  2a\/  -l)i  +  {^h-^ay/  -  1)*}, 

and  y=        > — {(26 +  2a\/^n")^  -  (26-2a\/^)i}. 

2\/  —  1 

These  values  of  x  and  y^  though  expressed  in  symbolical 
forms,  are  both  real  magnitudes  by  article  (263),  but  being 
irredtudble^  will  not  be  convenient  solutions  in  their  present 
forms : 

V         n  -^  \/  fi     -I-  \t 

if  however,  -  = be  combined  with  xy  =  a. 

y  a 

we  have  immediately 

which  are  the  quantities  required. 

Prob.  6.  A  waterman  rows  a  given  distance  a  and  hack 
again  in  6  hours,  and  finds  that  he  can  row  c  miles  with  the 
tide  for  d  miles  against  it :  required  the  rate  of  the  tide,  and 
the  rate  of  rowing,  and  also  the  times  of  rowing  down  and  up 
the  stream. 

Let  X  =  the  time  with  the  tide,  and  .-.  6  —  a?  =  the  time 
against  it :    .'.  -    and are   the   rates  with   and   against 
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the  tide :  whence,  -  : =  c  :  d  hy  the  question,   which 

W        0  —  Off 

bd  .        ^  be 

gives  w  = -,   and  .*.  6  —  a?  = 


c  +  d  c  +  d 

..        a(c  +  d)       ^  ,  , 

Also,  -— —  =  the  rate  down  the  stream 

bd 

=  the  rate  of  rowing  +  the  rate  of  the  tide : 

,    aCc  +  d)       ,  , 

and  ; =  the  rate  up  the  stream 

be 

=  the  rate  of  rowing  —  the  rate  of  the  tide : 

.".  rate  or  tide  = :     rate  of  rowing  = ; — ; — . 

2bcd  ^  Qbcd 

Prob.  7.  If  from  a  cask  of  wine  containing  a  gallons, 
b  gallons  be  drawn  off  and  the  vessel  filled  up  with  water, 
and  this  be  repeated  n  times  successively:  find  the  quantity 
of  wine  then  remaining. 

Let  «!,  a29  ^3,  &c.,  a„  denote  the  quantities  of  wine 
remaining  after  the  operation  has  been  repeated  once^  twice^ 
thrice^  &c. ,  n  times  respectively :  then  it  is  manifest  that 

a  :  flti  =  a  :  a  —  b: 

but    since  the  strength  of   the  mixture,    and    therefore  the 

wine  in  it   decreases  at  every  operation   in  the  ratio  of  a  : 
a  —  6,  we  have 

ttj  \  a^  =^  d  ''  d  —  b^ 

a2     :  a^  ^  a  ',  a  —  b<f  &c, 

dn-\  •  ^11  =  ^  •  a  —  6 : 
whence,  a  :  a„  =  a*"  :  {a  —  by-. 

,  (a-bY     , 

and  .'.  a„  =  — —^ — ,  the  quantity  required. 

If  w  be  a  very  large  number,  we  shall  have 

/       nb       n^b^          n^W         „     \  _!L^ 

a„  =  a    1 +  2 5  +  &c.    =  ae    « , 

as  appears  from  the  expansion  of  e"*  hereafter  given. 
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Pros.  8.  There  are  three  casks,  each  of  which  con- 
tains a  mixture  of  water,  wine  and  brandy  in  given  ratios: 
what  quantity  must  be  taken  from  each  to  form  a  fourth 
mixture  which  shall  contain  a  given  quantity  of  the  said 
ingredients  ? 

Let  «i,  61,  Ci  denote  the  water,  wine  and  brandy  in  the  1st  cask: 

^25^25^2 2nd  ... 

^3 9  ^39  ^3  •••••••••••••••••••••••••••••••••••••••••••  <^rQ   ... 

^4,  64,  C4 4th    . . . 

and  assume  ^,  ^,  %  to  represent  the  whole  quantities  taken 
from  the  first,  second,  and  third  casks   to  form  the  fourth: 

then,    a,  +  61  +  Ci  :  <a?  ::  «!  :  ^ =  water  from  1st: 

«i  +  ©1  +  Ci 

a-2  +  02  +  C2  :  y  ::  a^  :   r = 2nd: 

^2  +  ^2  +  C2 

Os  +  Og  +  Cg  :  %  ::  a^  : = 3rd: 

03+^3  +  Cg 

.                   aicT                   a2y                  a^z 
whence, + + r =  a^- 

di  +  Oi  +  Ci        ^2  +  ^2  +  C2        %  +  O3  +  ^3 

Similarly,  two  additional  equations  may  be  obtained, 
and    thus  the  values  of  «2?,  y,  %  will  be  determined. 

Pros.  9.  If  a  oxen  in  m  weeks  eat  b  acres  of  grass, 
and  c  oxen  eat  d  acres  in  n  weeks :  how  many  oxen  will 
eat  e  acres  in  p  weeks,  the  grass  being  supposed  to  grow 
uniformly  ? 

Let  0?  =  the  number  of  oxen  required,  a  =  the  grass 
upon  an  acre  at  first,  and  j3  =  the  increase  of  grass  upon 
an  acre  in  a  week : 

.*.  a  +  mfi=  the  grass  on   1  acre  in  m  weeks: 

a  +  w/3  =  n    

«  +  Pi3  =  p    


MISCELLANEOUS    PEOBLEMS.  453 

.*.  b(a  +  fn(i)  =  the  grass  on  b  acres  in  m  weeks: 

e?(a+wj3)=  d  n   

e(a+p/3)=  e   p   

now,  it  is  manifest  that  the  quantity  of  grass  consumed 
will  vary  as  the  number  of  oxen  and  time  jointly :  whence, 
we  have 

6(a  +  wj8)  :  d(a  +  wj8)  =  ma  :  nc: 

b(a  +  mfi)  :    e(a-\-pfi)  =ma  :  pw: 

(mad  —  nbc)a 


.'.  from  (l),   we  find  )3  = 


mn(bc  —  ad) 
mae(a  -\-p(i) 


and  from  (2),  we  have  a?  =      ,  ,  ^^ 

po(a  +  mp) 

[m—pXnce       fn'-p\mae      ,  .  .     . 

=  I =-  I =-    ,  the  number  required. 

\m  —  nj  pd        \m-nj    pb 

Hence,   (m  —  n)  —  =  {p  —n)  —- (p  -  w)  — r?  ^^^^  ^se- 

I  e  b  d 

ful  practical  theorem,  from  which  any  one  of  the  quantities 
concerned   may  be  determined,  when  the  rest  are  given. 

Prob.  10.     A   debt   of  a£    accumulating    at   compound 
interest,   is  discharged    in   n   years  by  annual   payments   of 

o  ^  ,  log  (l  -  ^0         1  .      1      . 

—  £ :  prove  that  n  =  — :^—? r-  ?    where  r  is  the  interest 

m        ^  log  (1  +  r) 

of  if  for  1  year. 

— j  -4,  if  we  make  P  —  a^ 

iZ  =  1  +  r,   and   ^  =  — ,    we    shall  have 

m 

I  ,  loff  (l  -  mr) 

(1  +  rY  = ,   and    .-.  w  =  -  — ^^- -^ . 

1  —  mr  log  (1  +  r) 


.  > 


Prob.  11.     A   person   spends  in  the  first   year  m  times 
the  interest  of  his  property :    in  the  second  year,  2m  times 
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that  of  the  remainder:  in  the  third  year,  3m  times  that  at 
the  end  of  the  second,  and  so  on :  and  at  the  end  of  2p 
years  he  has  nothing  left:  shew  that  in  the  p^  year  he 
spends  as  much  as  he  has  left  at  the  end  of  that  year. 

Let  Py  =  his  property  at  the  end  of  the  w^  year : 
.-.  the  interest  in  the  (<i?  +  1)*^  year  =  rP^: 
and  his  expenditure  in  this  year  =  (a?  +  l)7»rP^ : 

.-.  the  property  left  =  P^  (l  +  r)  -  (j?  +  1)  mrP^ : 
whence  putting  2p  —  1  for  .i?,  we  have 

{l  +r  -  2pmr]  P2p-\  =  0,    and  .-.  1  +  r  =  2pmr  : 

similarly,  his  expenditure  in  the  p^  year  is  pmrPp_i^  and 
his  property  left  at  the  end  of  that  year 

=  {l  +  r  -  pmr}  Pp_i 

^  (2pmr  - pnir)Pp_i  -  pmr  P^^^. 

Peob.  12.  A  mortgage  is  taken  on  an  estate  worth 
n  acres  of  it:  but  land  rises  p  per  cent,  in  price,  and  in 
consequence,  the  mortgage  is  worth  only  n^  acres,  and  it  is 
then  paid  off.  During  the  continuance  of  high  prices,  an- 
other mortgage  is  taken  worth  n  acres  as  before :  but  prices 
returning  to  their  former  level,  the  mortgage  is  worth  rii 
acres :   shew  that 

P 

n  —  Ui  :  rio  —  n  =  I   :    IH . 

100 
Let  a  =  first  price  of  an  acre,   .'.  a  -\ =  second  price: 

,•.  the  amount  of  the  first  mortgage  =  na  =  rii  la  +  ^—]  : 

also,    nla  -\ j  =  WgCt?  by  the  question  : 

whence,  Wg - w  =  — -  w  = ( 1  +  — -  )  ^i  =  ( 1  +  —  )  (w-«,): 

'        100    100  V   100/     V   100/  ^    ^ 

P 
.\  n  —  rii   :  7^2  —  ^  =  1  •  1  + 


100 
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This  result  shews  that  the  advantage  to  the  mortgager 
from  a  rise  in  the  price  of  land,  is  less  than  the  disadvantage 
to  the  mortgagee  from  a  fall  in  price,  in  the  ratio  of 

P 


100 


Prob.  13.     If  P  denote  the  population   of  a  country  at 
a  given  period,   -  the  ratio  of  mortality,    -  that  of  births: 

p  q 

and   if  A    represent    the  amount  of  population  in  n  years, 
then  will 


I      pq  J 


_,         ,  ^  .  I       I      p  —  a 

J^or,  the  rate  of  increase  = = 

q      p        pq 

.-.  1:1  + 


pq  {        pq  ] 


the  population  at  the  end  of  one  year  : 

similarly,   1   :   x^lZl^pU^l^X  ..  p|i +^\ 

pq         \       pq  ]        \       pq  ] 

the  population  at  the  end  of  two  years :  &c. : 
whence,  at  the  end  of  n  years,  we  shall  have 

I       pq  ] 

from  which,  if  four  of  the  involved  quantities  be  given,  the 
remaining  one  may  be  found. 

Prob.  14.  If  the  number  of  persons  born  in  any  year 
be  Tgth  of  the  whole  population  at  the  commencement  of  that 
year,  and  the  number  of  those  who  die  be  g^th  of  it:  find 
in  how  many  years  the  population  will  be  doubled,  given 
log  2  =  .301030,   log  180  =  2.255272    and   log  181  =  2.257679. 
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XX  .  p  —  q  15  1 

Here,    p  =  60,    ^  =  45,    and   .-. 


pq 


60  X  45       180 


whence,    2P  =  P| — >  ,  by  the   question: 

loff  2  .301030  - 

.-.  n  =  ; ^-1 = =  125  years,  nearly. 

log  181  -  log  180       .002407 

Prob.  15.  A  gives  to  B  as  many  counters  as  he  has 
already,  and  B  returns  to  A  as  many  as  he  had  then  kept: 
and  they  afterwards  find  their  numbers  to  be  a  and  6 
respectively :    what  number  had  each  at  first  ? 

Let  w  =  A''s  number,    .•.  a  +  6  -  /r  =  J?'s  number  at  first: 

.•.    2a?  —  a  -  6  =  ^'s   number  after  his  present  to  B : 

and    2  (a  +  6  —  <2?)  =  5's  number  then : 

.-.  40?  -  2(a  +  6)  =  A'*s  number  after  J?'s  present : 

whence,    4a?  —  2  (a  +  6)  =  a,  by  the  question  : 

3a-{-2b            _           ,              a-\-9,h 
.-.  x= ,     and  a  +  o  -  «2?  = , 

4  4 

the  original  numbers  of  A  and  J?. 

If  the  same  process  be  repeated  a  second  time,  we  have 

_     .           3a  +  26        ,    a  +  26    .        ,         ,  . 

merely  to    substitute   and  in    the   places  oi 

a  and  6,  and  thus,  we  find 

.,        .   .     ,  ,  11a +106  ,    „,       5-a  +  66 

A  s   oriffinal  number  = ,    and  ^  s  = . 

^  16  16 

lla+106  5a +66 

Also,  tor  a  third  time,  we  put and    

^16  16 

in  the  places  of  a  and  6,  and  thus  have 

.,         .   .     ,  ,  43a +  426  -   _,        21a  +  226 

A  s  oriffinal  number  = — ,  and  J?  s  = . 

^  64        '  64 
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And  for  a  fourth  time,  we  shall  have  likewise 

.,        .  .     •  ,  171a +  1706        -,       SSa-^^BGb     ^ 

A  8  on£:inaI  number  = ,    5  s  = —  :  &c. : 

^  256  256 

but  in  the  numerators  of  the  original  numbers  of  Ay  we 
observe  that  the  coefficients  3,  11,  43,  17I9  &c.  of  a  are  so 
connected  that  each  of  them  is  less  by  1,  than  four  times 
that  which  inlmediately  precedes  it,  and  that  the  coefficients 
of  b  are  the  doubles  of  the  numbers  1,  5,  21,  85,  &c. :  also, 

3  ±=  4  -  1 :  1  =  1: 

11«4'~4  -  1:  5=-4  +  1: 

43  =  4^  -  4*  -  4  -  1 :  21  «  4'  +  4  +  1  : 

171  «  4*  -  4'  -  4*  -  4  -  1  :  85  =  43  H-  4'  +  4  +  1  : 

&c.  &c. 

from  which,  by  induction,  we  determine  the  original  numbers 
of  A  and  S  to  be  of  the  forms 

2.4"H-1  2(4"- 1). 

a  +  0, 

3 . 4»  3.4" 

4'»  -  1  4"  +  2 

a  + 6, 

3.4**  3.4" 

when  the  prescribed  exchange  has  been  effected  n  times." 

THE    RULES   OF   POSITION. 

28.  Dkf.  In  Single  Position  are  considered  those 
questions,  wherein  the  result  of  the  operations  upon  the 
unknown  quantity  is  always  some  multiple,  part  or  parts 
of  the  quantity  itself:  and  the  applicability  of  the  rule  is 
entirely  directed  by  this  circumstance. 

Let  tV  be  a  number  required,  which  is  to  undergo  such 
operations  that  the  result  is  a :  also,  let  5  be  a  supposed 
number,  which  by  the  same  operations  gives  a  result  b: 

iV      s  a 

then,    —=7,    and  .•.  x^-s: 
a      b  b 

and  this  expression  put  into  words  at  length  furnishes  the 
rule  commonly  employed  in  questions  of  this  description. 

3  M 
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Ex.  Find  a  number,  which  being  increased  by  its  fourth 
and  seventh  parts,  becomes  39. 

Suppose  the  number  to  be  24 :  then,  the  sum  pro- 
posed =  24  +  6  +  S^-  =  33^}-,  whereas  it  ought  to  have 
been  39: 

,  39  7 

whence,    x  = x  24  =  -  x  24  =  28. 

S3\  6 

29.  Def.  In  Dovhle  Position^  the  result  is  no  longer 
a  certain  multiple,  part  or  parts  of  the  quantity  itself,  but 
involves  further  the  addition  or  subtraction  of  some  given 
magnitude:  and  the  rule  will  be  useless  unless  this  is  the 
case. 

Let  ic  be  required  so  as  to  satisfy  aa7  +  6  =  c:  and  sup- 
pose 8  and  8  when  put  for  a?,  not  to  satisfy  the  condition, 
but  to  give  the  errors  e  and  e  both  in  excess:  then,  we 
have 

a«  +  6  =  c  +  e,  and  o«'+6  =  c  +  e': 

.-.  a{s  —  a?)  =  e,   and  a{8  •-  ai)  =  ei 

S  —  W  e  _  68  —  6  8 

•  whence,   -; =  — >   and  .-.  a?  = ;-, 

8    —  X        6  6—6 

which  expressed  in  words  is  the  rule. 

If  the  errors  be  both  in  defect,  the  result  is  the. same: 
but  if  one  of  the  errors  be  in  excess  and  the  other  in  defect, 

es'+  6  8 
X  !2s  ^ —  . 

6  •\-  e 

Ex.  What  number  is  that  which  being  divided  by  9, 
and  the  quotient  diminished  by  3,  three  times  the  remainder 
shall  be  30? 

Let  144  =  5,  then  the  result  =  39,  and  e  =  9: 
let  126  =  «',  then  the  result  =  33^  and  6-31 

68  '-'  6  8 

whence,  the  number  required  «= ;-  «  117. 

6-6 
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RATIO   AND    PROPORTION. 

30.  To  find  the  approximate  value  of  (a  +  a/)"*  :  o", 
when  X  is  very  small  compared  to  a. 

Here, 

a*            \       a)                   \a]            1.2        Va/ 
.*.  the  first  approximation  =  1  +  m  (- j  = : 

the  second  approximation  «=  1  +  w  I  -  I  + I  -  I  :  &c. 

Sindlarly,  i^  «  I  +  1  p)  +  1^  (?)  '  .  &c., 

from  which  the  approximations  may  be  found  as  before. 

31.  Let  a  and  h  denote  two  incommensurable  magni- 
tudes which  admit  of  no  common  measure  whatever;  and 
suppose  h^nx^  and  a  to  lie  between  mx  and  (m  + 1)^17: 
then  we  shall  have 

am.  m  + 1  a      m       \ 

-  >  —  but  < ,   or  7 <  — : 

h      n  n  0      n      n 

and  this,  by  the  diminution  of  x  and  consequent  increase 
of  w,  may  obviously  be  made  less  than  any  assignable  quan- 
tity: therefore,  whatever  is  proved  of  the  ratio  m  :  n  in 
this  case,  holds  good  of  the  ratio  a  :  b. 

d  c 

Again,  if  --  and  --  represent  two  incommensurable  ratios. 
b  a 

which    can   both  be   proved   to   lie  between   —   and > 

n  rr 

whatever  be  the  magnitudes  of  m  and  n,  we  shall  ha^ 

a      c      1 
ban 
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a      c 

or 


and  therefore,    by  reasoning   as  before,  we  have    t  =  ,» 

the  incommensurable  ratio  a  :  b  in  equal  to  the  incommen- 
surable ratio  c  :  d :  and  thus  proportionality  is  established 
among  the  incommensurable  magnitudes  a,  6,  c  an(l  d. 


PR0QR£SS10NS. 

32.     To   find    the   sums   of  the   powers  of  the  terms  of 
an  arithmetical  progression. 

Proceeding  exactly  as   in   (3)  of  article  (217),  we  shall 
find  ««_! 

-(m-l)«,«.sj— --(m-l)(m-2)tf^.3— — --&c: 


md  ^        '        1.2    ^         '^        '         1.2.3 

and  if  m  be  put  for  m  —  1  in  both  members,  the  result  will 
be  rendered  more  convenient  for  practice. 

33.     In    a   geometrical   progression,  we   have    seen  that 

a(r»-l) 

/  »  a'f^^  and  s  = : 

r-  1 

whence,    if  qr  -  a  =  a(r  —  1)  be  very  small,  we  have 

ar  —  a      d 

7.  _  1  — ss  T- ,  suppose  : 

a  a 

r      dv-^ 

.'.  Z  =  a  n  +  ^>       =  a  +  (rf  -  1)  d ,  nearly  : 


n 


also,  5  B  a  < 


jl^^J    -^       .- n 


d 
a 


;;  =  {2a  -f  (ri  -  1)  d}  -  ,  nearly: 


2 


anl  these  are  the  expressions  already  investigated  for  an  aritb- 
inetk»,al  progression  :  from  which  we  infer  that  quantities  in 
geom«trical  progression  may  ultimately  be  regarded  as  form- 
jng  an  arithmetical  progression :  and  conversely. 
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34.  Though  the  sum  of.  a  series  of  quantities  in  har- 
nionical  progression  cannot  be  generally  exhibited,  there  are 
some  cases  in  ivhich  a  good  approximation  may  be  found. 

Thus,  if  b  be  very  small  compared  with  a,  we  have 

.      (a +  6)'  (a  +  bf 

a +  20  = ^y    a 4- 36  = ^-^^    &c.  nearly: 

a  or  "^ 

1              1                1  „  (a  +  feV-^o* 

+ r  +  r  +  &c.  to  n  terms 


a  +  6      a  +  2&      a  +  36  b(ji-\-by 

From  this  combined  with  the  results  of  the  last  article, 
it  is  inferred  that  all  the  progressions  may  be  regarded  as 
coincident,  whenever  the  difference  of  any  two  consecutive 
terms  vanishes  with  respect  to  the  terms  themselves. 

35.     If  three   equidistant   terms   of   a  harmonical    pro- 

•       u  1  1  1 

gression  be 


we  have 


<*  +  (p-l)d'    a'    a-  (p-  l)d' 

1  1  2a 


a  -  (p  -  1)  rf  ^  +  (p  -  1)  d      a«  -  (p  -  i)«d* ' 


2 
which  is  manifestly  greater  than  -: 

a 

that  is,  the  sum  of  any  two  terms  of  a  harmonical  series  is 

greater   than    twice   the  intermediate  mean   term :    and  it  is 

evident   that  thfs    excess   is   the    greater   as  they   are   more 

remote  from  it. 

Whence  we  have  the  sum  of  n  terras  of  the  series  greater 
than  n  times  the  middle  term :  and  therefore  by  the  con- 
tinued  increase  of  n,  the  sum  of  any  harmonical  series  may 
be  made  greater  than  any  quantity  that  can  be  assigned : 
)Euad  hence  the  sum  of  the  reciprocals  of  the  natural  numbers 

— ^.-  +  -  +  -  +  &c.  in  infinitum  is  indefinitely  great. 
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THE   BINOMIAL   THEOREM. 
36.     To   find    the   result   arising   from  multiplying  tbe 
successive  terms  of  the  expansion  of  (a  +  6)",  by  the  cor- 
responding terms   of  an  arithmetical  progression  whose  first 
term  is  a  and  last  term  X. 

Here,  \=a  +  »id,  and  .■.  d" : 

.■-  the  sum  of  the  terms  of  the  result 

V  mi  1.2      I  ml 


m{fn  —  l)    __ 


'fc*  +  &c.} 


=  a  (o  +  6)"  +  (\  -  a)  6  (a  +  6)"-» 
=  (a  +  b)'^-'{aa  +  b\\. 
If  b  be  negative,  the  result  =  (a  -  A)""'  {aa  -  6\),  which 
becomes  =  0,  whenever  -  =  -  . 

If  a  =  6  =  1,  and  the  arithmetical  progression  be  l,  3,  S, 
&c.,  we  shall  have 

nim-1) 


1  +2m 


-  +&C.  =  (to+2)2"-': 


1  -2nt+  3- 


.(m-1) 


3'J.     If  a,,  Oi,  a-i,  &c.  a„,  denote  the  coefficients  of  an 
expanded  binomial,  then  will 

Sfn  (2fn  -  l)&c.  (m-r+l) 

For,  (i  +  1))'"  =  fflo  +  OiU  +  OjT)*  +  8tc.  +  n,«'  +  &c.  +  a 
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•••  (l  -*- 1?)^"*  as  the  product  of  these  two  series 

=  &c.  +  ao^r^*""*""       +  &c. 
&c.  +  aia^+iv'*"*"*  +  &c. 

&c.  +  a2«r+2^''"*'"'  -^  &:c. 
but  the  coefficient  of  «'+'"  is  that  of  the  (r  +  m  +  1)**"  term 
of  the  expansion  6{  (l  +  «)*"* 

^  2m  (2m  -  1)  &c.  (m  -  r  +  l) 
""  1 . 2  . 3 .  &c.  (m  -H  r) 

2m(2m-l)&c.(m-r-fl) 
1.2.3.  &c.  (m  +  r) 

If  r  =  0,  we  have  a^  =  ao>  «r+i  =  «i>  &c., 

1  2        2        2«  2        1.2.3.&C.  2m 

whence,  at  +  al  +  a;  +  &c.  +  flr^  =  -— — _- ~- . 

(1.2.3.  &c.  m)- 

If  r  a  1,  we  have  a^  =  ^n  flr+i  =  ^2?  &c., 

1  .2.3.&C.  (2m-l) 


(m+l)|1.2.3.&c.(m-l)j^ 
and  similarlv  of  others. 

38.  Using  the  same  notation,  we  have 

(a  +  b  \/~l)'^  -*-  (a  -  6  \/~l)"*  =  2  {«!  -  O3  +  flj  -  &c.} , 

(a  +  6  \/-  1)**  -  (a  -  6  v^-  1)"  =  2  \/^  {ttg -«t  +  fle  -  &c.}  : 

and  thus  the  values  of  «!  -  %  +  05  -  &c.,  and  az-a^  +  a^-kc. 
are  expressed  in  symbolical  forms. 

THE   MULTINOMIAL   THEOREM. 

39.  Def.  The  Multinomial  Theorem  is  a  formula  for 
expanding  any  power  of  an  algebraical  quantity  consisting 
of  more  than  two  terms. 

40.  In  the  expansion  0/  (a  +  b  +  c  +  &c.)"^,  to  find  the 
coefficient  of  the  literal  product  a^Wc^  &c. 
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For  6  +  c  +  d  +  &c.  put  fc',  and  let  to  =  a  4 
term  6f  the  expansion  of  (o  +  b')"  will  be 

m(wt  -  I)  (ot  -  3)  &c.  (ffl  -  ff  +  1)    ,. 
1 .  a .  3 .  &c.  /3' 
1.8.3.&C.TO 


(1  .  3  ,  3  .  &c.  a)  (1  .  a  .  3 .  &c.  ^J 

Again,  for  b'  put  6  +  c',  and  let  /3'  =  ^  +  7' :  then  in  the 
expansion  of  (6  +  c')^,  one  term  will  be 

^■^;,^-'^"^ 6^oV, 

(1.2.3.&:c. /3)(l.2.3.&c.  7') 
wherein   a  +  /3  +  7'  «  m :    and   by  combining  this    with  the 
former,  we  have  one  of  the  terms  of  the  expansion  of 
{a  +  b  +  c'y 

: ^■^■^■^^■^ ^.fc^,V : 

(1 . 2  .  3 .  &c.  a)  (1 .  2  .  3 .  &c.  ^)  (1 .  2  .  3 .  &c.  7  ) 

and  proceeding  as  above,  and  putting  c  +  d*  for  c',  and  y  +  S 
for  7',  we  shall  obtain  the  general  term  of  (n  +  fc  +  c  +  &c.)" 

=  ^  ■  ^  ■  ^  •  StC-    "t  ^f^    y   n,     . 

^  (1  .2.3;&C.a)(l.a.3.&C. /3)(1.2.3.&C.7)&C. 
where  the  quantities  a,  )3,  7,  kc.  are  subject  to  the  condition 

a  +  /3  +  7  +  Sec.  =  m. 

41.     To  Jind  the  terms  of  the  eaipansion  of 
(a  +  bx  +  ex*  +  &c.  +  bxP)". 

The   general   term   of   (a  +  6  +  c  +  Sxc.)"   being   already 
found,  if  we  put  b-v,  car*,  &c.,  in  the  places  of  A,  c,  &e.,  we 
shall  have  the  general  term  of  the  expansion  of 
(a  +  ba!  +  ex'  +  &C.  +  ba')" 

=  '■-■■^■^^;,"    .     .    .   ...a''b^c7kc..T^*'^y*'"^-: 

(1.2.3.&c.r)(1.2.3.&C.;8)(1.2.3.&C.7)Sjc. 

and  all  the  terms  in  which  the  index  of  x  is  /3  +  2  7  +  &c.  mny 
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be  derived  from  this,  by  giving  to  a,  /3,  7,  &c.  all  the  dif- 
ferent positive  integral  values  of  which  they  are  capable, 
consistently  with  the  limitation,  a  +  /3  +  7  +  &c.  =w:  and  if 
)8  +  27  +  &c.  be  assumed  =  r,  the  two  equations  of  condition 
will  be 

a+/3  +  7+&c.  =w: 

/3+  27+  35+  &c.  -  T. 

If  /3  +  7  +  S  +  &C.  =0,  the  entire  coefficient  of  a?**  will  be 
obtained  by  forming  all  the  possible  literal  products  and  cor- 
responding coefficients,  subject  to  the  conditions  expressed  by 

/3  +  7  +  5  +  &c.  =  0,  and  )8  +  27  +  35  +  &c.  «  r. 

Ex.  Find  the  term  of  the  expansion  of  {a-hx  +  coFy^y 
which  involves  afi. 

I  Here,  )8  +  27  =  8,  and  a  +  /3  +  7  =  12  : 

whence,  a  =  4  +  7,  and  /3  =  8  -  27  : 

.'.  if  7  .B  0,  we  have  a  —  4,  and  j3  =  8 

7=1,   a^5y  ....  fi^6 

7  =  2,    a  =  6,  ....  /3  a  4 

7  =  3,    a  =  7,  ....  j3  =  2 

7=4,    a«=8,  ....  /3  =  0 

whence,   by  substitution  in   the   general  formula,   the  term 
required  will  be  found  to  be 


{ 


12.11.10.9   ,«      12.11.10.9.8.7   ,^- 
1.2.3.4  1  .2.3.4.5 


^;  12.11.10.9.8.7     ,^,0       12.11.10.9.8    ,_, 

\  (1  .  2 .  3  .  4)  (1 .  2)  (1  .  2)  (1  .  2  .  3) 


12 

+ 


1.2.3. 4  j 


^-i,jf    42.     If  tto  +  «i^  +  a^aF-\-a^a?  +  &c.  +  apa?**  be  the  proposed 
Bultinomial,  the  theorem  for  its  expansion  may  be  exhibited 
fift  a  different  form. 
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Let  (oq  ^aiOf  +  a^o^  +  &c.)'"  =  ^o  +  ^i^  +  h^  +  ^s^  +  &c- 
.*.  (ao  +  ai y  +  agj/*  +  &€.)"•  =  #o  +  ^i^  +  ^2^^  +  h'it  +  &c- 


^"•  —  xj'" 


w   — 1> 


^1  +  ^2  (>^^  ■*■  y)  +  ^3  (^  4-  ^y  H-  y^)  +  &c. 
Oi  +  aaC^^  +  y)  +  «3  (<2^  +  ^y  +  y^)  +  &c- 


=  w,  we  have 


therefore,  by  making  y  =  ^,  and  consequently  tj=w, 

'-i±l^^±1^4^^=  "»«"-''  by  artide  (35). 
ai  +  2a2iV  +  SOa^"*  +  &c. 

wt^"*       m  (to  +  ti  w  -{-  tiOjl^  -^  tsO^  -\-  &c.) 


t^ 


ao  +  «i«»  +  ©2  «!*^  +  ^  <^  +  &c- 


whence,  inultiplying  out,  we  obtain 


07 


+  3ao^3| 
+  20i/2>  ^ 


+  4aoC 
+  3ai4 

+  2a2^2 
+  azti 


•JC*  +  &c. 


=  mai^c 


+  Sma^t 


2ma2t2 
+  Sma^tQ 

+  4!ma^to 

and  therefore  by  equating  coefficients,  we  find 

a, 


r    X^     +      &C. 


^2  ,  ^1 

^2  =  2m #0  +  (w  -  1)  —  ^1 : 

2a,  ^2an 


^3  =  Sw  —  #Q  +  (2m  -  1)  -^  /i  +  (»t  -  2)  —  ^2  :  &c. : 


3ao 


So, 


3a. 
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whence,        \ao  +  fli^  +  Og^*  +  (h^  +  &c«  +  ap^^j" 


Oo"  +  mai^o 


a? 


-  +  (2l»  -  0)  ^2^0 
+  (im  -  1)  aiti 


w 


a 


2  a, 


x^ 


4far 


+  (3m  —  0)  a^to 
+  (2m  —  l)a2^i 
+  (iw  -  2)aj^2 


+  &c. : 


3a« 


+  (4wi  —  0)aito 
+  (3m  —  1)^3^1 
+  (2m  —  2)  02^2 
+  (im  -  3)a^t^ 

where  the  law  of  derivation  is  manifest,  /<„  ^,,  ^2>  4?  &C'»  being 
the  terms  of  the  expansion  in  which  the  indices  of  /r  are 
0,p,  2,  3,  &c.,  respectively. 

If  02  =  ^3  =  &c.  =  0,  we  have  the  expansion    of  a   bino- 
mial obtained  by  a  similar  process. 

THE  EXPONENTIAL  THEOREM. 

43.     Assume  a'  ^  I  +  Aof  +  Bx^  +  Cw^  +  &c.,  where   the 
first  term  =  1,  since  a®  =  1 : 

.-.  0^+*  =  1  +  -4  (a?  +  A)  +  S  (^  +  A)*  +  C  (a?  +  A)'  +  &c. 

=  1  +  Ax  +  Ba^  +  Ca^  +  &c. 

+  {A  +  2Bx  +  SCx^  +  4fDa^  +  &c.}  A  +  &c. : 

also,  a'+*  =  a'  {l  +  -4A  +  -BA*  +  CA'  +  &c.}  : 

whence,  equating  the  coefficients  of  A  in  these  expressions, 

we  have  A  +  2Bx  +  SCa^  +  4Z)/p^  +  &c.  =  Aa 

=  A  {l  +  Ax  +  Bx^  +  Ca?*  +  &c.}  : 

A^ 


.-.  A^A,  2B^A\  and  S.= 


1.2 


SC^ABt^ ,  and  C- 

1.2  1.2.3 
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^D^  AC ,    and  D  = :   &c.  : 

1.2.3  1.2.3.4 

A         ^«  A^      , 

whence,  a*  =  1  +  —  a?  + ar  + or  +  &c. : 

1  1.2  1.2.3 

and  the  value  of  A  is  proved  to  be  equivalent  to 

(a  -  1)  -  ^  (a  -  1)^  +  "l^  (a  -  l)'  -  &c.  in  infinitum^ 

by  finding  the  coefficient  of  w  in  the  expansion  of 

a'=  {l  +  (a-l)}'. 

See  the  Author's   Trigonometry^  for  the   application  of 
this  expansion  to  the  calculation  of  Logarithms. 

THE  LOGARITHMIC  SERIES. 

44.     If  we  suppose  y  =  1  +  » :  then  logy  =  log  (l  +  ») : 
and  since  when  ss^O^  log  1=0,  we  may  assume 
log  (1  +  »)  =  A^%  +  A^si?  +  A^fi?  +  &c. : 

.-.  log(l+«  +  A)  =  log(l +»)f  1  + J 

=  log  (1  +  ^)  +  log  (l  +  ^-^^ 

=  A^{%  +  h)  +  A2  (»  +  Kf  +  -^3  («r  +  A)'  +  &c. : 

but  log(l  +  5ir)  +log  (1  +  j~^j 
«  Ai%  +  A^ss*  +  A^s?  +  &c. 
+  A^ +  A2    +  -^3    +  &c. : 

whence,  Ai  +  2A2X  +  SAsZ^  +  &c.  = 


i  +  % 
=  Ai-  Ai%  +  A^^  -  Ai%^  +  &c. : 

.'.   ^■"■2  **  ^  ■^19       ^ -"s  ^  -^i)       ^A^  ^  ^  -"19     &c.  r 
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.'.    ^g^  —  g-^lJ        -^3  — "J-^IJ        -^4  —  4^-^19     &C.5 

and  log  (1  +  a?)  =  ili{^-^af*  +  ^»^-^«*  +  &c.}: 
also,  if  a  be  the  base  of  the  system,  we  have 

1  =  log  a  =  ^1  {(a  -  1)  -  ^(a  -1)^  +  ^  (a  -  l^  -  &c.} 
by  this  formula:   whence,  J^  is  determined: 

-        ,      ,         X                     i2r-la;2  + i«^- &c. 
and  .-.  log  (1  +  »)  =  -. ;^ r-^ ../    ,  , r= — - —  . 

If  the  denominator  be  assumed  =  1,  this  formula  will  be 
much  simplified,  and  the  value  of  a  to  answer  this  purpose 
may  easily  be  found. 

For,   if  e  be  this  value,    we   have   from   the   preceding 

article 

a?  a?  ^ 

e*  =  1  +  a?  + + 1-  &c. : 

1.2       1.2.3 

1               1 
.«.  e  =  1  +  1  + 1- 1-  &c., 

1 .2       1.2.3 

whose  sum  to  10  terms  will  be  found  to  be  2.71828  &c. ;  and 
denoting  the  logarithm  to  the  base  e  by  log^,  we  have 

loge  (1  +  af)  =  »  -  ^  «^  +  ^  iJf'  -  &c. : 

which  is  easily  remembered,  and  is  of  great  practical  utility 
in  the  higher  departments  of  Mathematical  Science.  See  the 
Trigonometry^  for  various  modifications  of  this  series. 

VARIATIONS    AND   COMBINATIONS. 

46.     We  have  seen  in  article  (223)  that  of  m  things, 

m(m  —  1)  &c.  (m  -  r  +  l) 
'  ~  1  .  2  .  3  .  &c.  r 

whence  assigning  to  r,  the  values  1,  2,  3,  &c.,  m,  we  have 

*  1.2  1.2.3 

=  (1  +  1)*"  -  1  «  2"»  -  1 : 
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and  if  the  m  single  things  be  omitted,  the  sum  of  all  the 
combinations  =  2"*  -  (wi  +  1). 

Thus,  if  m  «=  5,  the  number  of  all  the  combinations 
formed  by  taking  2,  3,  4,  5  at  a  time  =  2*  -  6  =  26. 

Also,  since  (Ci +  C3  +  C5+ &c.)  -  (C2  +  C4  +  C6+ &c.)  =  1, 
it  follows  that  the  total  number  of  odd  combinations  thus 
formed,  is  greater  by  1  than  the  total  number  of  even 
combinations. 

46.  If  there  be  two  sets  of  things  consisting  of  m  and 
m  individuals,  to  find  the  number  of  combinations,  that  can 
be  formed  by  selecting  out  of  them  r  and  r'  respectively. 

j^      m(m  -  1)  &c.  (/»  -  r  +  1) 
Here,    Cr  = 


C/  = 


1  .  2  .  3  .  &c.  r 
nJim  -  1)  &c.  (m'-  r  +  1) 


1 .  2  . 3  .  &c.  r 

and   Since  each  of  the  former   may  be  combined  with   each 
of  the  latter,  the  required  number  will  manifestly 

m{m  -  1)  &c.  -  fm  -  r  +  1)      m! {m  -  l)  &c.  (m'—  r'+  l) 
""  1  .  2  .  3  .  &c.  r  1  .  2  .  3  .  &c.  r  ' 

where  each  combination  consists  of  r  +  /  individuals. 

Similarly,  whatever  be  the  number  of  sets  of  things,  the 
number  of  combinations  formed  in  the  same  way  will  be 

=  Cr   X    Cr'   X    Cf"   X    &C. 

If  T  —  r  -  r"=  &c.  =  1,   or   one    thing  be   taken   out  of 
each  set,  the  number  of  combinations  will  be 

m  X  w'  X  m'  X  &c. 

Ex.  There  are  four  sets  of  things,  consisting  of  three, 
four,  five,  and  six  individuals  respectively:  what  number  of 
different  collections  can  there  be  made  by  always  taking  one 
out  of  each  set? 
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Here,  m  =  3,  m'  =  4,  m"  =  5  and  ni"  =  6 : 

.'.  the  required  number  =3.4.5.6  =  Z^O, 

If  there  be  the  same  number  of  things  in  each  set, 
m  =  m  =m"  =  m"  =  &c. ;  and  if  one  be  taken  out  of  each, 
the  number  of  combinations  will  be  m^y  if  p  be  the  number 
of  sets. 

If  p  be  made  equal  to  1,  2,  3,  &c.,  in  succession,  we  shall  have 


m  +  m^  +  w^  +  &c.  +  m^ 


fmP"  1\ 

=  m     . 

\m-  1  / 


This  is  evidently  the  nu^iber  of  variations  of  m  things, 
taken  p  together,  where  each  thing  may  be  found  1,  2,  3, 
&c.,  p   times  in  each  variation. 

Ex.  How  many  combinations  of  three  numbers  can  be 
obtained  by  throwing  three  dice? 

Each  die  having  six  faces,  the  question  is  to  determine 
how  many  combinations  of  three  things  can  be  formed  out  of 
three  sets,  each  consisting  of  six  individuals,  by  always 
selecting  one  out  of  each  set : 

.•.  m  =  6,  ?»'  =  6,  m"  =  6,  and  the  required  number  =  2l6. 

47.     CoE.     If  w  =  2  and  r  =  1,  we  have  the  number  of 

, .      .  ^      m  (m  -  1)  &c.  (m  -  r  +  1)        ,.  ,     . 

combinations    =  2  x  — ^^ ,    which   is 

1  .  2  .  3  .  &c.  r 

manifestly   the   number   of   combinations  formed  by   taking 

each    one  of  the   first  set  of  things  singly,   and   combining 

them    with   all    the   combinations    of  the    second    set    taken 

r   together. 

If  w  =  3  and  r  =  2,  we  shall  have  the  number  of  com- 

, .       .  3.2      m'  (m  "  Ti)kc.(m  -r  +1)  ,     ,  .     . 

binations  = x -, :   and   this   is 

1.2  1  .  2  . 3  .  &c.  / 

the  number  of  combinations  which  can  be  formed  by  selecting 

two  out  of  the  first  set,  and  combining  them  in  all  possible 

ways  with  those  of  the  second  set. 

Similarly,  of  other  values  of  m  and  r. 
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48.  To  find  the  number  of  variations  corresponding  to 
the  number  of  combinations  in  the  preceding  articles. 

If  r  +  /  =  p,  it  is  evident  that  every  combination  in 
Cr  X  C/,  admits  of  1 . 2  . 3 .  &c.  p  variations :  whence  the  num- 
ber of  variations  required  will  be  1.2.3.  &c.p  x  Cr'^  C^- 

49.  To  find  the  number  of  combinations  of  m  things, 
taken  1  and  1,  2  and  2,  &c.,  m  and  m  together,  when  there  are 
p  of  one  sort,  q  of  another,  r  of  another,  &c. 

The  question  is  evidently  to  find  the  number  of  divisors 
of  an  expression  of  the  form  a^fe^c'&c. :  which,  by  article 
(381),  is  (p  +  1)  (g  +  1)  (r  +  1)  &c. :  and  subtracting  1  which 
does  not  involve  any  of  the  things,  from  it,  we  have  the 
required  number  =  (p  +  1)  (g  +  1)  (r  +  1)  &c.  -  1. 

Also,  the  number  of  combinations  containing  any  parti- 
cular thing  as  6,  will  evidently  be  the  same  as  the  number 
of  terms  in  the  product 

(l+a+a2+&c.  +  aO(fe  +  62^fe3+&c.+fe^(l+c  +  c*H-&c.+cO&c. 

=  (p  +  l)g(r  +  l)&c. 
See  Francosur's  Complete  Course  of  Pure  Mathematics. 

50.  To  find  the  number  of  homogeneous  products  of 
the  /**  order,  that  can  be  formed  out  of  the  m  simple  quan- 
tities a,  6,  c,  &c. 

Let  there  be  m  infinite  series  multiplied  together,  so  that 
(l+aa?  +  a2A^H-&c.)(l  +6a?  +  6^t?^  +  &c.)(l  +  ca?  +  c^.i?2  +  &c.)&c. 

=  1  +  A^x  +  ^2<^^  +  &c«  +  ArOj'^  +  &c. : 

then  Ay  =  the  sum  of  the  products  of  r  dimensions  that  can 
be  formed  out  of  the  m  quantities  o,  6,  c,  &c. :  whence,  if 
a^h^c  =  &c. ,  we  shall  have  ^^  =  o' x  the  number  of  homo- 
geneous products  of  the  r*^  order : 

but  1  +  oa?  +  a?w^  +  &c.  in  infinitum  = : 

1  —  Od? 
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.*.  1  +  A^CB  -H  A^ai^  +  &c.  +  AyX^  +  &c.  =  (l  -  ««J?) 


—  HI 


m  (m  +  l)  &c.  (m  +  r~l) 

=  1  +  max  +  &c.  +  — ^ -^^ a'^af  +  &c. : 

1 .  2 . 3  .  &c.  r 

whence  the  number  of  homogeneous  productH  of  the  r***  order, 
formed  out  of  m  things,  will  be 

m  (m  +  1)  &c.  (m  +  r  -  \) 
"  1 . 2  . 3  .  &c.  r 

51.  Cor.  From  the  last  article,  by  making  m  equal  to 
^9  3,  4,  &c.,  in  succession,  we  learn  that  the  number  of  terms 
in  the  developement  of  (a  -h  6)''  is  r  +  1 :  the  number  in  the  de- 

velopement  of  (a  +  6  -f  cY  is  ^^ —      -  -  - :  the  number  in 

.u     J      1                   cf        ^            ^%r  •     (r  +  l)(r-f2)(r  +  3) 
the  developement  of  (a  +  6  +  c  +  d)'  is    -      -^-^ '— : 

and  so  on. 

SCALES  OF   NOTATION, 

52.  (riven  the  number  of  digits  contained  in  each  of  two 
numbers,  to  find  the  number  of  digits  in  their  product. 

Let  P  and  Q  consist  of  p  and  q  digits  respectively  : 
then,   P  =  ap_^rP~^  +  ap^z'^^"^  +  &c.  +  a,r  +  Oq, 
and   Q  =  6^_,r«-^  +  b^^^r^'^  +  &c.  +  b^r  +  60 : 
whence,  multiplying  these  quantities  together,  we  obtain 

from  which  we  infer  by  article  (348),  that  PQ  must  always 
consist  of  p  +  q  "  1,  digits  at  least :  also,  since  each  of  the 
digits  is  necessarily  less  than  r,  the  product  of  any  two  of 
them  must  be  less  than  r^,  but  may  be  greater  than  r,  and 
thence  it  follows  that  the  highest  power  of  r  in  PQ  must  be 
less  than  r''^^,  but  may  be  equal  to  r^+9-^ :  that  is,  the  pro- 
duct PQ  cannot  comprise  more  digits  than  p  +  q^ 

so 
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53.  Co&.  If  the  three  numbers  P,  Q,  S  consist  of  p,  9, 
«  digits  respectively :  then,  since  PQ  contains  jt>  +  9  —  1  or 
p  -^  q  digits,  it  is  obvious  that  PQS  will  comprise  either 

(p  +  9  -  1)  +  4f  -  1,  (p  +  ^  -  1)  +  «^   or  p  +  q  +  s  digits : 

that  is,  PQS  may  consist  ofp  +  g  +  «  —  2,  p  +  q  -¥  8  —  U  or 
p  +  q  +  s  digits :  and  the  same  kind  of  reasoning  may  be  ex- 
tended to  the  product  of  any  number  of  quantities  whatever. 

54.  Given  the  number  of  digits  comprised  in  each  of  two 
numbers,  to  find  the  number  of  digits  in  their  quotient. 

Let  P  and  Q  denote  the  two  numbers  consisting  of  p  and  q 
digits  respectively,  whereof  P  is  the  greater :  and  let  M  be  the 
quotient  arising  from  the  division,  so  that 

P 

—  «  J/,  or  P=  QM: 

y 

then,  since  P  comprises  p  digits,  it  follows  that  QM  must 
contain  the  same  number :  let  M  contain  a;  digits :  then  the 
number  of  digits  in  QM  cannot  be 

>  q  +  *v^    nor    <  9  +  a?  —  1 : 

whence  *i?  cannot  be  <p  —  q^  nor  >p  —  q  +  1,   which  defines 

.  .      .     P 

the  number  of  digits  in  --. 

65,  Given  the  number  of  digits  constituting  any  number, 
to  find  the  number  of  digits  in  its  square,  cube,  &c. 

Let  P  consist  of  p  digits :  then  the  number  of  digits  in 
P*  or  P  X  P,  cannot  be 

<  j»  +  p  -  I5  or  2j3  -  1,   nor  >  p  -^  p  or  2p: 
again,  the  number  of  digits  in  P^,  or  Py.P%P^  may  be 
p  ■{-  p  +  p  -  2,  orpH-j»+p-l,  or  p  -\-  p  •\-  p  : 

that  is,  P^  may  comprise  3p  —  2,  3p  —  1,  or  3p  digits:  and 
a  continuation  of  the  same  reasoning  will  prove  that  the  number 
of  digits  in  P"  may  be 

mp  -  (iw  -  1),  mp  -  (w  -  2),  mp  -  (w  -  3),  &c.,  mp. 
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56.  Given  the  number  of  digits  forming  any  number,  to 
find  the  number  of  digits  in  its  square  root,  cube  root,  &c. 

Let  P  consist  of  p  digits,  and  suppose  \/P  to  comprise  a? 
digits:  then,  by  the  last  article,  the  number  of  digits  in  P 
cannot  be 

<  2*17  —  1,  nor  >  2.1? : 

that  is,  p  is  not  <  2;r  -  1,   nor  >  2a? : 

.'.   w  IS  not  > ,  nor   <  -. 

2  2 

Again,  if  a/P  comprise  y  digits,  P  may  have  Sy  -  2, 
Sy  —  1,  or  Sy  digits : 

that  is,  we  must  have  p  =  3y  —  2,  or  p  =  3y  —  1,  or  p  »  3yi 

,^,       «              p  +  2                 p-¥\  p 

and  therefore  y  =  - — — ,  or  y  = ,  or  Jf  =  -  : 

S  o  o 

and  so  on,  for  higher  roots. 

57.  CoE.  From  this  proposition  are  immediately  deduced 
the  rules  for  pointing  in  the  extraction  of  the  square^  cube,  &c. 
roots  of  numbers,  as  laid  down  in  the  second  Chapter. 

58.  Given  a  number  expressed  in  any  scale  of  notation, 
to  find  the  remainder  arising  from  its  division  by  any  number 
either  greater  or  less  than  the  base  of  the  system. 

Let  N  =  a^r"  +  a^.ir'"'"^  +  &c.  +  <h''^  +  a^r  +  a^  : 
thence,  since  r^r''d-\-d^  we  shall  have 

A^  =  a«  |(^  -  d)  +  d}"  +  ttm-i  \(r-d)+  d}^-'  +  &c. 
+  ^2  {(r  -  d)  +  d}*  +  ai  { (r  -  d)  +  ^}  +  «o  = 
from  which,  if  the  expansions  be  effected,  we  have 

JNT  =  ffo  +  ®i  ^  +  ^2  ^  +  &c.  +  a«-i  <f""^  +  a„  cP"  +  P, 

where  P  involves  r  —  d,   and  its  powers  combined  with  the 
indices  m,  m  —  1 ,  m  -  2,  &c.,  and  the  powers  of  d : 
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whence,  if  N  be  divided  by  r  -  d,  it  will  leave  the  same  re- 
mainder as  will  be  obtained  by  dividing  by  r-d,  the  quantity 

a.  +  Old  +  OgiT  +  &c.  +  o«_iif"*"^  +  a„d'"- 
If  d=  1,  we  shall  have 

JV  =  Oo  +  a,  -I-  «2  +  &c-  +  ««i-i  -»-  «m  +  ^ : 

from  which  it  appears  that  when  N  is  divided  by  r  - 1,  it 
leaves  the  same  remainder  as  when  the  sum  of  its  digits  is 
divided  by  r  —  1,  as  before  proved. 

If  d  =  —  1,  we  have  immediately, 

and  from  this  it  follows  that  both  members  of  the  equality 
when  divided  by  r  +  1,  leave  the  same  remainder. 

If  rf=2,  the  general  formula  gives 

from  which  we  draw  the  same  conclusion  as  before :  and  if 
r  =  10,  we  shall  have  N  divisible  by  8,  wherever  Oq  +  20i  +  4ai. 
is  so  divisible,  since  the  succeeding  terms  are  all  multiples 
of  2^  or  8. 

If  d  =  -  2,  we  have  similarly 

J\r  =  Oq  -  aj2  +  agS^  -  &c.  =f  a^.ig"*"^  =fc  a«2"  +  P, 

from  which  we  conclude  that  in  the  common  scale,  if  the 
digits  beginning  with  the  place  of  units,  be  successively  mul- 
tiplied by  1,2,  2^,  2^,  &c.,  and  the  difference  of  the  odd  and 
even  terms  thus  arising  be  divisible  by  12,  the  number  itself 
is  divisible  by  12. 

By  assigning  to  d,  the  values  ±3,  ±4,  &c.,  criteria 
of  divisibility  by  7,  13  :  6,  14,  &c.  will  be  immediately 
deduced. 


.» 
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59.  M,  Fermafa  Theorem,  If  9»  be  a  prime  number,  and 
N  be  not  divisible  by  wi,  then  will  JV""^-  1  be  divisible  by  m. 

For,  by  article  {SQ5)^  we  have  seen  that 
(1  +  aiY  -  (l  +  ^"*)  is  divisible  by  m,  whenever  x  is  integral : 
therefore,  assuming  I  -{-  w  =^  N^  we  shall  have 
JV*  -  1  -  {N  -  !)"•  divisible  by  w,  which  suppose  =  niQ, , 
so  that  AT*  -  JVT  =  (JVT  -  !)•"  -  (AT  -  1)  +  mQ, ; 
similarly,    (iV  -  !)•»  -  (AT  -  1)  =  (JVT  -  S)*"  -  (AT  -  2)  +  iw  Q, ; 
(iVT  -  2)-  -  (AT  -  2)  =  (AT  -  S)"  -  (AT  -  3)  +  m  Q3 ; 
&c. 
and  continuing  this  process,  we  obviously  at  length  arrive  at 

1"*-!  =  (Ar-Ar)'"-(A^-Ar)  +  wiQ„,  or  O^mQ,', 
whence,  by  addition,  AT"  -  AT  =  w  {  Q,  +  Qj,  +  Qb  +  &c.  +  Q„. ,  | , 
which  is  therefore  divisible  by  mi 

but  AT*"  -  AT  being  =  N  {N'^^^  -  1),  whereof  N  is  prime  to  w, 
it  remains  only  that  N*""*-  1  is  divisible  by  iw. 

60.  Cob.  I.  Since  AT'*  -  JV  is  divisible  by  w,  it  mani- 
festly follows  that  A^'",  when  divided  by  m,  leaves  the  same 
remainder  as  N  divided  by  m  leaves. 

61.  Cob.  2.  Because  all  the  numbers  1,  2,  3,  4,  &c.,  m  -  1, 
are  prime  to  wi,  each  of  them  when  substituted  for  A^  will 

render  the  expression =  «,   a   whole  number :  and 

m 

since  iw  —  1  is  necessarily  even,  there  will  evidently  be  w  —  1 

values  of  AT  comprised  between  the  magnitudes  —  ^wi  and  iwi, 

which  answer  the  same  condition;  or,  A^  may  be  any  one  of 

numbers 

±1,    i2,    ±3,    ±4,   &c.,    =fc^(w-l). 
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iV"-^  -  1 

62.  Cor.  S.     Having  proved  that    is  a  whole 

fn 

number,  as  w,  we  shall  obviously  have  JV*""*  of  the  form 
mn  -\-  1  :  and  consequently  every  power  of  N  whose  exponent 
increased  by  1  is  a  prime  number,  will  be  of  the  form  mn 
or  wiTi  +  1>  according  as  N  is  or  is  not  divisible  by  fn. 

Thus,     N*  is  of  the  form    3n  or    3n  +  1 

N^    57»  or     5n+l 

N^    7n  or     7n  +  l 

N^^  im  or  lln  +  l 

&c. 

63.  Cor.  4.  Since  m  —  I  is  an  even  number,  we  shall 
have 

one  of  the  latter  factors  of  which  must  manifestly  be  divisible 
by  m,  and  consequently 

that  is,  every  power  of  JV^,  the  double  of  whose  exponent 
increased  by  1  becomes  a  prime  number,  is  of  the  form  mn 
or  mw=tl,  according  as  N  is  divisible  by  m  or  not. 

Thus,    N^  is  of  the  form    5n  or    5w  ±  1 : 

N^    7^  or     Jn^l: 

N^    llnorllnil: 

N^    13n  or  13n^l: 

&c. 

64.  Sir  John  Wilson's  Theorem.  If  w  be  a  prime 
number,  then  will  the  continued  product  1.2.3.  &c.  {m  —  l), 
when   augmented  by  1,  be  divisible  by  m. 

By  means  of  the  Differential  Calculus^  article  (344),  or 
by  the  Calculus  of  Finite  Differences^  it  is  easily  demon- 
strated that 
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1 . 2  . 3  .  &c.  n  =  w'*  -  -  (n  -  1)"  +  — ^^ '  («  -  2)"  ~  &c., 

1  ^  1.2 

:o  n  terms,  whatever  whole  number  n  may  be: 
Hrhehce,  if  n  be  assumed  «  m  -  1 ,  we  shall  have 

1.2.3.&C.  (w-l)=:(m-l)'"-*  -^^ ^(m-2y''-» 

(w  -  1)  (m  -  2)  ,  ^     ,      „ 

+  ^^ i^ '  (m  -  3)'"-*  -  &.C.  to  m  -  1  terms : 

1.2  ^  ^ 

and  since  m  is  prime  to  each  of  the  quantities  m  — 1,  m  — 2, 
m  — 3,  &c.,  we  obtain  from  Fermafa  theorem,  the  following 
results : 

(m  -  l)"*""*  =  mQx  +  1 ; 

(w-2)"-*  =  mQa+  1; 
(m  -  3)*"^  =  mQ^+  1; 
&c. 

o      ,         V  w-1       (w-l){m-2) 

.-.   1 .  2  .  3 .  &c.  («»  - 1)  =  1 +  ^ ^-^ ^  -  &c. 

I  1.2 

to  w-1  terms +  m}Q, 08  +  ^^ — ^Qs-fec.}: 

but,  since  m  -- 1  is  necessarily  an  even  number,  we  shall  have 

m-l      (m-l)(m-2) 

1 H vkc,  to  w  -  1  terms 

1  1.2 

=  (1  -1)**-*  -1--.  1: 

o     r         X        f^     ^"^  ^      (w-l)(m-2) 

.-.  1.2.S.&c.(m-l)  =  «ii{Q,-— — Qa+-^ il :^Q3-&c.}-l; 

1  J  .2  ^ 

whence, 
1.2.S.&c.(m-l)+l=m{Q,-'^-'Q,+^^Zlfe:?>Q3-&c.}, 

« 

which  is  obviously  divisible  by    m. 
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65.  Coll.  1.  Since  m-  1  is  an  even  number,  the  con- 
tinued product   1.2,3.  &c.  {m  -  1)  is  equivalent  to 

l(iw-  l)2(wi-2)S(m-3).&c.  {^{m-  1)}': 

which,  when  divided  by  m,  manifestly  leaves  the  same  re- 
mainder as 

db  {i  .2.3.&c.^(m  -  1)}% 

wherein  the  upper  or  lower  sign  is  applicable,  according  as 
^  (m  —  I)  is  even  or  odd,  or  according  as  m  is  of  the  form 
4n+\  .or  4n-l:  consequently,  in  the  former  case  we  shall 
have 

{ 1 .  2  .  3  .  &c.  ^  (w  -  1)}*  +  1,  divisible  by  m : 

and  in  the  latter, 

f  1  .  2  .  3  .  &c.  ^  (m  -  1)}^  -  1,  divisible  by  m. 

66.  Cor.  2.  By  means  of  the  former  of  these  results, 
it  appears  that  every  prime  number  of  the  form  4n-hl  will 
divide  the  sum  of  two  squares  without  a  remainder. 

67.  Cor.  3.  Since,  in  the  latter  of  the  expressions  de- 
duced above,  we  have 

{1 .  2.3.  &c.  :^(m  -  1)}^-  1 
=  {1  .2.3.&C.  ^(w-  1)  +  1}  {1  .  2.3.  &c.  ^  (m-  1)  -  l(, 

it  manifestly  follows,  that  when  w  is  a  prime  number  of  the 
form  4w  — 1,  it  will  divide  one  or  other  of  these  factors. 

...      ^                 _               1 .  2  .  3    &c.  (m  -  1)  +  1      . 
08.    Coil.  4.     Because ,  is  an  in- 
fra 

tegral    quantity,    whenever  m  is   a  prime   number,    we  shall 

also  have 

1  .  2  .  (m  -  2) .  3  .  &c.  (m  -  3)  (m  -  1)  +  1 

m 

1  .  2^  3  .  &c.  (w  -  3)(w  -  1)  ~  1 
and   .-.   ,  an  mtegral  quantity: 


or 
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.    „    ,       1.2*.3«.&c.(m-4)(iw-l)  +  l  •  ,  - 

similarly,  ^^ ^ ,  &c    may  be  proved 

to  be  integral. 

Sir  J.  Wilson^s  theorem  furnishes  a  criterion  for  deciding 
whether  a  proposed  number  be  prime  or  not,  but  the  magnitude 
to  which  the  continued  product  soon  rises,  renders  it  of  much 
less  practical  utility  than  the  one  given  in  (393). 

69.  If  'S  =  aPh^c^  &c.,  then  will  the  number  of  integers 
less  tha/n  N,  and  prime  to  it,  be  'expressed  by 

{a  ^  1)  (6  -  1)  (c  -  1)  &c.  aP-^  b^i'^c"^  &c. : 

First,  if  we  suppose  g  =  r  «=  &c.  =  0,  and  .•.  N  =  a^,  we 
shall  manifestly  have  the  a^  whole  numbers  1 ,  2,  3,  4,  &c.,  a?, 
not  greater  than  N:  and  in  this  series  it  is  obvious  that  every 
a***  term  is  a  multiple  of  a,  and  therefore  not  prime  to  N,  the 
number  of  such  terms  as  a,  2a,  3a,  4a,  &c.,  aP'^a,  evidently 
being  a^"^ : 

whence,  of  these  the  number  which  are  not  multiples  of  a  is 
^a^  ^  aP-i  =  (a  -  1)  a^"^  =  N  (^^^)  • 

Next,  let  r  =  &c.  =  0,  or  N^  a^b*^;  then  it  is  evident 
that  the  a^"*  multiples  of  a  comprised  in  the  numbers 
1,  2,  3,  4,  &c.,  a^y  being  combined  with  each  of  the  terms 
1,  fe,  y,  &c.,  6^  will,  by  (381),  give  a^'^fc^  numbers  less 
than^  iV  divisible  by  a:  similarly,  we  shall  have  a^fc'"* 
numbers  less  than  iV  divisible  by  6,  and  a^'^fc'"^  numbers 
divisible  by  ab;  and  it  is  manifest  that  these  latter  a^'^b'^-^ 
numbers  are  likewise  included  in  the  two  former  sets:  whence 
It  follows  that  there  are  less  than  N 

aP'^  6?  -  aP-^  6«-^  =  (6  -  l)  a^""'  6'"^    numbers   divisible  by  a 
only,  and 

OP69-1  -  oi»-i  67-1  =  (a  -  1)  aP"^  6?-^  numbers   divisible   by  6 
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therefore  the  number  of  numbers  less  than  N  which  involve 
neither  a,  b  nor  aft,  will  evidently  be 

=  a^  6^  -  (6  -  1)  aJ*''  6«-'  -  (a  -  1)  a^-^  6«-*  -  a^"^  h^'^ 

-  (a  -  1)  (6  -  1)  aP'^  ¥-'  -  N  {^^  (^)  : 

and  the  same  mode  of  reasoning,  when  N^^a^b'^c'^  &c.,  will 
lead  to  the  conclusion,  that  the  number  of  integers,  unity 
included,  less  than  N  and  prime  to  it,  is  expressed  by 

(a  -  1)  (6  -  1)  (c  -  1)  &c.  aP'^  6^""'  if"'  &c. : 

a  -  1\   /6  -  1\   (c  -  1' 
or 


"  (^)  (^)  (^)  - 


70.  Cor.  Hence,  in  (394),  the  number  of  forms  of  prime 
numbers  to  any  given  modulus  may  be  determined. 

For,  let  ^A  be  the  modulus  used:  then  it  is  manifi&t 
that  the  number  of  forms  will  be  equal  to  the  number  of 
integers  that  are  less  than  ^A  and  prime  to  it : 

now,  if  2-4  ^a^^c^  &c.,  we  have  just  seen  that  the  number 
of  integers  less  than  2  A  and  prime  to  it 

= -  (^)  (^)  (^)  -  ^ 

which,  therefore,  expresses  the  number  of  forms  of  prime  num- 
bers to  the  given  modulus  4^. 

From  this  it  appears,  that  the  numbers  having  the  least 
numbers  of  integers  less  than  and  prime  to  their  halves,  may  be 
most  advantageously  employed  as  the  moduli  for  forms  ex- 
pressive of  prime  numbers. 

Ex.  1.  Required  the  number  of  numbers  less  than  ^0, 
which  are  prime  to  it. 


are 
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Here,  SO  a  2.3.5;  therefore  the  number  required  will  be 
=  SO  ( J   ( 1  (— — )  «  8;  and  the  numbers 

1,  7,   n,  IS,  17,   19,  2«,  29. 

Ex.  2.    Required  the  number  of  forms  for  prime  numbers, 
when  the  modulus  is  20. 

Here  10  =  2 . 5 ;  whence  we  obtain  the  number  required 

and  the  forms  themselves  will  be 

20m  ^  1,  20m  ^  S,  20m  J^  7  and  20m  ^  9. 

71.     To  find  a  perfect  number y  or  a  number  which  is 
equal  to  the  sum  of  all  its  divisors. 

Let  N^a^b  be  a  perfect  number,  a  and  b  being  prime 
numbers:  then,  by  article  (S84)  the  sum  of  its  divisors 

a-1         5-1  a-1^         ^ 

aP+^  -  1  ,  a^+^  -  1 

.-.  a^b  « (6  +  1)  -  a'6,  or  b 


a-1  '  a^+*-2a''+l 

whence,  in  order  that  b  may  be  an  integer, 

let  0'+^  -  2a^  +1  =  1,    or  a  =  2 :    and  .-.  b  =*  2''+'  -  1 : 

.-.  iVr=aP6  =  2^  (2^+^-1), 

wherein  p   must  be   so   assumed   that   2*'"*'^  —  1   is  a  prime 
number. 

If  p  =  1,   we  have  iV  =  2  (2*  -  l)  =  6 : 

if  p  =  2,    iV^=2«(23-l)  =  28: 

if  J)  =  4,    ,...    N  =  2*(2*-l)  =  496:   &c. 
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REVERSION  AND  INTERPOLATION  OF  SERIES. 

72.  Given  ^  +  -Ja?*  +  ^tP^  +  ^^  +  &c.  =  y,  to  express  at 
in  terms  of  y. 

Assume  x  ^  Ay  •¥  By^  +  Cj^  -f  Dy*  +.&c.:  then  by  substi- 
tuting in  the  proposed  equation,  and  equating  the  coefficients, 
we  shall  find  that 

^     1.2^      1.2.3^      1.2.3.4^ 

73.  If  y  =  1.  +  ^  + + h  &c. 

'  ^  1.2       1 .2.3 

we  have  v  —  1  =  ^  H- 1- V  &C'  ^ 

^  1.2       1.2.3 

and  if  y  -  1  be  denoted  by  z^  and  we  assume 

.r  =  JiJf  +  B^  +  C«^  +  D%^  +  &c. : 
a  similar  process  will  give 

^^?  =  isf  -  i  ^  +  ^  5?^  -  i  sf*  +  &c. 

=  (y-i)-i(y-OV^(y-i)^-i(y-ir-&c. 

74.  If  a  series  of  equidistant  terms  be  given,  any  in- 
termediate term  may  be  obtained  by  Interpolation,  by  means 
of  the  formula  established  in  article  (427) :  that  is, 

.       {x-  1)  ('1?  -  2)  .        „ 
y  =  a  ^-  (a?  —  1)  di  H 02  +  &c. 

Ex.     In    the  series  — ,  — ,  — ,  — ,  — ,  &c.,  it  will  ina- 

50     51      52     53      54  ' 

mediately   appear    that   the  middle   term  between  —  and  — 

52  53 

o 

is  . 
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APPENDIX   II. 

MISCELLANEOUS    EXAMPLES    FOR    PRACTICE. 


FUNDAMENTAL   OPERATIONS. 

1 .  Prove  that  (a  +  6) V  +  (a  -  6)«c'  =  2  (a^  +  ¥)  c^ : 

and    (a  +  6)V-(a-6)V  =  4a6c''. 

2.  Shew  that  (a?  +  yf  +  (a?  -  y)*  +  2z^  =  2(^  +  y^  +  »*)  : 
and  (a?  +  y^  +  (a?  -  y)*  +  (2sf)«  =  2(a?2  +  y*  +  2%"). 

3.  Prove  that  (ao?  +  byY  +  (ay  -  6a?)^  +  c^or*  +  c'y* 

=  (a*  +  6*  +  c*)  (.T^  +  y*)  :    and  that 

(aw  +  6y)^  +  (c«r  +  dy)^  +  (ay  -  fcj?)^  +  (cy  -  da^y 

=8  (a^  +  ft'*  +  c^  +  d^)  (a?*  +  y^). 

4.  Prove  that 

{(ac  +  bd)x  +  (ad  -  bc)yY  +  {(«c  +  6d)y  -  (ad  -  fec)a?}^ 

=  (a«  +  6^)  (c^  +  d^)  (ciT^  +  2^). 

5.  Shew  that  (a^  +  6^  +  1)  (c^  +  d^  +  1)  is  always  greater 
than  (ac  +  6d  +  l)*:  and  that  a^  —  a^b  -  air  -{-b^  is  always 
positive,  when  a  and  b  are  unequal. 

6.  If  a  =  6  ±  5,  prove  that  a^  +  6"  exceeds  2a6  by  5^ :  and 
that  a*  +  a*6^  +  a^fe*  +  b^  is  generally  greater  than  (a^  +  6^)^ 

7.  If  a^  —  a^  ■\-  6^,  and  y^  =  c^  +  d^,  it  is  required  to 
shew  that  xy  is  greater  than  ac  +  bd  and  ad  +  bc, 

8.  If  a  be  greater  than  6,  prove  that  a"  —  6*"  is  less 
than  ma^~^  (a  —  6),  and  greater  than  m6™"~*  (a  —  6). 

9.  Shew  that  abc  is  greater  than  (a  +  ^>- c)  (a  +  c'-6) 
(6  -I-  c  -  a),  unless  all  the  quantities  are  equal. 
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10.  Prove  that  the  sum  or  di£Perence  of  any  two  quan- 
tities divided  by  their  product,  is  equal  to  the  sum  or 
difference  of  their  reciprocals. 

11.  Shew  that  the  difference  between  the  sum  of  the 
cubes  of  two  quantities  and  the  cube  of  their  sum,  is  equal 
to  three  times  their  product  multiplied  by  their  sum. 

12.  Prove  that  (l  -  ^)  (l  +  w)  (l  +a^)(l+  iV*).  &c.  to 
n  +  1  factors  =  1  —  a?' .  /     >  ^ 

13.  Prove  that 

4a26«-(a'  +  6*-c*)^=«(5-2a)(«-26)(«-2c),  if  s^a+b  +  c. 

14.  If  r  =  -^(a*  — 6*  — c*  +  cP),  it  is  required  to  prove  that 
(ad+6c)*-r*=J(a+6-fc-d)(a+6+d-c)(a+c+d-fe)(6+c+d-o). 

15.  If  1  be  divided  into  any  two  parts,  prove  that 
the  sums,  formed  by  adding  each  part  to  the  square  of  the 
other,  are  equal. 

16.  If  2  be  divided  into  any  two  parts,  the  difference 
of  their  squares  is  always  equal  to  twice  the  difference  of 
the  parts  themselves. 

17.  Prove  that  a*-(6^-c2)«  +  6*-(a2-c2)2 +  c*-(a'-6*)* 
=  (a  +  6  +  c)  (a  +  6  -  c)  (a  +  c  -  6)  (6  +  c  -  a). 

18.  Shew  that  {ab  -  cd)^  —  (a  +  6-c-d)x 

{ab  (c  +  d)  -  cd  {a  +  b)]  =  (a  -  c)  (a  -  d)  (6  -  c)  (5  -  d). 

19.  Prove  that  a""*  -  6""*  is  divisible  by  both  a^-b"^ 
and  a^  —  b^'i  find  the  first  and  second  terms  and  the  last 
and  last  but  one,  and  the  number  of  terms  in  each  quotient. 

20.  Shew  that   the  quotient  of 

orb  -  ab"^  -  a'"c  +  ac*"  +  6*"c  -  hd^  by  {a  -  b)  {a  -  c) 
is  a""n^-c)  +  a'«-2(62-c0  +  &c.+a(6'«-^-c«-2)  +  (6"-i-.c"-»). 
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COMMON   MEASURES. 

1.  The  greatest    common   measure    of    aa^  ^  €?x  and 
a^a^  +  ab^a  is  aw, 

2.  Of  ar^  —  5^  +  7^-3  and  a?^  +  a?  -  12  is  j?  -  3. 

3.  Of  ^  -  S«t7  +  2  and  ^  +  4^7*  -  5  is  a?  -  1. 

4.  Of  /p'  +  1  and  a?^  +  m«r^  +  mw  +  1  is  a?  +  i:  ^y 
6.     Of  a?*  —  1  and  ^^  +  Sw^  —  4  is  J7  —  1. 

6.  Of  a;'-  8^  +  210?-  18  and  Sa^-lSa^  +  21a?  is  a? -3. 

7.  Of  7^7-  -  1207  +  5  and  2^7^  +  a?'  -  8a7  +  5  is  a?  -  1. 

8.  Of  07^-30^-100?  + 24  and  2ao73-10ao?^  +  8ao?  is  07-4. 

9.  Of  07^-407^+907-10  and  or'+2o72-3o?+20  isjfl|kg07+5. 

10.  Of  o7'-19o7«+119o?-245  and  307*  -  3807 +  lf9is  07-7. 

11.  Of  2a*  -  lla^fe*  +  126*  and  So"  -  48o&*  is  a*  -  46*. 

12.  Of  07^-3a*07-2o'  and  o?* -00?^+ 0*07- 10 «*  is  o?-2a. 

13.  Of  20^  +  30*07-9007*  and  60*0? -  17 0*07* +14oo7*-5o7* 
is  2o  -  3w. 

14.  Of  07*-407'+807*-I6o7+16  and  o7*-6o73+13o?*-l2o?+4 
fe   (07 -2)-. 

16.     Of  4807^  +  807*+ 3107+ 15  and  24dr*+22o7*+17o?+ 5  is 
1207  +  5. 

16.  Of  07*  +  oor^  -  9a^w^  +  11  o'o?  -  4o* 

and  07*  —  aa^  —  80*07*  +  5o'o7  -  2o*  is  (07  -  o)*. 

17.  Of  So7*- 1007^  +  9^* -207    and   2o!*  -  7or* +  2o7^  +  807 

is   07*  —  2  07. 

18.  Of  2o7»  -  807*y  +  l6o7y*  -  l6ff^  and   807*  -  4o7y  -  24y» 
is  2o7  —  4y. 

19.  Of  4o*-4o*6*+ 406^-6* 

and  6a*  +  4o'6  -  90*6*  -  3o6*  +  26*  is  2o*  +  2o6  -  6*. 

20.  Of  307^  -  (4o  +  26)  07  +  o*  +  206 

and  07*  -  (2o  +  6)  07*  +  (o  +  26)  aw  -  0*6  is  w  --  a. 


•)^. 
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21.  Of  w'  -^a{a--  h)  w"  +  (a«  +  b^)  (a  -  6)  a?  -  a«6-  and 
a?*  -  (a  -  6)  0^  4-  (a  -  6)  6*^  -  6*  is  cT^  -  (a  -  fe)  ^  +  6*. 

22.  Of   450^6 +  Sa26*-9tt6'  + 66*   and   54a*6  -  246'  is 
9a6  +  66*. 

23.  Of  a'  +  dJ^h  +  a6  +  6«  and  o*  -  &*  is  a*  +  6. 

24.  Of  a^  4-  (a  +  1)  ay  +  y^   and   a*  -  a*  (y*  —  y)  -  y*  is 
a'  4-  a*y  +  ay  +  y^. 

26.     Of  w^  +  a?^y  -  w^tf^  -  y^   and   «r*  -  a^y  -  a?*y*  +  y'  is 
a?  -  y*. 

26.  Of  a?^  +  a* A'®  +  a^*  +  a'  and  afi  —  a*a?^  -  ao?*  +  a*  is 

27.  Of  2a*  +  6a6  +  5ac  +  46^  +  66c  4-  2c* 

and  9at*  4- 2a*  -  10a6  4-  4c^  4-  26c  -  126*  is  2a  4-  26  4-c. 

28.  Of  c**a?34-e*'-a?^-l  and  c*V+2c'a?*-c*'-2c'4-a;*-l 
is  (w  4- 1)  (c*  4- 1). 

29.  Of  6af^  +  4<r*y,    2aa?*  -  86a7^y^    and    4ca?^  +  IZdw^y 
is  ^ar. 

30.  Of  a^  4-  5a^w  +  7aa?*  4-  Sa?^,     a^  4-  3 a* a?  -  aos^  -  3a?^ 
and  a^  4-  aJ'w  -  5a<2?*  +  3,3^  is  a  4-  Sx. 

COMMON   MULTIPLES. 

1.  The  least  common   multiple  of  at2?y  and  a{wy-%f^) 
is  ax'^y  —  axy'^  i  and  of  a6  +  ad  and  a6  —  ad  is  a6*  -  ad?^ 

2.  Of  a?^  4- 1  and  (a?  4- 1)*  is  x^  -¥  a^  +  x  +  \. 

3.  Of  x^  -lar^  +  l6x  -  12  and  Sc^  -  14/»*  +  16^ 
is  Sx^  -  29a?*  4-  1040?^  -  l64a?*  4-  96x. 

4.  Of  12,2?*  -  I7aa?  4-  Qa^  and  9a?^  +  Qax  -  8a* 
is  36a?^  -  Sax^  -  50a* .2?  4-  24a^ 

5.  Of  a^  +  2a*6  -  a62  -  26^  and  a^  -  2a*6  -  a6*  +  26' 

is  a*-5a*6*4-46*. 

6.'    Of  a*  -  h\    (a  -  6)*'^  and  a'  4-  6' 

is  a^  -  2a^6  4-  a'6^  -  a*6'  -  2a6^  +  h\ 
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EXAMPLES   IN   FEACTIONS. 

1-     Prove  the  correctness  of  the  following  results. 

(1)  a  +  ^+ = 5  and  2a-a7+ = -— . 

WW  WW 

^  ^  iiaw       (a  +  wY         ,  4iaw      (a-^)' 

(2)  a  -a?+  =  -^^ ^,   and  a+w =  -^^ . 

a—w        a  — J?  a+w        a  +  w 

2w^        c?  —  0^ 

(4)  or  -^  aw  +  or = : 

a  -^  w       a  +  w 

\a  +w  I  (a  +  wy 

(5)  (a  -  a?)*  +  - 


(a  +  0^)*  - 


a  ^  w  a  -^  w 

6a^w  +  2a^      (a-wf 
a+w  a+w 


,     o      ^  ,      ^6a^  (9,a  +  w)      (o  -  w)^ 

(a  +  wy  (a  +  wy 

^  a^  +  V-  &      (a  +  c  -  6)  (6  +  c  -  a) 


and 


9,ah  2ab  • 

6*+c*-a2\^      (a+6+c)(a+5-c)(a+c-6)(6+c-a) 


/y+c^-o^" 


4c« 


^  2  (aft  +  cd)  2  (a6  +  cd) 

a^  +  V  --  c^  -  cP      (c  +  d)^  -  (a--  by 
2(ab  +  cd)      ~        2(afe  +  cd) 

(a+fe  +  c  -d)(a  +  6  +  d-  c)  (a  +  c+d  -6)(6  +  c  +  d-a) 

4  (a6  +  cdy 
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(9)     If  ar= — ; — ^^- ^ — ,  prove  that 

ab  —  cd 

""  1       2a6       J 

4(06  —  cdy 
2.     It  is  required  to  establish  the  following  results. 

(1)     =  a*  +  aj?  +  ^^  + ,  and =  a-a?  + 


a  — ^  a  — 0?  a  +  o?  a+a? 


(2)  -^ -T  =  a'  +  o^'  +-^ r^, 

or  ^  or  or  ^  w^ 

and  ~- =  —  a^a^  —  d'x  + 


w'  +  pw  +  q  ^  .  ^  .  g^-i?«+7 

^oj     .  s=  0?  —  a  +  p  + . 

J?  +  a  tT  +  a 

3.      Prove  the  following  reductions  to  simplest  forms. 

.  .     a^  +  2ab  +  b^      a  +  b  .    a?  -  a^       a^  •{•  aw  +  ar 

(1)    o — 7z —  = ,  ,  and  ; = 

a^  -b^  a-  b  {a  -  xy  a  -  w 

a^  ^  b^        a^  +  ¥  w^  +  (a  —  b)w  —  ab      x  +  a 

(£*  -  a^b^  a^     V  x"^-  {a-\-b)x  -\-  ab      x  -a 

,,       ar^  "  AiX  '\-  S         X-l  ,<27^  +  2<27-3         x-\ 

(^)    -2 — ;; ;;  = 7 '  and 


(4) 


(5) 


(6) 


x^  +  9.x-S      x  +  l  x^-^-bx  +  Q      x-2 

12a*  -  15ay  +  3y*       ""  12o  -  3y  * 

a?^  +  5b X*  —  6^ a?*  -  56^07      a^  +  5bx 
x^  +  3bx^  -b"-x-  3b^    "    x  +  3b 

4a^ -- 4>a:^b^  +  4>ab^  -  b^  ^a^-2ab  +  b^ 


6a'  +  ^a^b  -  9a:^b^  -  3ab^  +  2¥      3a'  -  ab  -26^' 


(7) 


(8) 


(9) 


(10) 


(") 
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9na^}?  -  18a*fe^  -  ^c^l?  3a  +  1 


36a«6'  -  iSa'b^  -  27a*6'  +  9a'6'      4.a'  +  2a  -  1 

9o*fe-9a'fe'  +  3a263-  3a6*  "  So^SoM^  * 

6ar^  +  15a?^y  -  4,af^ss^  -  lOw^yz^        a)^{^w  +  5y) 
9ar*y  -  '^'Kw^yz  -  Qwyss^  +  ISy^jf'       3y  (a?  -  3i8r) 

a^  +  6^  -  c*  +  2a6      a  +  6  +  c 

a*  +  a^h  +  a6'  +  6*  a^  -  ah  +  V 

a"  +  Sa^ft  +  4a^6*^  +  Safe'  +  6*  ""  a'  +  aft  +  6« ' 

a*  +  a^6  +  aW  +  ft*  /a  +  6^  * 


a*  +  a"6-f  a6"  +  y  /a -i- 6y 

^^^^     a*-3a36+4a^6'-3a63  +  6*  ~  U  -  6/  ' 


(13) 


(14) 


a^  -  aca?  +  (ac  -  6^  +  6c)  ^  -  hcx^      a  ^bx 
a^  +  ahx  +  (ac  —  c^  +  6c)  a^  +  c^^       a  +  ca? 

(a6-  l)^+(a+6-2)(a  +  6-2a6)  _^  (a-l)(6-l) 
{ab  +  1)«  -  (a  +  6)2  ""(a  +  l)(6+l)* 

(a2-l)(62-l)a64-4a262-(a2+6^)(l+a262)      /a6+l\^ 
^^^^     (aVl)(6^+l)a6-4a26»-(a2+62)(l+a262)  ""  U6-1  j  ' 

•4.     Verify  the  following  reduced  results. 

a^  ab  .  a^  +  V      a-b        2ab 


a  +  6      a  +  6  a^  -  b^      a  +  b      a* -6* 

1  1  2  ,      ^  ^ 

f 2) =  -T *  and 1 =  —  ^p. 

^^     a"'-!      a^'  +  l      a'^'^-l  a'- 1       a-*-l 


(S) 


(4) 


a  6  a^  -\-  b^         a 


a+6      a-6      a  —  b^      a  ^  b      a  +  6 

a  6  (a  —  6)  c  c  c 

a+c      6  +  c      (a  +  c)(6  +  c)      6  +  c      a  +  c 
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,„      5      ad- 6c      a  +  bw         ,  a     (ad— 6c)a?     a-hw 

(o)     -  + ae ,  and  -  +  ^ ^—  = T-  • 

d     d(c+d^)     c-\-dw  c      c^c-dai)      c-dw 

1  1  a  w 

^^^     4aH^-a)  "^4a«(^  +  a)  ""  2a*(j7«  +  a*)  ""  J?* -a*' 

1  1  a?H-S        a?  +  S 

^      07  -  1  "  207  +  2        207*  +  2  "  07*  -  1  * 

2  3a  3a-2o7  ISo^ 

07  + a      (w-k-ay      a^-^aw  +  Sa*'^  a/^ +  4fa^w -\-3a^' 

,    ,      2  1  1  2a* 

00)   --— —  + 


07      a  +  0?      a  —a;      x{a^  —  oT)' 
,^149  ^ 

(11) L    , 

^      ^       2(07-l)         07-2         2(07- 3)         (07-l)(07-2)(07-3) 

.  1  1  1         1 

^      ^       8  (07-1)  "  4(07-3)  "*"  8(07-5)  "  (07-l)(07-3)(07-5)' 


(13) 


3  1  1      _^  1-507 

(1  +  aif  ~  1  +07  "  1-0?  "  (1  - 07)  (1  +  wf ' 


^     ^     3Vr^-<2?+l/       2U'+1/       6Vo?+l/       (o7*+l)(^+l) 

^       07        (0?+l)^        07+1         1+07  +  07^        07(1+07)2(1+07+07^) 

a^        h^-^.ah      {a-b)b^  {a -- by  ar" 

^    ^     07  +  a         07  +  6  (o7  +  6)2        (o7  +  a)  (o?  +  6)2 ' 

07  07  —  3  07  07  +  3  18 

^^07-3  07  07+3  07  07^-9' 

1  1  1  1  07-1^072+07+1 

^^^^       ^  ^  ^2  "  i  "    (072  +  1)2   "^  ^^TT  "  07^(072  ^  1),- 

a  +  6-c      a-6+c        4(6-0)*         4(6-c) 
^^^^     a-6  +  c'"a  +  6-c'"a*-(6-c)»"a  +  6-c' 
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(20) 


(21) 


{a  -b)(a  ^  c)  (so  +  a)      (a  -  h)  (b  -  c)  (a?  +  6) 

1 ^ J 

(a  —  c)  (6  -  c)  (jv  +  c)      (a?  +  o)  (a?  +  6)  (,r  +  c) 

a^ 6^ 

(a  -  6)  (a  -  c)  (w  +  a)      (a  -  6)  (6  -  c)  (w  +  b) 

(^  of 

(a  -  c)  (6  -  c)  (a?  +  c)      (^  +  a)  (a?  +  6)  (a?  +  c) 

5.     It  is  required  to  establish  the  following  results. 

a       COB      ac  Saoo  looy  Ar^\       bai^oo-^-y) 

\X)     \ —  ^  "T  =  it;  >  ^^^  1 —  I  —5 1  =  7 — ~r r  • 

boB       a      bd  bey  \off*  —  a^yj       be  (a?  -  y) 

a^  +  aw  +  a^  a^  -  ax  +  x^      a*  +  a^of  +  x^ 


(2) 


(S) 


a*  -  a*a?  4-  aor^  -aP  a  +  a?  a*  —  a?* 

a;* -9^7 +  20      a?^-lSa?  +  42      a;*  -  11a?  +  28 
a?*  —  6x  of  —  5a?  a?* 


4aa?      a^ "  of      be  +  bx      4a7(a  +  a?) 
3b y      (f  -  of      o*  —  aa?      Sy(c  — a?)' 


(5) 


««  -.  ft8      of  "-i^  c?  a^  (a  +  6) 

a7+y        a-6       (a?-  y)*         ^  -  y 


^^      I  ^^  \       I         ax  \       c?  -^  of         a* 

(6)        a  + X  [a X  ^ — -  =  _-_. 

^  ^      \       a- a?/        V        a  +  a?/       a^  -\'  of      a^  -^  of 


_^  a^  (a +  26) -6*  (6  -  2a) 
-  (^^^Tfcy^  • 

6.     Multiply  15a-«6*-7a-*fe*+6a'-*6«  by  Sa-^ft^-Sa-^ft*. 
Answer :  I20o-^  &*- 101  a"'  6^+690"*  6^- I8a-*  6»«. 
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(5^     2      '^''^^'^      a-b      ija'  +  ab-y) 

,_      6      od-4c      a  +  6jr  a     (od— 6c)a?     a-6<r 

d     d(c+d/p)     c  +  da>'  c      cic—dw)      c-dx 

(7)    7-rrr — rc  + 


(8) 


4a*  (a?  -  a)      4a*  (a?  +  a)      2a*  (a?*  +  a*)      a/^  -  a^ 

1  1  a?H-S         a?  +  S 

^  -  1      2a;  +  2      2ijf  +  2      a?*  -  1  * 


2  3a  3a -207  ISa' 

(9)  + H     = A. 

w-ha      (w-^ay      /p*-2acr  +  Sa'      a?*  +  4a^o?  +  So 

,    ^     2           1  1  2a* 

(10) —  + 


a      a  +  w      a  --a;      w{a* --  oT)' 

14  9  a^ 

00    T7— 7^-— :  + 


2(a?-l)       07-2       2(o?-S)       (a?-l)(o7-2)(o?-S) 

.    .  1  1  1  1 

02)     rTT-TT- 77— ^  + 


(IS) 


8(07-1)      4(o7-3)      8(o7-5)      (o7-l)(o7-3)(o?-5) 
3  1  1  1  -  5o? 


(1+0?)*       1+0?       1-0?        (1  -  0?)  (1  +  0?) 

\l'^-^^\       l/l-fa?\       1/    1    \  1 

^^^^   3W-o?+ij  "^iU'+J  "^  eU+J  "■  ("^+1) 


(0?*+l)(07'+l) 

,,11-.  07  1 

W        (0?+l)*       0?+l        1+07  +  0?^        0?  (1+0?)*  (1+07+0?*) 

,    ,         a*        6*-2a6      (a  -  6)  6'  (a-6)*07* 

(16)     + +  ^         ^  ^  ^ 


0?  +  a         0?  +  6  (.27  +  6)*        (o?  +  a)  (o?  +  6)*  * 

07  07  —  3  07  07  +  3  18 

(17)    -—-—r  + 


07  —  3  07  X^S  W  0?*  —  9 

1  1  1  1  07-1  07*+07+l 

08)     T  +  r2-r-7:^TT72  + 


(19) 


07^         0?*        07         (0?*+l)*         07* +1         07^(0^+1)** 

a  +  5-c      a  -b-\-  c        4(6-c)*         4(&-c) 
a-6  +  c      a  +  6-c      a^  --'  (b  ^  cY      a  +  fe-c 
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12.     Divide  — — -  H by 


+ 


6'         b'         2a*  6^' 
Answer :    —  + 


b^         b'         2a'b^ 

13.  Divide  -  2a"®  a;^  +  17a"*  a?®  -  5aP  -  24a*  .r®  by 

2a"^a;^  -  Sa.v^. 

Answer:     —  a"*a?^  +  7a~^«x?^  +  8a^«r*. 

14.  The  cube  of-+-=--  +  -^+3-  +  -|:    and  of 


y  X      y        ar  \y' 


1 1^      mi  t.  ^       ^  a      b 

15.  ine  square  root  of—  +  —— 2  = . 

o       ar  b      a 

16.  Of  0?^  +  — r  +  2  I  0? 1  -  1  =  0? +  1. 

x^  \         x)  X 

r^^  ^      4<a       4a?^       a       20? 

17.  Of  — + =  -  -  —  . 

'  x^       3b      9b^      X       3b 

18.  Of^f^-2)4.^(^-2) 

a  \a        J       X  \x        I 


b  (b        \       9.b  -\-a      X  b 

+ =  --1+-. 

a  a  X 


6^      a^      al^   \        a)  \        bj       b       a      d^ 

407^        20.2?       178       152/        9y'        20?  3y 

20.  Ui   - + 1-  — — T  = 5  +  — r  . 

49y*        'Jy  7         2.2?        lb.!?**       7y  ^x 

21.  Prove  the  following  symbolical  equalities. 

a         a       a       a       a       ^ 

(1)     = .  +  -„ 7  +  &c. 

0?  +  1       a?      ar      a?'^      x^ 
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,  ,     a?  +  a  a  +  b      b(a  -k-  b)      b^(a-\-b) 

(2) =  1  + +  -1— — ^  + — '-  +  &c. 

tP  —   O  tV  (XT  or 

.^     a  —  w      a      a  —  b         a  —  b    .     a  —  b    . 

(S) = TT" '^  + —ir' ^ 71-^+  *^^- 

6  +  ct?      6         6*  6^  6* 

22.  If  —5^ — —^  =  -f^ — T^,  then  -  +  -  =  -+-. 

a  —  a  b  —  a  abed 

_.    ,    ,         ,         _  0?  +  2a      a? +  26       -  4a6 

23.  Find  the  value  of  h -,  when  ^= r 

w  —  2a      X  —  2b  a-^o 

Answer :    2. 

24.  Prove  that  a'  +  a^  -r-  a"'  +  a'^  =  a'+y. 

25.  Establish  the  following  formula: 


=  1. 


1  +  a?"*-»  +  a?«-P      1  +  /»»-*  +  o?'-^      1  +  a??-"'  +  ti?^ 

EXAMPLES  IN  SURDS. 

1.  Prove  that 

^  .   /a  —  x         >— ,        V  A  /      1  A  /cL-^-os 

(a  +  a?)  V =  V  a  -  ^^   (a  +  a?)  V  "i "o  =  V  » 

a  +  tV  a'*  —  0?*  a  —  a? 

and   (a-^)V— — -i,  =  \/- — -- 

or  "  (T  a  +x 

2.  \/3a'^w  +  6a6tr  +  3fe"^^  =  (a  +  fe)  ^/sx, 

3.  V  a^  -  3aa?^  +  2ar*  =  (a  -  a?)  va  +  2a?. 

4.  \/a^a^  -  Sab^x  -  26^  =  (aa?  +  6)  v  aa?  -  26. 

5.  v^a*  -  6aV  -  8aa?^  -  So?*  =  (a  +  a?)  v  a  -  3a?. 

6.  y/Aia^x  +  12a^a?^  +  12aci7^  +  4a?*  =  (a  +  a?)  v^4^ 

7.  Establish  the  following  results. 

(1)     v^l6a^^-a\/6?=ac\/6:    \/a^+\/^ 

=  (a  +  6)va6,  and  \/a*a?  -  y/ as^  =  (a  -  a?)  v^o^. 
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(2)     \/4«  a*  ^  +\/27aV+\/l2ar^a-:  (4  a*  -f  S  oar  +  2  a^)y/sm. 
J         

(4)     \/45^-  y/^Oa?  +  \/b€fx  as  (a  -  a?)  \/5^. 

/2a       y        ^\    (2aw\i 
"  VT  ■*■  3c  "  26/   VlTJ  ' 

<6)  {«  +  (a6)J  +  6}  (ai  -  b^)  =  a*  -  6». 

(7)  {a?i  +  (afy)i  +  yi}  {a?i  -  (wy)i  +  yJ}  =  ^  +  (a?y)i  -♦•  y* 

(8)  (a  +  6i  -  d)  (a  -  fcJ)  =  a«  -  ad  -  6  +  dftJ. 

(9)  (awi  +  6yi)  (aa?i  -  by^)  =  a^a?  -  6*y. 

(10)  (a*  +  abi  +  6§)  (a  -  bi)  ^a'-b. 

(11)  (a?i  +  w^y^  +  yi)  (.ri  -  yi)  =  a?J  -  yi. 

(12)  (d?'  -  x^t^  +  y*)  (a?4  +  yi)  =  ^  +  y. 

(13)  (a*  -  aa/i  +  a^a?^  -  sci)  (a^  +  ^r*)  ^  a^  -^ar^. 

(14)  (a?^  +  yi)  {w'^  +  y""^)  ==^iy"i  +  2  -♦•  d?"iyi. 

(a^  +  a;*)  a?*      a*  +  a*^  -  4«* 


(15)     (a*  +  3^)  (a^  -  w')i  - 


(18) 


(a^  -  af")^  (a*  -  a?*)* 


a« 


(16)  4^(a«  +  6a;*)i-(a  +  26c»)'^(a«i?  +  6^)"i«-- — --|. 

(a*r+ojr)a 

^    V  ,       *  oxi         (6  +  2ca?)*  A^ac-b^ 

(17)  4c(a  +  6a7+car)^  -7 7 -i7r=7 — 1^ lici- 


1  2\/a^^^ 


a  —  'x/o^"^^^       «  +  va^  —  a;*  ^ 


(19)     T,. y  «4a?va?^*K 

jf  -  \/tr^  -  1      az  +  V  a;*  —  1 

3R 
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(21)  Il/p  vo*  -  aa?  -T-  ar^a^w  -  ao;*  = ^. 

(22)  (a  -  6)  -T-  (o*  -  6i)  =  a*  +  oifti  +  6*. 

(28)     {abi  +  b  (ac)i  -  (a6c)J  -  be]  -=-  {aJ  +  (6c)i} 

=  {ab)i  -  (6c)i. 

(24)  (wi  +  2a?yi  +  2a?iy  +  y*)  -r-  (a?i  +  yJ)  =  ^  +  a?^yl  +  y. 

(25)  af»  -w^yi  +a?'y-^py5  +  ^iy*-y*)-f-(d?^  +^y  H-y*) 

=  a?i  —  yi. 

(26)  (oi  -  a*6-S  -  oi  6  +  6*)  -^  (o*  -  6"*)  =  a«  -  ft. 

(27)  (aJ^"i  +  a"^a?4  +  aiy"i  +  a"iy^  +  a?*  y"l  +  a?"i  yi  +  3] 

8.  The    square   of   2 va  +  3\/^  =  4o  +  9^^ +  12\/ad?: 
and  the  cube  of  a?i  —  a^  =  a?  —  3a^ o?^  +  3aa?i  —  ai. 

9.  Shew  that  the  cube  of  ^4  —  a?"4y^  —  y^ 

is  0?  -  3a?^y4  +  5y  -  3<a7"Sy3  +  cr"*y^ 

10.  The  square  of  \/l  -  ,r  +  ^  +  \/i  +  a?  —  ,i?^  is 

2  +  2  \/l  -  07^  +  207^  -  ^f\ 

11.  The  square  root  of  aa^  +  6y^  -  2afy^ab 

is  w  y/ a  —  y  \/6 : 

y     ^      \y     oo)  y     y/2     ^ 

12.  Of    1  +  ^  -    ^  ^    Wa  +  a*    is    i-|V^+o: 
and  of  4>a^  +  bx-f^-iy/^a^bw-bxy^  si  v/^^'-y* ->/*?• 
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13.  The  square  root  of  a+6+c+2{vo6  +  V^ac  +  \/6cJ 

is  va  +  \/h  +  vc. 

14.  The  square  root  of  a4-6  +  c  +  d  +  2 >s/ad  +  63  +  cd 
is  \/a  +  6+c  +  \/d:  and  of  a+6+c  +  d  +  2\/ac  +  6c  +  ad  +  6c^ 
is  \/o  +  6  +  s/c-k-d. 

15.  Extract  the  square  roots  of  the  following  surds. 
7  +  4  \/i,  the  root  is  2  +  \/i- 

ll-6\/2,  3-\/2- 

S2  +  10\/7,  5+\/7- 

28-5\/l2,  , 5-\/i. 

36  +  10\/ll,  b^^^/\\. 

S+V^j  \/i  +  \/2- 

12+2V^5  a/5+\/7. 

87-12^A2,  S\/7-2\/6. 

4^  +  2\/2,  ^(4  +  v^). 

3i-\/l0,  i(2-\/l0). 

ii-2fv;,   |(a/s-i). 

78  +  4,  V^8  + 

^-2\/6,      -^Ti- 

3\/5 +  2\/l0,    V^20  +  v^. 

3\/6 -4\/i, V^-v^- 

16.  Extract  the  square  root  of  2a  +  2  \/o'  -  cf. 
Answer :     \/a  +  to  +  \/a  —  ai. 


(1) 

Of 

(2) 

Of 

(3) 

Of 

(4) 

Of 

(5) 

Of 

(6) 

Of 

(7) 

Of 

(8) 

Of 

(9) 

Of 

(10) 

Of 

(") 

Of 

(12) 

Of 

(18) 

Of 

(14) 

Of 

(15) 

Of 
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17.  Extract  the  square  root  of  ax-  ^a^ax  -  <^. 

Answer :     ^  ax  —  a*  —  a. 

18.  Extract  the  square  root  of  ^a*  +  \xy/cP  -j?. 

Answer :     \^  '^\  w  <^  "  ^• 

19.  Extract  the  square  root  of  2  +  2(1  -a?) \/l  +2^-«^. 

Answer :     \/l  +  2«r  —  o?^  +  1  -  a?. 

20.  Extract  the  fourth  root  of  17  +  12  \/i. 

Answer:     1  +  \/2. 

21.  Extract  the  fourth  root  of  14-8\/3. 

Answer :     Vt  —  V  i*- 

22.  Extract  the  cube  root  of  10  +  dy/s. 

Answer :    1  +  y/3. 

23.  Extract  the  cube  root  of  38  -  17  \/ 5. 

Answer :    2  —  \/5. 

24.  Prove  that  y/s  +  ^5  4.  \^3  -  -y/5  -  v/io : 

and  \/3  +  y/5  J.  y/s  -  -y/5  «  \/i. 
25*     Find  the  sum  and  difference  of  the  quantities, 
a  +  b\/-l  a-h\/^\ 

2  (a^  -  }?\  4>ab  y/^\ 

Answers :    — - — — /  ,  and  — ^ — -g-  . 

26.     Required  the  sum  and  product  of  the  quantities^ 

a  +  ftv-1             a-6\/-l 
rF=i  9  and  7=- ' 

.  2  (a^  +  6y)  ,  a^  '\-h^ 

Answers  : r-^  ,  and  -x . 

.r'*  +  if  or  +  t^ 
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27*     Extract  the  following  square  roots. 

(1)  Of  -  1  +  4\/-5,  the  root  is  2  +  \/-5. 

(2)  Of  -3  +  4v^^,   2  +  \/-7. 

(S)     Of  19-10\/^, 5-\/^. 

(4)    Of  3i-i2\/^5  e-v^i. 

(5)     Of  24  \/^  -  7,     3  +  4'\/^. 

28.     Extract  the  square  root  of  2a+2\/o*  +  6*. 

Answer:   v  a  +  fty^^HT  +  v  ®  -  ^\/^. 
29*     Find  the  square  root  of  the  quantity 

Answer :   \/a?*  +  6*  —  v  - 1  va;*  —  o-. 
3(X.     Prove  the  truth  of  the  following  results: 

l+\/-l  y 5-\/^  y 

^-^==:V-.l:      X^«l-.2^«2: 

l-V-l  1+y/-2 

7=  =  ~(1  -2V-1):      7=^  =  3+2V-3. 

1+2V-1       5  3-2\/-3 

31.  Find  the  continued  product  of  ^  -  1  -  v^-2, 
a?  —  1  +  \/-2,     a?  -  2  +  \/-3,     and  0?  -  2  -  \/-3. 

Answer:    a?*  -  6^?^  +  18a?*  -  26tr  +  21. 

32.  Required  the  continued  product  of  07  + a,  w^a, 
a?-^a(l +v^-3),  07-^0(1-%/^),  a?  +  ^a(l +'\/-S), 
and  0?  +  ^  tf  (1  -  \/^). 

Answer  :    a?^  —  a*. 

33.  If  f*  »  ^  f  a?  +  -- j ,   and  t?  =  ^  f  y  +  -  J ,    prove  that 


WtJ  + 


t^u- V  1  -  u^y/l  -  r^  =a  ^  fa7y  +  — |  • 


i 
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SIMPLE   EQUATIONS. 

Solve  the  following  simple  equations. 

(1)  7a? -3  =  5^ +13.  d?=«8. 

(2)  Sa?+5  =  10a?- 16.  «  =  S. 

(3)  2a?+ 11  =x7^  -  14.  a?  =  5. 

(4)  15a?  -  24  =  20 +  ^ar.  ^r  =  3. 

,  ^  at      X      w 

(5)  X + =  7.  a?  =  12. 

^  ^  2       3       4 

,^^a?+l       a?  +  2  5-ar 

(6)     +  =  14  + .  ct?  =  IS. 

^  ^         2  3  4 

^  ^      0?       5a?  +  4       4a?  -  9  - 

^^233  S 

,,     a?  +  6      l6-3a?      a?  +  9 

(8)     +  =  — -— .  ^  =  8. 

^  ^         4  12  6 

,,     a?+l      a?  +  2        ^      5ar+l 

<«>   — +-X-=^«— T-,  *='^- 

X-l       Sx  —  b       125 
(10) +  —  =  2a?  -  17*  a?  =  8. 

^    ^        11  7  77 

5a?  -  7      Sa?  -  2      a?  —  5  67 

(11) = .  a?«— . 

^^374  -83 

a?  +  3      11  -a?      3a?  —  1 
^     ^         2  5  20  * 

,,  zr-2         ,       <r  +  10      0? 

(13)  X =5^ +  -  .  «i?  =  5. 

^    ^  3  *  5  4 

Q42?  +  7       /        a?  —  2\ 

(14)  ^-i  -  (^  — _  j  =  36.  a;  =  9. 

^    ^     3x  +  7      2a? -7         «      a?-4 

(15) +  2  f  = .  X  -=  35. 

^     ^  14  21  *  4 

2a? +1       402 -3a?  471  -  6a? 

(16) «9 *  a?  =  72. 

^    ^        29  12  2 
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,    ^     4af-21         ,      7«-28            ^g     9-7*  ^ 

(17)     — - —  +  7|  + — =a;  +  sf -— .   a)  =  7. 


(18)  :i_^_iz:::i^^_----Tv-  -..      ^^i,. 


f^ 


(19) 


7 

t  /f -1-  — 

3 

-   =s  »•  -1 

^-z 

8 

a?  • 

-  1 
2 

25 

2- 6^7 

13 

I  w  - 

5a?-i 

(10 

39 

-3a?) 

ia^- 

.2 

+  19  =  -^ 

+  1- 

11 

-4) 

+  af 

8 

17 

■  — 

Sod 

'      2cr  +  1 

29 

-   llcl? 

• 

a?  =  24. 


(20) —  = .  ^  =  4. 

(21)  .15a?  +  .2  -  .8750?  +  .375  =  .0625a?  -  1.  a?  «  2. 

,    ,  6a7  +  13       3a?  +  5       2a?       ' 

(22) =  —  .  a?  =  20. 

^     ^  15  5a? -25        5 

^    ,  4a?  +  3      7a?  -  29      8a?  + 19  ^ 

(23)  + = .  w  ^6. 

^     ^  9  5a? -12  18 

^    ,  2a?  +  8-i.       13a? -2       a?      7a7      a?  + 16 

^24) +  -  = •  a?  «  4. 

^     ^  9  17a? -32      3       12  S6 

^    ^  41  -  35cr         7  -  2a?^         1  +  3a?      2a?  -  24- 

(25) r  = ^ •    .r  =  4, 

^     ^  105  14  (a? -1)  21  6 

6a? -74-  l  +  l6a?        .      124 -8a? 

(26)  ^  +  2a?  +  — — —  =  4j^ -^ -.      .r^l-J.. 

^     ^      13-2a?  24  ^^  3 

^    ,     25-4-a?      l6a?  +  44-  23 

^^a?+l  3a? +  2  a?+l 

3  -  2a?      5  -  2a?  4a?*  -  2 

(28) =  1 ;; i  .  a?=  -f . 

^    ^      l-2a?      7 -2a?  7  -  l6a?  +  4ci?'  ^ 

(29)  \/^Ty=  1  +  \/^-  ^  =  1^- 

(30)  \/a?  +  11  -  \/a?  =  1.  a?  =  25. 
^  (31)  \/a?+13  +  \/a?  =13.  a?  =  36. 
.     (32)      (\/7+28)(\/^+6)  =  (\/a?+38)(\/cT?  +  4).      or  =  4* 

^    (33)     a?  +  y/2aaf  •\-  ai*  ^  a,  a?-*^-^* 
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;      (34)     \/4  +  y/7F^^  ar  -  2.  x^S^. 


(36)  v^o  +  J?  =  \/«*  +  5a  JT  +  6*.  .rs= 

3a 

(37)  ajf  +  6^ «  a*  +  6 jr.  jr  »  a  +  6. 

XX.  a  +  2c 

(38)  OJT  +  So?  -  a  K  307+ 2c.  «  =  -; . 

6-1 

(39)  \(w-d)-\{^x-  36)  =•  10a  +  116.     a?«25a  +  246. 

• 

^    ^      3w  —  a      J? +  26      7  J?      a  86^  —  40^+060 

(40)     -—  + = .      ar  = —- — . 

^  6  c  c        4  12(26-c) 

^    .      bx      d      a      cw  ad 

(41) =  r--T-  ^  =  1-- 

a       c       o        a  6c 

(42)  (a  +  a?)  (6  +  a?)  -  a  (6  +  c)  «  — -  +  «*•  a?  =  — . 

6  6 

(43)  ao^  '\'  c?  ^  {aw  +  6*)  (a  +  J?).  a?  =  — ^^ -^ . 

a^  +  6^ 

(44)  (a  +  w)^  -  (  — ^  I  ^=  (2  a  +  cr)l 

\a  +  .27/ 

1  -  2oi  -  a- 


\     2  +  ai      / 


(45)  («  +  ^);  +  («  -  ^)L  6i  ^  =  i^. 
(a  +  cz?)i  -  (a  -  d?)i  1+6* 

(46)  ^ T^-"^- r-^^d.  a?  =  4(a-l). 

X*                   w*  ^ 

^       1  4a^c 


<«)  G'^')-e -')=«'• 


46*  +  c*  * 


(48)     \/a  +  a?  -  v6  =  \/.r.  a?  « ^-^ 

46 
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(49)     v^  +  va  +  a?  =  — 7==.  ^  =  -;; r  ^• 

Va  +  0?  2n  -  1 


(50)     \/.r  +  a  +  y/  CO  —  o  =  .      .r  = 


6  2a'-2a6  +  6* 


V^a?  +  a '  2  (6  -  a) 


J7  e  4a. 


a?3      as       (a  oa?      ^*J 

(52)      7^=- 1  =  J-(V5^-3).  ^«:5. 

(54)     (^  +  3o»)i  -  {w\  -  3o»)i  =  ^^ .  X  =     f^**  , . 

08  4  (o  —  a) 


PROBLEMS    IN    SIMPLE    EQUATIONS. 

1.  What  number  is  that  to  which  if  its  third  and 
fourth  parts  be  added,  the  sum  will  exceed  its  sixth  part 
by  17? 

Answer :    12. 

2.  What  number  is  that  from  which  if  50  be  subtracted, 
the  remainder  will  be  equal  to  its  half,  together  with  its 
fourth  and  sixth  parts.? 

Answer :    600. 

3.  Find  a  number  which  when  multiplied  by  4  becomes 
as  much  above  30  as  it  is  now  below  it. 

Answer :    12. 

4.  Two  persons  at  a  distance  of  240  leagues,  set  out 
to  meet  each  other,  and  travel  at  the  rates  of  7  and  8  leagues 
a-day  respectively :  when  and  where  will  they  meet  ? 

Answer:    l6  days,'  having  travelled  112  and  128  leagues. 

5.  A  labourer  was  engaged  for  S6  days  upon  the  con- 
dition that  for  every  day  he  worked  he  was  to  receive  2«.  6d, : 

3  S 
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and  for  every  day  he  was  absent  to  forfeit  la.  6d. :  and  at 
the  end  of  his  time  he  received  £2.  I8s.  How  many  days 
did  he  work  ? 

Answer :    28. 

6.  A  has  three  times  as  much  money  as  By  and  if  B 
give  him  £50.,  A  will  have  four  times  as  much  as  B:  find 
the  money  of  each. 

Answer  :   A'*s  =  £750,  and  B^s  =  £250. 

7*  A  possesses  £600.  and  B  has  £480:  what  sum  must 
A  receive  of  B  that  he  may  possess  twice  as  much  as  B? 

Answer :   £  120. 

8.  J^s  money  exceeds  ^s  and  Cs  by  £240.  and  £320. 
respectively:  and  that  of  B  and  C  together  is  £600:  re- 
quired the  sum  possessed  by  each. 

Answer:   J'8  =  £580,    JJ's  =  £340,    Cs  =  £260. 

9*  Ay  jS,  C  together  possess  £600:  Ay  By  D  together 
£720:  Ay  Cy  D  together  £900:  and  JS,  C,  D  together  have 
£l020:  what  is  the  sum  of  each.'^ 

Answer:    J's  =  £60,  jB's  =  £180,    Cs  =  £36o,    2)'s  =  £480. 

10.  A  and  B  together  possess  £150,  and  C  has  £50. 
more  than  D:  also,  A  has  twice  as  much  as  C,  and  B 
thrice  as  much  as  D :   required  the  money  of  each. 

Answer:    J's  =  £l20,    jB's  =  £30,    Cs  =  £60,    Z)'s=:£lO. 

11.  A  merchant,  after  allowing  £l600.  for  his  annual 
expenditure,  increases  his  property  every  year  by  a  fourth 
part,  and  at  the  end  of  two  years-  is  £9000.  richer  than  at 
first :   what  property  does  he  begin  with  ? 

Answer  :    £22400. 

12.  From  a  sum  of  money  is  first  taken  away  £20.  more 
than  its  half:  from  the  remainder  £S0,  more  than  its  third 
part :  and  from  what  then  remained  £40.  more  than  its  fourth 
part,  and  afterwards  nothing  remains :    what  is  the  sum  ? 

Answer:   £290. 
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13.  A  sold  a  certain  number  of  tickets  at  a  guinea  each, 
and  gave  -J-  o{  the  produce  to  J? :  -J-  of  the  remainder  to.  C, 
and  -^  of  the  last  remainder  to  2),  after  which  he  had  £S10. 
remaining :  how  many  did  he  sell  ? 

Answer :    500. 

14.  A  has  m  times  as  much  money  as  B :  also^  if  they 
receive  a£.  and  b£.  respectively,  A  will  have  n  times  as  much 
as  B :  what  sum  has  each  ? 

m  (nb  -  a)  ^      ^,       nb  -  a  ^ 

Answer  :   ^'s  «  — ^ £,    J5's  « £. 

m -n  m-n 

15.  Given  the  sum  of  two  quantities  =>  a,  and  the  sum 

of  m  times  the  former  and  n  times  the  latter  «  6 :    to  find 

them. 

6  —  na  -  ma  —  6 

Answer  :    ,    and . 

fn  —  Ti  fn  "  ft 

16.  Divide  a  given  quantity  a  into  two  parts,  so  that 
'  the  sum  of  their  quotients  by  m  and  n  may  »  6. 

m(a  —  nb)  .  n  (mb  —  a) 

Answer :   — ^^^ ,    and  . 

m  —  n  fn  —■  ft 

VJ.     Divide  a  given  magnitude  a  into  three  parts,  so  that 

V  the  second  may  be  m  times  and  the  third  n  times,  as  great 

as  the  first. 

.                       a                  tna  .         fta 

Answer:    ,    ,    and 


1+m  +  n      1  +  m  +  n  i+n»  +  n 

18.  A  and  B  are  possessed  of  certain  sums  of  money, 
such  that  if  they  gain  a£.  and  b£,  respectively,  A  will  be 
fit  times  as  rich  as  B :  but  if  they  gain  c£,  and  d£,  respec- 
tively, A  becomes  possessed  of  fi  times  as  much  as  J?:  re- 
quired the  money  of  each. 

Answer : 

m(»d-c)  -  w(wi6  -  a)  (nd  -  c)  -  (mft  -  o) 

A  s  ^ — — — —  :     Jj  s  « — ~3-  , 

fn  —  ft  fn  ^  ft         ' 
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19.  Find  the  time  in  which  three  persons  can  jointly 
perform  a  piece  of  work,  when  they  can  separately  do  it 
in  m,  n  and  p  days. 

Answer  :   — days. 

mn  +  mp  +  np 

20.  A  and  B  can  do  a  piece  of  work  in  m  days, 
A  and  C  in  n  days,  and  B  and  C  in  p  days:  in  what 
times  can  they  accomplish  it  individually  and  collectively? 

Answer : 

^  .  2mnp  ,  ^  .  2mnp  , 

A  m days;    B  m  =- days; 

mp  '\'  np  —  mn  mn  +  np—fnp 

2mnp  2mnp 

C  in days:    A,  JS,  C  in days. 

mn-^-mp—np  mn+mp  +  np 


PURE  QUADRATIC  EQUATIONS. 

Solve  the  following  pure  quadratic  equations. 

(1)  11a?*  -  44=  5a?^-l- 10.  ^  >=  3,  and  a?  «= -1 

(2)  7a^  -  25  =  4a?2  -  13.  a?  =  2,  and  a?  =  -  2. 

(3)  (<r  +  ^y  =  4<r  +  5.  tT?  =  1,  and  j?  =  -  1. 

(4)  ^(^2-12)  =  ^a?*  -  1.  a?  «=  6,  and  x^^-G. 

(5)  a?  \/6  +  a?*  =  1  +  <r^.  a?  =  ^,  and  a?  =  -  ^. 

(6)  \/a}-a  =  \/a?  +  \/6NV.  ^  =  «*»  a/©^  -  6^ 


/  2        2  

,  ^      a      \/  a  —  w       X  .      / ; — r; 

(7)     -  +  2: =_.  w=^^V^ah-h^. 

w  w  h 

(9)    7S=^  + 7S=i  =  ^-  ^  =  ±\/3- 

a?  +  V  2  —  <jr     w  —  ^i  —  ar 

(10)     ^.  =  - .  a?  =  ±         ^ . 

\/a*  +  a?*— a?      c  2Voc 
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(11) .  =6.  a?  =  ± -^  . 

a  -k-  w  —\/9,aW'\-  a^  2\/6 

(12)  y  =    ^  6*a?.  /r    =    ±    y  . 

awi-l  -v  o^jT*  —  1  6v4o  -  6* 

(IS)     \/(b  +  cy  +  0?*  +  y/(b  -  c)2  +  ^  =  2o. 

^/(o^  -  6«)  (o^  -  c*) 


a?=  ± 


I 

n 


V^o  +  6,^„  V^o-fta;-"^'  "^^  \6(l  +  c2)|' 


1  I  "» 


(o  +  a^y       (a  +  a?)"*      ^"  ^ 


(15)    ^ ^  + 


j?  = 


ADFECTED  QUADRATIC  EQUATIONS. 

Find  the  roots  of  the  following  equations. 

(1)  w^  -  lOo?  =  24.  ^  «  12,  and  -  2. 

(2)  af^  -  12ci?  +  20  =  0.  ^  =  10,  and  2. 

(3)  a?2-14=13^.  a?  =  14,  and   -  1. 

(4)  5a?'  -  24a?  =  5.  a?  =  5,     and  -  -J-. 

(5)  9^  -  5^ «  2^.  ^  =  l-jr»  and       ^. 


• 


(6)  ia?*-i.r  =  9.  *^*^»  ^"^  ^  H- 

(7)  2a?  =  4+-.  ^  =  3,  and-1. 
^  ^                      a? 

4a?         20  -  4a?  ^  j        , « 

(8^ =15.  0?  =  4,  and   -  If. 

(9)     ^  -  -f~  =  2-  ^  =-  2'  ^"^  +• 

a?  a?  +  1        ,  «         J       « 

(10)     + «  2-J-.  ^  «  2,  and  -  3. 

^    ^     a?  +  1  a? 
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(11)  _-^.-^=7i.  <r  =  4,    and   -2g. 

(12)  Jl±^-  :?li^=-i-.  a?=6,     and   -9i. 
^    ^     a?  +  ll      a?  +  12      306  *^ 

,^^-1       a?  +  3  /a?  +  2\ 

(13)     +  t=  2     .  a?  =  5,     and  0. 

(14)     + .  a?=14l-,  and  |. 

3a?        a?  —  1 

(15)  -— -—  =  0?  -  9.  0?  =  10,  and  -  \\. 

0?  +  2  o 

24 

(16)  07  + =  3a?-4.  a?  =  5,     and   -2. 

07—1 

(17)  (2a?  +  3)J  X  (3a?  +  7)*  «  12.  a?  =  3,     and   -  6|-. 

(18)  2a?i  -f  2a? ""i  =  5.  a?  =  4,     and  \. 

(19)  a?  -  4  «  (a?J  +  2)  (a?  -  8).  a?  =  9>     and  4. 

(20)  3v^ll2-807=19+V'3a?+7.  a?  =  6,     and  11^. 

(21)  (a?*+\/a?*+22a7^+32a?)^'=a7+2.  a7=«±2^5  and  ±  (-8)^. 

(22)  (9  +  5  \/3)  0?*  -  (15  +  7  \/ 3)  a?  +  6  =  0. 

0?  =  2  -  \/s»  and  3  -\/s- 

(23)  a?*  -  (a  +  6)a?  +  o6  =  0.  o?  =  a,     and  6. 


(24)     ao?^  —  2o6ia?  x=  6a?^  -  o6.  a?  = 


(25)  (o-6)a7^-(o  +  6)o?  +  26  =  0.     a?  =  1,  and 

a  —  6 

(26)  (a^  -  6^)  0?  -  (a  +  6)«  (a*  -  h\)  =  (ofci  -  ai  6)  a?^. 

a  +  6  o  4-  6 

07  =x — _,  and— -V- 
as  63 

(27)  o6  (c»  +  07^)  =  (a^  +  ft^)  CO?.         .r  =  - ,  and  — . 

h  a 
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(28)  a*(l +6*j?*)  =6(2o*a?  +  6).      »r  =  — --,  and  — — . 

ab  GO 

(29)  (^-c)\/o6-(a-6)\/c^  =  0.  cr  =  — ,  and — . 

a  a 

(30)  a'j7^  +  (l  +6)a6i  +  a*6a?«={o'6i+  (a  +  6)(l +6)}  a?. 

J?  = -,  and  — -— . 

a  +  b  or 

(31)  1  +  I (2a?  +  7)  {4\/w - 7) }*  =  2\/^.  ^  =  9,  and  64. 

/a?  +  4\i        12  /- 

(32)  a?  +  4+    =  .         0?=  ±5,  and  ±4  V  2. 


(33^ 


(34] 


(37; 


2VJ7+ V  4a?+'\/7^+2«=l.  d?«si,  and  gj. 

5(3a?-l)        2  /-  ,  _ 

y=  -f  — -;;=  =  3  \/  d7.  ^  "*  -5-5  and  4. 

l+5va?     va? 


y / 12  o  4o  3o 

(35)  vo  +  ^  +  va-^=» — y  ^  = -— ,  and — . 

5\/a-f.,r  5  5 

(36)  (3+^i)i+(4-a?i)i  =  (7  +  2zpi)J.  ^^4>9=fcx/97^ 


(a*"  +  i)(a?i- 1)^  =  2(^+1).    a?=  (^5;;r— [)  • 


(38)     0?^^^  -  i  (^^—^3)  (^^  +  ^)-     «^  =  0,  and    ^— ^)  ^"^ 
7^(39)     o;^  + ---  +  a?  +  -  =  4.  a*  =  1 ,  and  ^  (3  =t  \/5). 

(40)     a?^-2a?'+2^-a?J=6.         07=1,  4,  and  ^(±\/- 11-5). 


.21.2  -.«  >i  /^l.\« 


(41)     a' 6' 07-  -  4  (a6)*o?^""*  =  (o  -  6)« a?«» . 

/    1  1    \i!ij 
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(42)  .r'(d?+4)+2ti?(a?+4)=2-(a?+4).     a?=-2,  and  -2±\/3. 

(43)     y = y .       a?  =  0,  and  =tiv3. 

(44)  j?2-2ci7  +  6(a^-2a?  +  5)i  =  ll.       a?=l,  and  I=fc2\/l5. 

,    ,      ar  - 18        (a?  -  18)i         ,  .ri  27 

(45)  . ^^+  j-^  =  a?i-- -J.       ^=9=t-^. 

^    ^     a?*  -  isi  a?i  (a?  -  18)i  7* 

(46)  2a?*  -  2 J?  +  2  \/2a7*- 7a?  +  6  =  5a?  -  6. 

a?  =  2,    1^,  and   i(7=t\/33). 

(47)  a?*  -  a?  +  5  v^2a?^  -  5w  +  6  ^  i^  (Sof -^  33). 

x^3^    -^,  and  ^  (5  =fc  \/l329). 

(48)  aa?  =  (v^l  +  a?  -  1)  (\/l  -  a?  +  1). 

,    4o(l  -a') 
a?  =  0,    and  — ;;7— — ^^ . 


(1  +  a^y 

(49)     a?^  (a?  -  2)-  +  5a?2  (a?  -  2)  =  2  {oo  -  2). 

a?  =  2,   —  1 ,  and   ±  \/3  -  1. 
2 

<2? 


2  /- 

(50)      (.T?  -  4)*  +  2  (a?  -  4)  = 1.  a?  =  2,  and  2  ±  VS. 


(51)  <r^(a?2- 18)  =  4(a?- 12).  a?  =  ±  4,  and    ±2. 

(52)  2a?='-a72  =  l.  a?  =  1,  and  ^  (l  =fc  V^- 7). 
{bS)     (a?  -1-  1)  \/x  =  2.                ,r  =  1,   and  1  (-  3  ±  \/^). 

(54)  (.1?  -  3)  ar  =  3  +  4  \/^. 

«2?  =  i  (7  =t  \/l3),  and  ^  (  -  1  =f  v^^. 

2 

(55)  a?2-  — =  1*..  a?=  -|,  and  1(1  =tV^)- 

{56)     ^  a"  (a?  4-  1)  =  24  +  7a?i. 

a?  =  9,    4,    and   ^  (- 15  =fc  \/^^). 
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1.  Find  two  numbers,  one  of  which  is  -f-*^  of  the  other, 
so  that  the  difference  of  their  squares  may  be  l6^. 

Answer :     ±  20,  and  ±  12. 

2.  Required  two  numbers  whose  difference  is  8,  and 
product  128. 

Answer :     ±  8,  and   ±  l6. 

3.  Determine  two  magnitudes  whose  difference  is  - ,  and 
the  sum  of  whose  squares  is    (-]  . 

Answer:     ±-^,   and   ±^. 

4.  Find  three  magnitudes,  the  products  of  each  two 
of  which  are  p,  q  and  r,  respectively. 

Answer:   ±    [— j   ,   ±  [—J  ,  and  ±  [  — j  . 

5.  The  reckoning  of  a  party  at  a  tavern  was  £d.  12«., 
but  in  consequence  of  two  of  them  having  no  money,  each 
of  the  rest  paid  6d.  more  than  he  otherwise  should  have 
done:  required  their  number.       Answer:  18. 

6.  Divide  the  given  quantity  a  into  two  parts,  so  that 
the  sum  of  their  square  roots  may  be  6^ 

Answer  :    -^  (o  =*»  \/2o6  -  6^),    and  ^  (o  =f  y/^ah  -  V). 

7.  Given  a,  the  product  of  two  magnitudes,  and  6,  the 
difference  of  the  products  by  c  and  d:  to  find  them. 

Answer:  — {^y/l?-^  4acd  +  &),  and  — , (± \/h^  +  4ocd - h). 
2c  2d^  ^ 


.*i         •  ( 


8.  It  is  required  to  divide  each  of  the  numbers  11  and 
17  into  two  parts,  so  that  the  product  of  the  first  parts  of 
each  may  be  45,  and  of  the  second  48. 

Answer:    5,  6,  and  9j  8. 
ST 
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9.  Divide  each  of  the  numbers  21  and  SO  into  two  parts, 
so  that  the  first  part  of  21  may  be  three  times  as  great  as 
the  first  part  of  30:  and  that  the  sum  of  the  squares  of 
the  remaining  parts  may  be  585. 

Answer:     18,  3,    and  6,  24. 

10.  To  divide  each  of  the  numbers  19  and  29  into  two 
parts,  so  that  the  diflRerence  of  the  squares  of  the  first  parts 
of  each  may  be  72,  and  the  diflerence  of  the  squares  of  the 
remaining  parts  180. 

Answer:    7,   12,  and  11,   18. 

11.  It  is  required  to  divide  each  of  the  numbers  17,  23, 
and  38  into  two  parts,  so  that  the  product  of  one  part  of  17 
and  one  part  of  23  may  be  63 :  the  product  of  the  other 
part  of  17  and  one  part  of  38  may  be  180,  and  the  product 
of  the  remaining  parts  of  23  and  38  may  be  280. 

Answer:     7,   10:     9,  14,  and   18,  20. 

12.  A  grazier  bought  a  certain  number  of  oxen  for  £240, 
and  after  losing  3,  sold  the  remainder  for  £8.  a  head  more 
than  they  cost  him,  thus  gaining  £59.  by  his  bargain.  What 
number  did  he  buy  ? 

Answer:    l6. 

13.  A  and  B  engaged  to  reap  equal  quantities  of  wheat, 
and  A  began  half  an  hour  before  B:  at  12  o'clock  they  rested 
an  hour,  having  finished  half  the  work :  also,  ^'s  part  was 
finished  at  7  o'clock,  and  -^'s  at  a  quarter  before  10:  deter- 
mine the  times  at  which  they  commenced. 

Answer:    4^  and  5. 

14.  A  and  B  start  from  two  places  C  and  D  at  the  same 
time,  A  from  C  intending  to  pass  through  Z),  and  B  from  D 
travelling  the  same  way :  when  A  overtakes  -B,  it  is  found  that 
they  had  together  travelled  30  miles :  that  A  had  passed 
through  D  four  hours  before,  and  that  B  was  9  hours  journey 
from  C:  find  the  distance  between  C  and  Z),  and  the  rates 
of  travelling  of  A  and  B. 

Answer :  6  miles :  and  3  and  2  miles  per  hour. 
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SIMULTANEOUS  EQUATIONS. 

It  is  required  to  solve  the  following  equations. 

1.  a?  +  y    =    9  and    3w  +    5y  =^    35.        x  ^  5y  y 

2.  2a?4-3y  =  18and     So?-    2y=      1. 

3.  2a?-9y=ll   and     3a?  -  12y  =    15. 

4.  Sw-Jy-    7  and  lla?+    5y=    87. 

5.  9d7-4y=    8  and  13^7+    7y=101. 


4. 
.V  =  S,  y  SB     4. 

^  =  i»  y=-  1- 

a!  =  7y  y  sz     2. 

a?  =  4,  y  = 


6.     a?  — 4-(y"2)  =  5  and  4y--J-(a?  +  10)  =  3.    x  ^  5^  y 


7- 


4/1? +  3t/  ,    7V  —  S/v 

—-^=8  and  — v  =  H. 

6  2 


a?  =  6,  y 


y  —  3                            a?  —  2 
8.     2^-^ =  4  and    3y  + =  9-       a?  =  2,  y 


9. 
10. 

11. 


4a?  +  5y  _   2a?  -y 

^w-y  and  — - —  +  2y  =  -J-,  x^^^  y 


40 


7. 

2. 
8. 

3. 


1 


4"  (2a?  -  y)  +  3a?  =  2y  -  6,  1 

i    (y+3)+^(y-a?)=:2a?-8./ 
3i.(4a7  +  2y)  =  6--f(5y-3a?U 
i(8y-  10)=-l-(5a?  +  3y)  +  5./ 


12.  ^  (5a?  -  6y)  +  3a?  =  4y  -  2,  1 
-J-  (5a?  +  6y)  -^(3a?  - 2y)  =  2y  -  2.j 

13.  (^  +  5)(y  +  7)  =  (a?+l)(y-9)  +  112, 

2a?+  10  =  3y+  1. 


} 


af==6^y=i   12. 


x-S^ysz     5, 


go  ^6^  y  SI     5. 


Of  ^  S,  y  =     5. 


14. 


3w-2y     lly-2     4a?-3y+5     45-a? 


45- 


8  7  5 

4a?  -  2     55af  +  71y  +  1 


3  18 

15.     yi  -  (o  -  a?)i  =  (y  -  a?)i,l 
2  (y  -  a?)^  =  3  (a  -  a?)J.j 

4a?-8y  +  l     10a?*-12y^-14a?y  +  2a? 


^  =  5,  y 


6. 


^-•J-«j  y  =  ia. 


16. 


2  5a?+3y  +  3 

2  \/6  +  w  =  S  \/6  -  y. 


ofs^Sj  y  «  2. 
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17.    Sar  +  f  («y«  +  9«»y)i  =  (a?-4^)y,l         «     .    „     „ 

*  ■*  *5  y  «  1*. 


j 


18a -^  2y  = /ry. 

18.  ^  +  ^y+y*  =  52  and  wy-a^^S.     ^s:Ib2,  y==fc6. 

19.  a^-2a?y-y*  =  31  and   i  a?*  +  2a?y-y*  =  101. 

a?  =±10,  y==fc8. 

20.  y*  +  y+ 17^  =  54,  \  zp  =  2  and  2§: 


J 


^/^Tiy*  +  ^  =  8.  j  y  =  ±4and=fca. 

21.  a?*  +  y*  =  97  and  a?  +  y  =  5.  a?  «  2,  y  :=  8. 

22.  AT*  +  y'  =  3/p  and  /pi  +  y*  =  a?.  a?  =  4  and  1,  y  =  8. 

23.  (5zpJ  +  5yi)ii  +  yi  «  10  -  a?J,l  a?  =  9  and  4: 

al  +  yt  =  275.        J  y  =  4  and  9. 

ix^      24.     y  —  yJ  =  16  -  »  and  28  -  y  =  /p  +  4/17*.     a?  =  4,  y  «  16. 

26.     207  +  y  =  26  -  7 (2a?  +  y  +  4.)M  /p  =  2  and  -  10- 


26. 


27 


2a?  +  yi 
2a?  -  yJ 

16 

9,ai  -yi 
2d?  -f  yi* 

0?  -f  y  + 

\/^y 

=    28, 

/r'  +  y'  + 

.2?y 

=  336. 

w 

a^'-y' 

^  +  y 

'       18      ' 

v  +  y 

y 

«» 

1  and  25. 


0?  =  :t  16,  y  =  ±  4. 


cT  =  ±  2,  y  =  ±  1. 


28.     a?*  -  0?^  +  y*  -  y2  =  84," 
a?*  +  a?^y^ 


-  y2  =  84,1 
+  y2  =  49./ 


d?  =  ±  3,    y  =  ±  2. 


29.     y^  -{y  -  a?)i  =  (20  -  w%\  a?  =  16  and  40: 


20  -  a?)i,) 
-a?)4.     / 


2(y  -  w)^  =  3(20  -  a?)4.    j  y  =  25  and  -  5. 

30.     ^ =  (2y  +  18)—, 

OB      xy  y    f  07  s  4,   y  =  25. 

y  4.  8tP^  =      9  +  of^yi. 


i 
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i 


\^af^y  +  \/^  =  78. 


07  B  81  and  l6 : 


y  B  16  and  81. 


32. 


0?  (/»  +  y )  =  52  -  va?^  -f  /I?  y  +  4 .  j 


:£:5,     y»±4. 


33. 


a?  +  y  +  \/^^^^      9(^  +  y) 


/r 


+  y  -  \/^  -  y^         ®y 

(a^+y)*+a7-y=2a?(a7^+y)+506. 


a?=:5  and  —  4-|-: 


y=S  and  -2§. 


34.  5y  +  -i.\/a?*-15y-14  =  ^a?*-36,]     a?  =12  and  -  9+: 
J?*      2a?  /a?^      a^      y 

35.  j?^y  —  4  =  40?^ y  -  Ty'j 


s    2  and  - 1^« 


-4  =  4a?3y-fy»,     1 
-S  =  a?iyi(/ri  -y*)J 


d?=  1,  y  =»  4. 


36. 


37. 


2a(y-36)  =  6(2a-a7)  and  ay  =  60?.      a?=-|-a,  y  =  -|&. 

a& 


{a^-lf)  {Sw-\-  5y)  =  (4a  -6)206, 
a6*c 


w* 


a^w^ 


a+b 


+  (a+6+c)6y=6*a?  +  (a+26)a6.l     y= 


a— 6 
ab 


a+b 


38.     w(bc -^  wy) —y(afy  " 
wy{ay  +  6«a7  —  a?y) 


"  ac)y  1     a7  =  ±\/ac: 

=s  a6c(^  +  y  — c).j     y  ^^y/bc. 


39.     -  +  |  =  l--  and  i +-  =  l  +  i^. 
a      b  c  a      o  c 


abc(ac -h  €tb  —  be)  a6c(ac  —  aft  —  6c) 
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40.  5a?+  3y  '=^  65^    2y  -  «  ■=  11,    So?  +  4«  =  5?. 

^  =  7,   y-=10,   «^9' 

41.  ^p  +  50  «  y  +  «,    y  +  50  =s  2  J*  +  S«,    «  +  50  «=  S^  +  4y. 

42.  S^  +  2y-«  =  20,  2a?  +  Sy  +  6««70,   a?-y+6«  =  41. 

07  B  5,   y  s  6,   jv  s  7. 

43.  --f-  =  o,   _4.»--ftj    _^,»_^, 
my  XX  y      ^ 

2  2  2 

<r= r ,    y  = 


a+b—c  a+c— 6  6+c— a 

..341,112  ,41 

44.  -  -  —  +  -  =  7i,  —  +  —  -f  -  =  10-J.,    —  -  — 
w      5y      %  3x      2y      X  5w      2y 

4 

+  -  =  16^.  ^  =  -J-,  y  =  i,  «  =  i. 

45.  Of  +  y  +  «  -  14>^   a^  4-  y^  +  iJ^  =»  84,   and   a?«f  »=  y^. 

a?  =  2,     y  =  4,    ^  =  8. 

46.  xy  =  a{x  +  y)^   a?«  =  6(a?  +  »),    and   y«  =  c(y  +  iy). 

Qabc  2abc  2abc 

a>  = 1 7>    V'^—T — 7 9    ^  =  -7 r~' 

ac  +  DC  —  ab  ab -{■  be  —  ac  ab  -\-  ac  —  be 

47.  a?(y  +  )»)  =  o,   y(a?-faf)  =  6,   and   af(a?4-y)=c. 

.     ^  /(a  -  c  +  6)  (o  -  6  +  c) 

a?  =  ±    V/  -^^ — ^—^ ^ : 

2(c-a  +  6) 


^  ^  2(0 -6  +  c) 

5f==±  a/(^  -.  «  +  6)  (c  ~  ft  4-  g) 
^  2(6- c  + a) 
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48.     xyx^a^ijc-^-y)^  ^yijf  =  6*(y  +  «),  and /py««=c'(«  +  jjr). 


z^^abc  \/ i^ . 

49.  <r(a?  +  y  +  »)  =  oS    y(a?  +  y 4-)»)=«6S   «(ci?  +  y  +  af)  =c*. 

50.  wy  =  a,    ^Pijf  =  6,    wu  =  c,    and   xyzu  =»  d. 

fabc\i  /ad\i  /bd\i  /cd\i 

^=n-T)»  ^==^y'  *=n^)'  «=n^)- 

51.  u  -{■  ax  -{■  a^y  +  o'i?r  +  a*  =  0 : 
u  -\-ha}  -k-  b^y  +  b^%  +  6*  =  0 : 
w  +  c  a?  +  c^y  +  c^«  +  c*  =  0 : 
u  -i-  doff  -^  cPy  +  cP»  +  d*  =  0. 

t^  =  abed,    a?  =  —  (a6c  +  o6d  +  acd  +  6cd), 
y  =  ab  -\-  ac  +  ad  -{■  be  -\-  bd  +  cd,    «  =  -  (a  +  6  +  c  +  d). 

52.  a?2  + «%  +  <!i?4  +  &c.  4-  ^m  =  Oi : 
a?i  +  .Ts  +  a?4  +  &c.  +  a?„  =  Og  • 

«2?i  +  <r2  +  ^4  +  &c.  +  a?«  =  Os :    &c. 
a?i  +  072  +  <!i?3  +  &c.  +  «»„_i  =  a„. 

—  {©2  +  «3  +  ^4  +  &c.  +  a„  --  (w  -  2)  ai}: 


0?!   = 

m 


cTa  =  \ai  +  ^3  4-  ^4  +  &c.  +  o„,  -  (m  -  2)  Og}: 

m  —  1  ^ 

^i?3  = joi  +  dg  +  «4  +  &c.  -f  a«  -  (w  -  2)  OsJ^   &c. 

m  —  I  ^ 

m  - 1  ^ 
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PROBLEMS  IN  SIMULTANEOUS  EQUATIONS. 

1.  The  sum  of  two  numbers  is  17)  and  the  product 
of  one  of  them  and  its  excess  above  the  other  is  55 :  find 
them. 

Answer:    11  and  6. 

2.  Find  a  fraction  such  that  if  its  numerator  be  in- 
creased and  its  denominator  be  diminished  by  1,  the  result  is 
•}•:  but  if  its  numerator  be  diminished  and  its  denominator 
be  increased  by  1,  the  result  is  ^. 

Answer  ^    r?  • 

3.  Required  two  numbers  whose  product  is  48,  and 
the  difPerence  of  whose  squares  is  28. 

Answer:    6  and  8. 

4.  Given  the  difference  of  two  quantities  =  a,  and  the 
difference  between  the  sum  of  their  squares  and  their  pro- 
duct =  6*,  to  find  them. 

Answer :    ^  (y/4>b'^-Sa^  +  a),    and  ^  (xAft^^^i^  -  a). 

6.  What  two  magnitudes  are  those,  whose  sum,  quotient 
and  difference  of  their  squares,  are  equal  to  each  other? 

Answer:    ^(2  +  v^)?    and  ^a/s. 

6.  Find  two  magnitudes  so  that  their  product,  the 
difference  of  their  squares,  and  the  quotient  of  their  cubes, 
may  all  be  equal  to  one  another. 

Answer  :    ^  (3  +  \/5),    and  ^  (l  +  \/5)- 

7.  There  are  two  magnitudes  whose  product  is  equal 
to  the  difference  of  their  squares,  and  the  sum  of  their 
squares  is  also  equal  to  the  difference  of  their  cubes ;  find 
them. 

Answer:    ^\/5,     and  ^(5  -^  y/s). 

8.  Required  two  numbers  whose  sum  multiplied  by 
the  sum  of  their  squares  is  272,  and  whose  difference  mul- 
tiplied by  the  difference  of  their  squares  is  32. 

Answer :    5  and  3. 
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9.  Divide  each  of  the  numbers  21  and  35  into  two  parts, 
so  that  the  difference  of  the  squares  of  the  first  parts  may 
be  57»  and  that  of  the  second  parts  407* 

Answer:    8,  13,  and  11,  24*. 

10.  Find  two  numbers  such  that  the  sum  of  their  squares 
multiplied  by  the  less  and  divided  by  the  greater  is  83  i-:  and 
the  difference  of  the  squares  multiplied  by  the  greater  and 
divided  by  the  less  is  1920. 

Answer :    20  and  4. 

11.  Find  two  numbers  whose  sum  is  5,  such  that  the 
product  of  the  sums  of  their  squares  and  cubes  may  be  455. 

Answer :    3  and  2. 

12.  Required  four  magnitudes  whose  products,  taken 
three  and  three  together,  are  o\  6\  c',  and  cP. 

abc      ahd      acd  bed 

Answer:    -— ,     — — -,    — -    and    -— -. 
d^         cr  ¥  a^ 

13.  There  are  four  numbers  such  that  if  each  be  mul- 
tiplied by  their  sum,  the  products  are  252,  504,  396  and 
144:  find  them. 

Answer:     7,  14,  11  and  4. 

14.  Find  four  quantities,  such  that  the  first  with  half 
of  the  rest,  the  second  with  a  third  of  the  rest,  the  third 
with  a  fourth  of  the  rest,  and  the  fourth  with  a  fifth  of 
the  rest,  may  each  be  equal  to  a. 

1         19        25  ,   28 

Answers:     — a,    — a,    — a  and  — a. 

37         37         37  37 

15.  The  sum  of  four  numbers  is  52;  the  sum  of  the 
products  of  the  first  and  second,  and  third  and  fourth  is 
360 :  of  the  first  and  third,  and  second  |ind  fourth  315:  and 
of  the  first  and  fourth,  and  second  and  third  280 :  find  them. 

Answer:     21,  14,  11  and  6. 

On  these  subjects,  the  Student  is  further  referred  to 
Bland'a  Algebraical  Problems. 

sv 
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RATIO,    PROPORTION  AND   VARIATION. 

1.     Shew  that  the  ratio  a^  -  a?  :  a^  -^-a^  is  greater  than 
the  ratio  o  —  tP  :  a  +  ^. 

•     2.     Prove  that  a?^+y^  :  ai^+i^  is  greater  than  a^+jf^  :  a^+y- 

3.  Shew  that  the  ratio  4ia^-Sa^w-^acB^-\-Sar^  :  Sa^-2a*J? 
—  Saa^  ■\-2a^j  is  equal  to  the  ratio  ^ta-^Sw  :  3a  — 2^. 

4.  What  quantity  must  be  added  to  each  of  the  terms 
of  the  ratio  a  :  6,  that  it  may  become  equal  to  c  :  d? 

ad  —  he 


Answer : 


c  "d 


5.  What  is  the  ratio  resulting  from  the  composition  of 
a*+6*  :  o*-6'  and  {a^-hf  :  (a --by? 

Answer :     (a  +  b)  (a^  +  b^)  -  (a  —  by. 

6.  If  0?  be  to  y  in  the  duplicate  ratio  of  a  to  6,  and 
a  be  to  6  in  the  subduplicate  ratio  of  a  +  ^  :  a  —  y :  then 
will  2af  :  a  ^  Of  -  y  :  y. 

7.  I{  a  :  b  =  c  :  d,  it  is  required  to  prove  that 

(a  -  6)  (a  -  c) 


(o  +  d)  -  (6  4-  c)  = 


(a  V  b)  -  (c  -»-  d)  = 


U  "^  d)       [b      c) 


a 

(a  ^  fe)  (6  -  d) 

b  ' 

(a  -  6)  (a  -  c) 


abc 


8.  The  arithmetic  mean  between  two  numbers  exceeds 
the  geometric  by  IS,  and  the  geometric  exceeds  the  har- 
monic by  12 :  what  are  the  numbers  ? 

Answer:      104  and  234. 

9.  If  the  arithmetic  mean  between  a   and  6  be  twice 
^  as  great  as  the  geometric  mean :  prove  that 

0:6  =  2  +  \/s  :  2  -  y/s. 
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10.  If  the  arithmetic  mean  between  a  and  6  be  m  times 

the  harmonic,  then  will  -  ■=  

^      y/m  —  vm  —  1 

11.  If  the  geometric  mean  between  a  and  6  be  m  times 

the  harmonic,  then  will  -- = 

0      m-  \/m'*  -  1 

12.  If  y  be  the  harmonic  mean  between  w  and  »,  where 
w  and  jtr  are  the  arithmetic  and  geometric  means  between  a 

and  6:  then  will  ^y  =  («  +  ft) -r  |  [t-]    +  (-)  [• 

13.  If  -4  :  a  =  jB  :  6  =  C  :  c  =  &c.,  prove  that 

JZn  _  ^3n         ^3n  _  J3a         ^ii  _  ^n 
1_ 1 J.  gjC. 

ul"-a"         jB»-6»        C'-c" 

(^  4-  g  -f  C  -f  &C.y*  -  (g  4-  5  4.  c  -f  fec.)^" 

*"  (^  +  5  +  C  +  &c.)"  -  (a  +  6  4.  c  +  Sec.)" 

14.  If    o  -H  6  oc  a  —  6,    it    is    required    to    prove    that 
«*  +  6*  oc  abj  and  a^  +  b^  oc  ab(a  ±  6). 

15.  If  y  =  p  -f  9,    where  p  ocw   and  ^  oc  - :   also,  when 

4  14 

•^=15  y  =  ^3  and  when  a?  =  2,  y  =  5:  prove  that  y=:-d?+  — . 


1 j    :    (1 I      is 

nearly  o  —  Sc  +  Sca?  :  1,  ifcbe  small  with  respect  to  a. 

17.  If  the  prices  of  two  trees  containing  p  and  q  cubic 
feet  of  timber  be  a£  and  b£,:  required  the  price  of  a  tree 
containing  r  cubic  feet,  when  the  values  of  the  timber  and 
bark  are  respectively  proportional  to  the  w*^  and  w*^  powers 
of  the  quantity  of  timber  in  the  tree. 

Answer : 


uie 


ogf(l+9'*-»)(p™-«-r'"-")+6p(l+p'"-")(r«-*'-g 


,w— n\ 
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ARITHMETICAL   PROGRESSION. 

1.     Prove  the  truth  of  the  following  results. 

(1)  The    10^  term    of  2  +  5  +  8  +  &c.    is  29,    and  the 
sum  of  10  terms  is  155. 

(2)  The    13*^    term   of  S  +  9  +  15  +  &c.  is  75,  and  the 
sum  of  13  terms  is  507. 

(3)  The  24*^  term  of  7  +  5  +  3  +  &c.  is  -^  39,  and  the 
sum  of  24  terms  is  —  384. 

(4)  The  20*^  term  of  4-3  -  10-17  -  &c.  is  -  129,  and 
the  sum  of  20  terms  is  -  1250. 


3  5 

-  +  2  +  - 
2  2 

sum  of  12  terms  is  45. 


(5)     The  12*^  term  of  1  +  -  +  2  +  -  +  &c.  is  6^,  and  the 


(6)  The  6*^  term  of  ?  +  ~  + -i  +  &c.  is  --,  and  the 

3       15       15  3 

sum  of  6  terms  is  1. 

15       4  1  1 

(7)  The  w*^  term  of  -  +  -  +  -  +  &c.  is  -/i  -  - ,  and  the 

v>        O        o  -^  O 

sum  of  n  terms  is  — n-^-rr. 

12         4 

(8)  The  rr"  term  of  + + +  &c.   is  0, 

n  n  n 

and  the  sum  of  n  terms  is  -^{n  -  l). 

r^^     mi  n  ^  a  —  b      3a  —  2b 

(9)  The  sum   of  n   terms   of  +  +  &c.    is 

{na-^{n-\-  1)6} 


a  +  6 


2.     The' first  term  is  w^-ti+I,  and  the  common  differ- 
ence   is   2 :    prove  that   the    sum    of   n   terms   is    n^ :    and 
^  thence  shew  that 

1^=1,    2^  =  3  +  5,    3^  =  7  +  9+11,    &c. 
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3.  The  sum  of  the  first  two  terms  of  an  arithmetical 
progression  is  4,  and  the  fifth  term  is  9:  find  the  series. 

Answer:     1,   3,   5,   7$   9^   &c. 

4.  The  first  two  terms  of  an  arithmetical  progression 
being  together «  18,  and  the  next  three  terms »  12 :  how 
many  terms  must  be  taken  to  make  28  ? 

Answer:     4  or  ?• 

5.  The  latter  half  of  2n  terms  of  an  arithmetical  series 
V^    is  equal  to  one-third  of  the  sum  of  3n  terms  of  the  same 

series. 

6.  The  difi^erence  between  the  sum  of  m  and  n  terms 
of  an  arithmetical  progression :  the  sum  of  m  ^n  terms 

7.  The  sum  of  n  terms  of  an  increasing  arithmetical 
progression  whose  common  difierence  is  equal  to  the  least 
term,  is  the  sum  of  n  +  1  magnitudes,  each  of  which  is  half 
the  greatest  term. 

8.  The  sum  of  an  even  number  of  terms  of  an  arith- 
metical progression  whose  common  difierence  is  equal  to 
the  least  term,  will  be  four  times  the  sum  of  half  that  number 
of  terms  diminished  by  half  the  last  term. 

9.  There  are  p  arithmetic  progressions  each  beginning 
with  1,  and  the  common  difierences  are  1,  2,  5,  &c.,  p :  shew 
that  the  sum  of  their  n^^  terms  =  ^  {(/i- l)p*+(n  +  l)p}, 

10.  If  «i,  «29  ^39  &c.,  8p  be  the  sums  of  p  arithmetical 
progressions  each  continued  to  n  terms :  the  first  terms  bein^ 
1,  2,  3,  &c.  and  the  common  difierences  1,  3,  5,  &c. :   then  wil 
«i  +  «8  +  «3  +  &c.  +  «|,  =  ^  wp  (np  +  1). 

11.  Prove  that  1,  S,  5,  7j  &c.,  is  the  only  arithmetic 
progression  beginning  with  1,  in  which  the  sum  of  the  fii 
half  of  any  even   number  of  terms  has  to  the  sum  of  f 
last  half  the  same  constant  ratio. 


^ 
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12.  If  the  p^  and  q^  terms  of  an  arithmetical  pro- 
gression be  P  and  Q:   prove  that  the  first  term 

_Q(p-i)-f(7-i). 

and  that  the  sum  of  n  terms 

^  1  ^  f Q  (gp  -  ^  -  1)  -  f  (gg  -  ^  -  1)| 

13.  Determine  the  relation  between  a,  b  and  c,  so  that 
they  may  be  the  p***,  q^  and  r*^  terms  of  an  arithmetical 
progression. 

Answer :    (g  —  r)  a  +  (r  -  p)  6  +  (p  —  9)  c  =  0. 

14.  Insert  four  arithmetic  means  between  193  and  443 : 
and  three  between  117  and  477. 

Answer:    243,  293,  343,  S9S:    and  207,  297,  387. 

15.  The  sum  of  m  arithmetic  means  between  1  and  19 : 
the  sum  of  the  first  171— 2  of  them  ::  5  :  3:  prove  that  their 
number  is  8. 

16.  There  are  m  arithmetic  means  between  1  and  31  : 
and  the  7*^  :  (m  —  l)*^  ::  5  :  9:  shew  that  the  number  of 
means  is  14. 

17.  In  an  arithmetical  progression,  if  the  (p  +  qY^  term 
=  w,  and  the  (p  -  qY^  term  =  n  :  then  the  p^^  term  =  1  (w  +  w), 

and  the  q^^  term  =  m  -  A  (w  -  w)  -  . 

18.  If  «„,  «„+,,  «„+2,  &c.,  denote  the  sums  of  w,  n  +  l, 

w  +  2,  &c.    terms  of  an  arithmetical  progression  :  prove  that 

««  +  *n+i  +  «n+2  +  &c.  to  7^  tcrms 

a  d 

=  n  (3n  -  1)  —  +  w  (n  -  1)  {in  -  2) 


1.2         ^  ^  ^  1.2.3 


19.  If  «i,  «2>  «3>  &C',  *2»  be  the  sums  of  n  terms  of 
2n  arithmetical  progressions,  whose  first  terms  are  the  same, 
and  common  differences  c2,  2d,  3(2,  8cc.,  2/1(2:   then  will 

(«2  +  «4  +  &c.  +  «2»)  -  (*i  +  «3  +  &c.  +  «2„.  1)  =  ^ w^n  -  1)  (f. 
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20.  Prove  that  aiOg  +  o^Os  +  &c.  +  a^.ia.,  may  always  be 
expressed  in  finite  terms,  when  a^,  029  a,,  &c.,  are  in  arith- 
metical progression. 

21.  If  «„  denote  the  sum  of  m  terms  of  an  arithmetical 
progression,  then  will  sji  ^  ^n  (n  —  1)  Stn  —  n  (n  ^  2)  ««. 

22.  If  «„  denote  the  sum  of  n  terms  of  an  arithmetical 
progression,  prove  that 

(q  -  r)  qr  8^  +  (r  - p)pr8q^  +  (p  -?)p9«rw  =  0. 

GEOMETRICAL    PROGRESSION. 

1.     Prove  the  correctness  of  the  following  results. 

(1)  The  n^  term  of  1  +  3  +  9  +  &c.  is  S'^'S   and  the 
sum  of  n  terms  is  ^  (S*  —  l). 

(2)  The  n^  term  of   1  -  2  +  2*  -  &c.    is  ±  2*-^   and 
the  sum  of  n  terms  is  -^^  (l  sf  2"). 

(3)  The  n!^  term  of  i  +  ^  +  f  +  &c.  is  ^^ ,  and  the 


of  n  terms  is  ^  {-^izrj  • 


(4)     The  »*  term  of  3|-  +  2^-  +  1^  +  &c.  Js  (- J      ,  and 


1   /3"  —  2"\ 

the  sum  of  n  terms  is  -  ( — --7-  1  . 

8  V  3*-*  / 


12         4  2*~^ 

(5)     The  n^^  term  of + &c.  is  ± 


5       15       4>5  S.S""^^ 

1    /3"t2"\ 
and  the  sum  of  n  terms  is  —  I  — --7-  1 . 

25  V  3""^  / 

(6)     The  n""  term  of    -7=  +  i  +  — 7=  +  &c.  is  -4= 
^^  \/2       ^      2V'2  V2-' 

1       /\/2'*  -  1\ 

and  the  sum  of  n  terms  is  — 7=  I  — 7= ) . 

V2"  \V2-  1/ 
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112 

(7)  The  sum  of  -  +  -  +  -  +  &c.  to  oo  is  ll. 

2  3      9 

3  2  9 

(8)  The  sum  of 1  +  —  &c.  to  oo  is  — . 

^  2  3  10 

(9)  The  sum  of  24-  +  -  +  —  +  &c.  to  oo  is  31. 

^      2      10  ® 


(10)     The  sum  of    V  -  ■*■   V  -  +  -  V  -  +  &c-    to   n 
^  ^2         ^33^3 


V? 


terms  is 


^l^~¥^)'    ^""^  ^"^   "^   '"  ^"^i' 


1-0? 

(11)  The  sum  of  1  -  2a?  +  2a^  -  2a^  +  &c.  to  oo  is 

^  1+0? 

Ill  2  \/  — 1 

(12)  The  sum  of  -'+ 7==. &c.to  00  is — 7== 

3     6\/-l      12  6\/-T-3 

2.  In  any  geometrical  progression,  consisting  of  an  odd 
number  of  terms,  the  sum  of  the  squares  of  the  terms  is 
equal  to  the  sum  of  all  the  terms  multiplied  by  the  excess 
of  the  odd  terms  above  the  even. 

3.  In  any  geometrical  progression,  the  sum  of  the  first 
and  last  terms  is  greater  than  the  sum  of  any  other  two 
terms  equidistant  from  the  extremes. 

4.  In  any  geometrical  progression  of  an  even  number 
of  terms,  the  sum  of  the  odd  terms  is  to  the  sum  of  the 
even  terms  as  1   to  r. 

5.  If  5i,  ^29  ^35  &c.,  5„,  be  the  sums  of  n  geometrical 
progressions,  whose  first  terms  are  a,  2a,  3a,  &c.,  na:   then 

.,1  ,  n(n  +  l)/r«-l\ 

will  «i  +  ^2  +  «3  +  &c.  +  *„  = a. 

2         \r  —  1  I 

6.  If  cr,  6,  c,  d,   &c.,  be  n   quantities    in   geometrical 

progression:    then  will   ^—^,.   V^^^'   '^^''  ^^'^  ^^  '"^ 
geometrical  progression  :  and  the  sum  of  n  terms  will  be 

1         a'»  -  6'" 
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7.     In   a  geometrical  progression,   if  the  (p.+  qY^  term 
=  f»,  and  the  (p  -  qf^  =  n :  then  will  the  p^^  term  =  y/mtij 


8.      If  the  p^^  and  9***  terms  of  a  geometrical  progression 

be  P  and  Q,  then  will  the  n^^  term  be  ^     _^  F  ',  and  the 
sum  of  n  terms 


n 


9.  If  there  be  n  quantities  in  geometrical  progression, 
whose  common  ratio  is  r,  and  s^  denote  the  sum  of  the  first 
m  terms:  prove  that  the  sum  of  their  products,  taken  two 

and  two  together,  = *n*«-i- 

r  +  1 

10.  If  s  be  the  sum  of  n  terms  of  a  geometrical  pro- 
gression, whose  first  term  is  ti,  and  ^29  ^39  &c.,  ^„,  denote 
the  sums  of  the  first  two,  three,  four,  &c.,  terms,  then  will 

t  r 

(«  +  ^i)  +(«  +  ^2)  +&c.=-~-{7i(r»-2)+— — (r»-  1)}. 

11.  Insert  three  geometric  means  between  sg  and  3159: 
also,  between  37  and  2997. 

Answer:    117,  351,  1053:  and  111,  333,  999. 

12.  If   s  =  (w-y)+  I —J  +  &c.  to   n  terms,    and 

0-  denote  the  sum  in  infinitum:  then  will 

13.  If  (Ti  represent  the  sum  of  an  infinite  geometrical 
progression,  cg  the  sum  of  the  squares,  0-3  the  sum  of  the 
cubes,  &c.,  of  the  terms:  then  will 

111  1  r 

—  =t 1 —  ±  &c.  in  infinitum  = 


Ci      (Ti      Cs  a  T 1       a  =F  r 

3X 
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14.     If  (Tj,  (72,  0-3,  &c.,  (T.  be  the  sums  of  n  infinite  geo- 
metrical progressions,  the  first  term  of  each  being  1,  and  the 

common  ratios  -,  — ,  —,  &c.,  — :  then  will 
1        1       1       „  1  r"- 1 

—   +    —    H +   &C.    +  —    a=  W  - 


0-1         C%        0-3  (Tn  f'ir  --  1) 

16.  If  0*1,  (Tg,  0-3,  &c.,  denote  the  sums  of  an  infinite 
number  of  infinite  geometrical  progressions,  whose  first  terms 
are  a,  o',  a',  &c.,  and  common  ratios  r,  2r,  Sr^  &c.,  then  will 

1        1        1  o  (1  -  r)  - 1 

-  +  -  +  -  +  &c.  =  —^p ^—-  . 

0*1      0*2      Cz  \a  -  1) 

16.  Between  9^  +  1  quantities,  (a?,  y),  (a?,  2y),  (a?,  4y),  &c., 
are  inserted  n  geometric  means,  and  J/i,  M^y  M^y  &c.,  are 
the  n"*  means  respectively:  then  will 


+  —  +  —  +  &c.  =  I 

itf3       3/4  V  2'W 


17.  If  a,  ft,  c,  d  be  in  geometrical  progression,   prove 
that  (a  +  3b  +  Sc  '\'  d)  be  -  (b  +  c)^,  and 

(o  +  ft  +  e  +  rf)2  =  (a  +  6)2  +  (c  +  d)'  +  2  (ft  +  c)^ 

18.  The  n^^  term   of  2  +  6  +  14  +  30  +  &c.  is   2»+'  -  2, 
and  the  sum  of  n  terms  is  2"+^  -  (2/1  -f  4). 

19.  The   W**"    term    of   4  +  10  +  28  +  82  +  &c.    is  3"  +  1, 
and  the  sum  of  n  terms  is  ^  3""+"^  +  n  —  ^. 

20.  The   w'**    term  of   3  +  6  +  11  +  20  +  &c.    is    2"  +  w, 
and,  the  sum  of  n  terms  is  2"'*'^  +  ^  (w^  +  ^  -  4). 

21.  If  (T  be   the  sum,  and  0*2  the  sum  of  the  squares 
of  the  terms  of  an  infinite  geometrical  progression :  then  will 

2(r<r2              ,            a^  —  (T2 
a  =— ,     and    r  = . 
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HARMONICAL    PROGRESSION. 

1.  Insert  four  harmonic  means  between  2  and  12. 

Answer:   2-f-,  3,  4,  and  6. 

6 

2.  Insert  six  harmonic  means  between  3  and  — . 

23 

6      S       6       3       6       S 
.xxnswer  i      •    —  »    ■■""  •    —  •    ■■""  •    "^^  • 
5       4       11       7       17       10 

3.  Shew  that  24  is  a  fourth  harmonical  proportional  to 
^   6,  8,  and  12. 

4.  The  sum  of  three  terms  of  a  harmonic  series  is  1^, 
and  the  first  term  is  ^:  find  the  series. 

Answer :    ^,  ^,  ^,  &c. 

5.  The  sum  of  three  numbers  in  harmonical  progression 
^    is  11,  and  the  sum  of  their  squares  is  49:  find  them. 

Answer:   2,  3,  6. 

6.  There  are  four  numbers,  the  first  three  of  which  are 
in  arithmetical  progression,  and  the  last  three  in  harmonical : 
prove  that  the  products  of  the  extremes  and  means  are  equal. 

7.  If  a*  =  6y  =  c'=  &c.,  and  o,  6,  c,  &c.,  be  in  geometrical 
progression,  then  will  of,  y^  ss^  &c.,  be  in  harmonical  progression. 

INDETERMINATE   COEFFICIENTS. 

1.     By  the  method  of  indeterminate  coefficients  prove, 
1  +  a? 


1  —  a?  —  a?* 


=  1  +  2.r  +  30?*+  5a^  '\-  8<r*  +  &c. 


1+0? 

2. =  1  +  3a?  +  5<r*  +  7a?*  +  9^*  +  &c. 

(1  —  xy 

3.  ^    ^^^^  =  1*  +  2*0?  +  3V  4-  4V  +  5*0?*  +  &c, 
(1  -  xf 

1  —  Sa?  +  2o?- 

4      zr  =  1  —  4o?  +  5a?  -  07*  -  &c. 

1  +  0?  +  0?^ 

]  ^ 

5.     .  =s  1  +  0?  +  5a?*  rf  1307*  +  &c. 

1  -2d?-  3o?* 
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'       Vl+a?y  \l  +  2af)  1.2       Vl+Sa?/ 

8.  The  cube  roots  of  7  +  5  \/2  and  11  \/2  +  3  \/27,  are 
X/g  +  1  and  \/2  +  y/s  respectively. 

9.  If  Oi,  ^2  5  ^9  «4  be  any  successive  coefficients  of  tiie 
expanded  binomial,  then  will 

10.  If  iV  be  the  w^  term  of  the  expansion  of  (l  +  a?)*, 
then  will  the  series  after  the  first  n  terms  be 

-(.-^)^--(-^)(-~^) 

,,  ,  /        fn  +  l\   /        m+l\    /       W2  +  1\      „ 

+  jVar»    1 1 1 +&C. 

V  n         \        n  +  lM        «  +  2y 


VARIATIONS  AND  COMBINATIONS. 

1.  The  number  of  variations  two  together :  the  number 
three  together  =1:5:  find  the  number  of  things. 

Answer:  7. 

2.  The  number  of  things :  the  number  of  variations  three 
together  =  1  :  20 :    what  is  that  number  ? 

Answer:  6. 

3.  The  number  of  combinations  of  m  things  taken  four 
together :  the  number  taken  two  together  =  15  :  2 :  find  the 
value  of  m. 

Answer:  12. 

4.  There  is  a  certain  number  of  things  of  which  the 
variations  taken  eight  together  «=  80,  and  taken  ten  together 
•»960:  how  many  must  be  taken  away  from  the  original 
number,  that  of  the  remaining  things  taken  two  together,  the 

il|iiiatioD8  may  be  15. 

Answer:  6. 
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^                ic"                       2a      Scf      ^c?      ^ 
7.     ^ .^ -r^ -7  = + r  + 


(d?  -  1)  (j?  -  2)  (.r  -  3)      jr  -  1       j?  -  2       jr  -  S ' 

o                       ^                              14  9 

^-      , Tv-;^ ZZ-, 1:  =  — : r + 


(a?  +  l)(^  +  2)(a?  +  S)       2(j?  +  l)      or +2       2(«  +  3) 

^07  +  2              1  3  2 

9-      ^i =  -zr-. ;  + 


.ir*-ar      2(d?+l)      2  (a?  - 1)      ^' 

,^       13+21d7  +  2.T^           1               6                2  l6 

10.      -  — — -=- + —  + 


l-5a?-  +  4j?*        1+0?       1-0^       1  +  2J7       l-2dP 
THE   BINOMIAL   THEOREM. 

1.  If  i^  be  the  sum  of  the  odd  terms  of  the  expansion 
^      of  (a  +  0?)",  and  s  the  sum  of  the  even  terms :   then  will 

iS^  -  «2  =  (a^  -  0?^)-. 

2.  Prove  that  four  times  the  product  of  the  sums  of  the 
odd  and  even  terms  of  the  expansion  of  (a  +  x)*y  is  equal  to 

(a  +  xf""  -  (a-  a^y". 

3.  '  If  the  coefficients  of  the  expansion  of  (a  -  ar)",  be 
multiplied  by  o,  a  +  b^  a  +  2b,  &c.  in  order:  it  is  required 
to  prove  that  the  result  =  0. 

4.  Prove  that  if  the  coefficients  of  the  expansion  of 
(a  -  a?)*"  be  multiplied  by  T,  2%  3",  &c.,  in  order,  the  result 
=  0,  if  w  be  greater  than  n. 

5.  If  S  be  the  sum  of  all  the  coefficients  of  the  expansion 
of  (a  +  wY"'^  and  C  the  coefficient  of  the  middle  term :  it  is 
required  to  prove  that 

\l  .3.5.&C.  (2m-  1)}  S=  {2.4.6.&c.2w}  C 


I  9,00  \       r»(w2  +  1)  /  2cr  \-      ^ 

=  1  +  m    +  — ^^ I   +  &c. 

Vl  +  ^/  1.2        Vl  +  w 


1  4- .ry  I  "2.00  \       m(m  +  1)  f  2tr 

6.      ( 

1  -  cr 
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7.       )  =l  +  ii»   +— ^^ — —     +&C. 

'       \l+a?/  Vl  +  2a?/  1.2      Vl+2a7/ 

8.  The  cube  roots  of  7  +  5  \/2  and  1 1  y/2  +  3  \/27,  are 
\/2  +  1  and  \/2  +  \/3  respectively. 

9.  If  Oi,  flgj  ^>  «4  b®  ^^y  successive  coefficients  of  tfie 
expanded  binomial,  then  will 

(0.2^3  +  ^1^4)  (^2  ""  ^)  =*  2^1 03^  —  2 0402^ 

10.  If  iV  be  the  n^  term  of  the  expansion  of  (l  +  a?)*, 
then  will  the  series  after  the  first  n  terms  be 

V  n    J   \        n+l/V        «  +  2y 


VARIATIONS  AND  COMBINATIONS. 

1.  The  number  of  variations  two  together:  the  number 
three  together  =1:5:  find  the  number  of  things. 

Answer:  7. 

2.  The  number  of  things :  the  number  of  variations  three 
together  =  1  :  20 :    what  is  that  number  ? 

Answer:  6. 

3.  The  number  of  combinations  of  m  things  taken  four 
together :  the  number  taken  two  together  =  15  :  2 :  find  the 
value  of  m. 

Answer:  12. 

4.  There  is  a  certain  number  of  things  of  which  the 
variations  taken  eight  together  »  80,  and  taken  ten  together 
ts  960 :  how  many  must  be  taken  away  from  the  original 
number,  that  of  the  remaining  things  taken  two  together,  the 
combinations  may  be  15. 

Answer:  6. 
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7.  In  any  system  of  notation,  whose  local  value  is  r,  in 
any  multiple  of  r  —  1,  the  sum  of  the  digits  is  either  equal  to 
r  —  1,  or  to  some  multiple  of  it. 

8.  If  any  number,  a  multiple  of  11,  and  a  number  con- 
sisting of  the  same  digits  in  an  inverted  order,  be  each  divided 
by  11,  the  sums  of  the  digits  in  the  two  quotients  are  equal. 

9.  If  the  sum  of  the  odd  digits  in  a  number  be  llw  +  c,^ 
and  of  the  even  lln  +  c^  this  number  being  divided  successively  i^. 
by  1 1  and  9j  leaves  the  same  remainder  as  ?»  +  w  +  c  when 
divided  by  9. 

j^  10.  In  resolving  an  irreducible  fraction  -  into  a  recur- 
ring decimal,  prove  that  when  any  two  remainders  give  the 
divisor  b  for  their  sum,  the  two  consecutive  remainders  give 
the  same  sum :  and  the  sum  of  the  two  figures  in  the  period, 
which  correspond  to  these  remainders,  is  9. 

^11.     If  -•  be  an  irreducible  fraction,  and  b  be  any  number 

except  9  or  3,  shew  that  when  --  is  converted  into  a  recurring 

decimal,  the  period  will  be  divisible  by  9?  and  the  sum  of  the 
remainders  a  multiple  of  6. 

j^  12.  Prove  that  the  sura  of  all  the  numbers  of  n  places 
which  can  be  formed  with  the  n  digits  a,  &,  e,  &c. :  the  sum 
of  all  the  numbers  of  n  places  which  can  be  formed  with  the 
n  digits  p,  q,  r,  &c.  of  the  same  scale 

=  a  -\-  b  -{-  c  +  &c.  :  p  +  q  -^  r  -^  &c. 

13.  There  is  a  number  consisting  of  three  digits  in  geo- 
metrical progression  :  the  number  :  the  sum  of  its  digits 
=  124  :  7,  and  if  594  be  added  to  it,  the  digits  will  be  in- 
verted :    what  is  it  ? 

Answer :    248. 
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14.  A  certain  number  when  expressed  in  the  scale  of  r 
consists  of  two  digits :  and  when  divided  in  that  scale  by  the 
digit  on  the  right,  gives  a  quotient  27  and  a  remainder  2 :  but 
when  divided  by  9,  gives  a  quotient  equal  to  three  times  the 
figure  on  the  right  and  a  remainder  2 :  and  lastly,  when  ex- 
pressed in  the  scale  of  25,  the  digits  will  be  inverted :  what 
is  the  number? 

Answer :    %Z. 

15.  There  is  a  certain  number,  which,  when  expressed  in 

the  scale  of  r,  is  39 :  but  when  expressed  in  the  scale  of  r  -  1, 

rx)nsists  of  two  digits,  so  that  when  divided  by  the  diflTerence 

#f  the  digits,  the  quotient  is  21 :  but,  when  divided  by  the 

^     sum  of  the  digits,  the  quotient  increased  by  17,  will  give  the 
'      number  with  its  digits  inverted :   find  the  number. 

Answer :    42. 

PROPERTIES  OF  NUMBERS. 

1.  If  72  be  a  whole  number,  prove  that  v^-k-^n  is  divisible 
by  6. 

2.  If  n  be  any  whole  number,  then  will  n{r?  —  \^  {ri?  -  4) 
be  divisible  by  120. 

3.  If  n  be  any  odd  number,  then  w*  — n  will  be  a  multiple 
of  12. 

4.  If  w  be  an  even  number,  then  will  n  {ri?  +  20)  be 
divisible  by  48. 

5.  The  square  of  every  odd  number  diminished  by  1  is 
divisible  by  8. 

6.  If  from  the  cube  of  any  even  number  be  subtracted 
four  times  the  number  itself,  the  remainder  will  be  a  multiple 
of  48. 

7.  If  n  be  an  even  number,  then  will  v?  {tj?  -  4)  be  divi- 
sible by  192  :  and  if  m  be  odd,  m^  (m^  -  4)  (m^  -  9)  will  be 
divisible  by  1920. 

3  Y 
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8.  If  an  odd  and  even  square  number  be  added  together, 
and  the  sum  be  also  a  square  number :  then  the  even  square  is 
a  multiple  of  l6. 

9.  If  any  square  number  be  divided  by  12,  the  remainder 
is  also  a  square  number. 

10.  Supposing  the  sum  of  51  cards  in  a  common  pack  to 
be  lOn  -\-  a^  a  being  less  than  10 :  prove  that  the  value  of  the 
last  card  is  10  —  a,  the  court  cards  reckoning  for  10,  and  the 
aces,  deuces,  &c.  for  1,  2,  &c. :  and  find  the  value  of  n. 

Answer :    33. 

11.  Prove  that  (7^4-l)  (t^  +  2)  (n  +  3)  &c.  to  n  factors 

=  2**  (l  X  3  X  5  X  &c.  to  n  factors). 

12.  Find  the  number  of  divisors  of  21 60,  and  also  their 
sum. 

Answer :   40  and  7440. 

13.  What  number  multiplied  by  48,  will  make  it  a  com- 
plete fourth  power  ? 

Answer :    27. 

14.  The  square  of  every  prime  number  greater  than  3, 
diminished  by  1,  is  divisible  by  24. 

15.  The  sum  of  any  number  of  prime  numbers,  in  arith- 
metical progression,  is  a  composite  number. 

16.  If  a  and  h  be  prime  numbers,  the  number  of  num- 
bers prime  to  ah  and  less  than  ah  is  {a  —  l)  (6  -  1),  unity 
being  considered  one  of  them. 

17.  If  we  divide  a,  a^,  a',  &c.  by  a  prime  number  p, 
we  shall  obtain  a  remainder  =  1,  before  we  have  taken  p  terms : 
also,  after  this  remainder,  the  remainders  recur. 

18.  If  a  be  a  prime  number,  and  h  any  other  number 
prime  to  a,  shew  that  if  6%  (26)%  (36)~,  &c.,  {^(^-l)^}^ 
be  divided  by  a,  they  w*]l  each  leave  a  different  remainder. 
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19.  Prove  that  the  sum  of  any  two  consecutive  triangular 
'    numbers  is  a  square  number. 

20.  Shew  that  the  ratio  between  a  triangular  and  square 
^  number  of  the  same  root,   approaches  to  ^  as  that  root  is 

increased. 

'  21.     Prove  that  the  sum  of  n  terms  of  the  series 

1^  +  33  +  53  +  7'  +  &c. 
is  a  hexagonal  number,  whose  root  is  n^. 

22.  If  n  be  a  pentagonal  number,   prove  that  24n  +  l 
is  a  square  number. 

23.  If  w  be  a  heptagonal  number,  then  will  40w  +  9  be 
a  square  number. 

24.  If  n  be  an  r-gonal  number,  it  is  required  to  shew 
that  8  (r  -  2)  /J  +  (r  -  4)*  is  a  square  number. 


THE    END. 
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